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PREFACE 

According  to  Morsch,  practice  in  reinforced  concrete  construction 
has  been  far  ahead  of  theory,  and  the  principal  point  of  controversy 
in  this  theory  has  been  whether  the  tensile  strength  of  concrete  can 
be  considered  as  other  than  negUgible  in  a  concrete  structure  under 
working  and  test  loads.  Experience  influenced  early  practical 
builders  against  its  inclusion,  and  the  practice  of  reinforced  concrete 
construction  as  governed  by  building  code  regulations  today  re- 
quires that  the  steel  shall  be  assumed  to  furnish  all  the  direct  ten- 
sile resistance. 

But  the  theory  of  reinforced  concrete  as  advanced  in  the  discus- 
^^n  of  the  Report  of  the  Joint  Committee,  Trans.  Am.  Soc.  C.  E., 
Vol.  LXXXII,  p.  1547-1562  to  account  for  results  observed  in  tests 
is  quite  another  matter.  Here  the  tensile  strength  of  concrete, 
which  practical  builders  and  all  city  building  codes  hold  should  be 
considered  as  a  merely  negligible  resistance  is  represented  ae- actually 
resisting  three  fourths  of  the  statical  applied  bending  moment  in 
column  supported  flat  slabs  under  test  loads. 

This  attempt  to  reconcile  experiment  with  false  theory,  and 
thus  establish  an  indefensible  theory  recalls  the  reasoning  of  the 
medieval  philosophers,  who  treated  theory  and  practice  as  denoting 
conflicting  and  mutually  inconsistent  ideas,  under  the  fallacy  of  a 
double  system  of  natural  laws,  one  discoverable  by  contemplation 
as  the  product  of  noble  and  liberal  art,  the  other  practical  and  dis- 
coverable by  experience. 

The  practical  builder,  assumes  the  responsibility  for  the  strength 
and  capacity  of  the  structure  he  builds,  which  for  success  requires 
exact  knowledge  wholly  unnecessary  in  the  formulation  of  a  plausible 
theory. 

The  departure  of  the  early  concrete  builder  from  old  forms  of 
construction  required  the  development  of  a  new  theoretical  treat- 
ment based  upon  a  broader  application  of  the  ordinary  principles  of 
equilibrium. 

The  pioneer  English  treatise  on  the  principles  of  mechanics  of 
equilibrium  as  applied  to  engineering  structures  is  that  of  Rankine 
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VI  PREFACE 

published  in  1858  and  devoted  largely  to  the  flexure  of  members  in 
cylindrical  curvature  in  which  no  attention  was  given  to  combined 
twisting  and  bending  as  found  in  the  flexure  of  flat  plate  floors. 

Later  engineering  treatises  have  followed  the  lead  of  this  eminent 
theoretical  writer,  modifying  and  enlarging  in  relatively  minor  par- 
ticulars the  propositions  treated  by  him.  No  broad  investigation  of 
the  flexure  of  plates  in  double  curvature  along  the  lines  that  have 
been  partly  developed  by  the  eminent  physicists  Thomson  and  Tait 
in  their  treatise  on  Natural  Philosophy  appears  to  any  considerable 
extent  in  the  engineering  text  books  of  today.  Accordingly,  al- 
though the  fundamental  principles  of  bending  in  synclastic  and 
anticlastic  curvature  were  taught  to  some  extent  half  a  century 
ago,  they  are  today  almost  unknown  to  the  average  engineer  and 
are  given  scant  attention  in  the  attempted  solution  of  the  problems 
of  reinforced  concrete  construction  in  which  these  principles  are 
called  into  play. 

The  mathematical  treatment  of  the  balance  of  statical  moment 
by  combined  twisting  and  bending  moments  has  been  so  incom- 
pletely understood  that  the  fundamental  principles  underlying  it  have 
after  ten  years  consideration  by  a  Joint  Committee  of  the  Am.  Soc. 
C.  E.  and  others  composed  in  part  of  representative  men  from  our 
engineering  colleges  been  wholly  disregarded  and  their  applicability 
denied.  The  fundamental  theorems  setting  forth  the  principles 
governing  the  relation  of  the  internal  work  of  deformation  and  the 
external  work  of  the  applied  loads  have  also  been  heretofore  dis- 
regarded in  obtaining  a  basis  for  the  formulation  of  rules  for  the 
design  of  reinforced  concrete  structures. 

The  effort  of  the  present  authors  is  to  elucidate  the  harmony 
existing  between  correct  theory  and  scientific  practice  and  disclose 
the  error  of  conunonly  accepted*  methods  of  computation  of  applied 
bending  moments  by  showing  how  unwarranted  is  the  assumption 
that  the  statical  moment  about  any  section  in  a  plate  is  all  pure 


*These  erroneous  methods  appear  to  the  junior  author  to  be  the  result  of 
a  faulty  method  of  instruction  in  our  engineermg  schools,  under  which  the  stu- 
dent learns  to  recite  mechanical  principles  rather  than  to  appl^  them  to  a  useful 
end.  This  viewpoint  resulted  from  the  study  of  testimony  m  patent  suits,  in 
which  a  professor  of  engineering  testified  that  the  mode  of  operation  of  a  flat  slab 
would  be  the  same  before  the  concrete  cracked  whether  the  steel  were  in  the  top 
or  bottom,  notwithstanding  that  he  was  able  to  correctly  recite  the  principle  of 
rigidities  and  law' of  least  work.  The  further  testimony  of  a  university  research 
feUow,  who  did  not  believe  there  could  be  any  relation  lietween  the  external  work 
of  the  load  and  the  internal  work  of  deformation  because  he  had  never  been  able 
to  measure  this  work  with  an  extensometer,  strengthens  this  conclusion. 
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bending  moment,  instead  of  being  a  combination  of  applied  bending 
and  twisting  moments  as  treated  by  Thomson  and  Tait,  in  their 
great  treatise  on  Natural  Philosophy  published  at  Oxford  University 
in  1867,  see  sections  627-648. 

The  discussion  of  the  analysis  of  the  column  and  flat  slab  problem 

9 

furnished  by  the  authors  in  1914  by  attacking  it  thru  analogy  to  a 
plate  of  some  kind  of  homogeneous  material,  brought  to  light  so 
many  misconceptions  of  fundamental  principles  that  a  thoro  treat- 
ment of  elementary  principles  seemed  essential  if  the  subject  matter 
were  ever  to  become  clearly  and  generally  understood. 

In  presenting  a  correct  analysis  of  bending  and  twisting  mo- 
ments, an  effort  has  been  made  to  avoid  higher  mathematics  and  to 
simplify  the  subject  matter  so  far  as  possible. 

In  doing  this  the  analysis  here  given  is  founded,  as  all  correct 
analysis  of  applied  bending  and  twisting  moments  in  loaded  plates 
must  necessarily  be  founded,  upon  the  manner  of  distribution  of 
the  vertical  shears  that  transmit  the  loading  to  the  supports.  But 
the  actual  distribution  of  vertical  shears  in  plates  has  apparently 
never  heretofore  occupied  the  attention  of  any  who  have  treated 
reinforced  flat  slabs.  It  is  a  matter,  however,  that  has  been  in- 
vestigated in  detail  in  the  following  pages  in  which  it  is  shown  that 
the  distribution  is  fully  determined  when  the  lines  of  zero  shear  are 
known.  The  lines  of  zero  shear  have  been  figured  for  the  various 
kinds  of  support.  From  these  the  precise  distribution  of  shear 
intensities  becomes  known,  which  furnishes  the  basis  for  a  correct 
determination  of  the  bending  and  twisting  moments  by  reason  of 
the  necessary  relationship  they  bear  to  the  shears  that  produce 
them.  In  case  of  plates  and  slabs  bending  moments  are  not  iden- 
tical with  statical  moments  as  they  are  in  case  of  beams. 

A  fundamental  misconception  of  the  equilibrium  of  an  element 
in  shear  becomes  apparent  in  the  investigation  herein  presented. 
Strangely  enough  all  mathematical  writers  on  the  subject  of  elasticity 
heretofore  have  only  considered  a  special  case  of  the  general  problem 
and  have  assumed  a  special  solution  to  be  a  general  solution  with  the 
result  that  the  increased  shearing  resistance  of  the  continuous  beam 
as  contrasted  with  the  simple  beam  has  never  heretofore  been  satis- 
factorily explained. 

Investigation  of  the  nature  and  equilibriuin  of  residual  strains 
has  not  been  heretofore  attempted.  The  combined  effect  of  polar 
and  transverse  moments  of  inertia  in  determining  the  strength  of 
members  in  compression  is  here  suggested  while  the  apportionment 


VIII  PREFACE 

of  the  applied  moment  at  mid  span  and  over  the  supports  thru  the 
relation  of  the  moment  area  to  moment  of  inertia  is  given  thorough 
consideration  for  the  first  time.  The  underlying  idea  of  the  treat-' 
ment  throughout  the  work  is  that  it  is  necessary  for  the  reader  to 
understand  elementary  principles  before  he  becomes  competent  to 
grasp  the  more  intricate  and  complex  discussion  of  practical  details, 
and  the  development  of  these  principles  has  been  given  close  atten- 
tion as  a  preliminary'  study  for  a  more  extended  discussion  of  prac- 
tical work  and  details  later  on. 

The  evil  influence  of  the  supposed  inconsistency  of  theory'  and 
practice  is  characterized  by  Rankine  as  a  thing  that  opposes  com- 
munication of  ideas  l^etwei^n  men  of  science  and  men  of  practice, 
and  one  which  leads  scientific  men  to  employ  much  time  and  mental 
exertion  upon  ingenious  mathematical  exercises  which  would  be 
better  bestowed  on  questions  connected  with  the  art^  and  further 
that  it  leads  them  to  state  results  of  important  investigations  on 
practical  subjects  in  forms  too  obstruse  for  ordinary  use  so  that  the 
benefit  which  should  be  derived  from  their  application  is  lost  to  the 
public  for  years  and  valuable  practical  principles  which  might  have 
been  investigated  by  reasoning  are  left  to  be  discovered  by  slow  and 
costly  experience. 

But  it  is  in  the  methods  of  engineering,  as  Rankine  says,  that  the 
influence  of  this  great  fallacy  is  most  conspicuous. 

"Of  that  scientifically  practical  skill  which  produces  the  j^eatest 
effect  with  the  least  expenditure  of  material  and  work  instances  are 
comparatively  rare.  In  too  many  cases  we  see  the  strength  and 
stability  which  should  be  given  by  skillful  arrangements  of  the 
parts  of  a  structure  supplied  by  means  of  clumsy  massiveness  and 
lavish  expenditure  of  material,  labor  and  money,  and  this  evil  is 
increased  by  a  preversion  of  public  tastes  which  causes  engineering 
works  to  \ye  admired  not  in  proportion  to  their  fitness  for  their  pur- 
pose, or  the  skill  in  attaining  tnat  fitness,  but  in  proportion  to  their 
size  and  cost." 

The  best  efforts  of  the  authors  have  been  directed  toward  the 
elimination  of  these  evils,  in  the  field  of  reinforced  concrete  by  the 
scientific  application  of  the  fundamental  principles  of  mechanics  to 
the  eleipentar>'  types  of  concrete  building  construction  that  the 
enormous  fire  loss  of  half  a  billion  dollars  per  year  in  this  countr>^ 
may  be  eliminated.  In  case  of  uncertainty  as  to  theoretical  prin- 
ciples to  be  applied,  the  designer  for  safety  employs  material  in  such 
lavish  manner  as  to  render  the  cost  of  the  fireproof  building  pro- 
hibitive when  in  fact  noncombustible  material,  such  as  reinforce<l 
concrete,  scientifically  designed,  may  cost  no  more  than  the  inflamable 
timber  structure. 
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Before  the  success  of  Turner  in  building  flat  slabs  the  theoretical 
idea  of  a  lectangular  nnat  of  crossed  rods  embedded  in  concrete  was 
that  each  set  of  parallel  rods  could  resist  only  longitudinally  and 
separately  in  proportion  to  its  cross  section  and  that  any  action  greater 
than  this  resistance  must  be  credited  to  the  tensile  resistance  of  the 
matrix  which  is  admittedly  not  dependable. 

Were  it  possible  to  make  a  single  sheet  of  metal  of  the  mat,  the 
sheet  would  have  twice  the  cross  section  and  furnish  twice  the  re- 
sistance in  each  direction  which  is  furnished  by  the  single  set  of 
rods  in  that  direction,  and  the  discovery  of  Turner  was  that  the 
matrix  has  an  effect  to  make  the  sets  of  crossed  rods  act  together 
with  an  efficiency  comparable  to  that  of  a  sheet.  This  action  is 
brought  about  by  the  bond  shear  resistance  furnished  by  the  em- 
bedment and  is  a  matter  not  of  assumption  or  to  be  determined  in- 
tuitively, but  a  iratter  which  is  to  be  determined  by  experiment. 
Such  action,  as  shown  b}'  experiment,  causes  the  plate  with  a  fine 
grained  mat  to  furnish  even  more  effective  resistance  in  proportion  to 
the  steel  employed  than  would  be  furnished  by  the  action  of  a  homo- 
geneous sheet  of  steel  in  the  tension  zone  and  the  mechanical  prin- 
ciples known  to  apply  to  such  a  homogeneous  sheet  are  set  forth 
in  the  accompanying  discussion  together  with  the  peculiar  modi- 
fications of  this  action  which  takes  place  in  a  non-homogeneous 
plat«  a  well  as  the  conditions  under  which  it  is  and  is  not  efficient. 

The  Authors 
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CONCRETE  STEEL  CONSTRUCTION 

CHAPTER  1. 

1.     INTRODUCTORY 

The  history  of  structural  engineering  as  a  science  dates  from  the 
early  part  only  of  the  last  century.  The  progress  made  has  been 
remarkable  indeed,  and  the  materials  mainly  used  have  varied  dur- 
ing well-defined  periods.  Up  to  1860,  timber,  wrought  and  cast 
iron  were  mainly  used;  from  1860  on  wrought  iron  with  some  cast  iron 
was  generally  employed  in  bridges  and  other  engineering  structures; 
from  1890  to  the  present  time  steel  has  replaced  wrought  iron;  and 
while,  for  long-span  bridges,  it  will  perhaps  be  some  time  before  a 
more  suitable  metal  is  found,  yet  for  short  spans,  buildings,  ware- 
houses and  the  like,  the  enterprise  of  the  manufacturers  of  Portland 
cement  has  placed  at  the  disposal  of  the  engineer  a  new  material, 
reliable,  if  properly  handled,  and  of  reasonable  cost,  which  bids 
fair  to  largely  supplant  steel  in  the  construction  of  minor  engineering 
works.  Indeed  today,  a  warehouse  designed  for  a  capacity  of  400 
pounds  per  square  foot  of  floor,  columns  16  to  24  feet  centers,  can 
be  built  more  cheaply  of  reinforced  concrete  than  of  wood  frame  and 
floor,  with  similar  brick  walls.  Where  the  strength  required  is  less, 
timber  at  the  present  rate  is  slightly  cheaper,  since  the  cost  of  center- 
ing is  the  same  for  light  as  for  heavy  construction.  Still,  the  differ- 
ence is  so  slight  that,  considering  the  saving  in  insurance,  owners 
will  shortly  be  convinced  that  they  cannot  afford  to  continue  the  con- 
struction of  fire  traps  if  they  are  to  realize  the  maximum  profits  on 
their  investments. 

The  strength  of  Portland  concrete  in  compression  is  equal  to 
that  of  good  building  stone,  with  the  advantage  that  it  can  be  placed 
in  monolithic  masses.  Its  tensile  strength,  like  stone,  is  greatly 
inferior  to  that  in  compression.  Concrete  yields  but  little,  the 
stretch  being  confined  to  the  weak  section.  When,  however, 
steel  is  embedded  in  the  concrete  and  properly  disseminated  thrii 
it,  the  deformation  or  stretch  is  distributed  greatly  by  the  metal. 

The  conditions  leading  to  the  combination  of  concrete  and  steel 
in  a  beam  or  girder  are  these:  Concrete  is  an  excellent  and  trust- 
worthy material  for  compression  and  steel  for  tension.     Hence 
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steel  should  be  distributed  in  such  manner  as  to  carry  the  tensile 
stresses  of  the  chord  and  web.  To  do  this  economically  we 
can  reason  from  analogy  of  a  truss  or  beam.  The  further  from  the 
neutral  axis  the  more  eflfective  the  steel  section,  hence  the  reinforce- 
ment for  tensile  chord  stress  should  be  at  the  bottom  of  the  beam  or 
as  close  to  it  as  satisfactory  protection  against  heat  by  fire  will 
permit.  Now  the  beams  in  a  building  are  of  constant  section,  and 
since'  a  continuous  beam  is  stififer  and  stronger  than  a  beam  of  the 
same  section  discontinuous  over  supports,  the  ideal  concrete-steel 
beam  should  be  continuous  and  the  top  flange  reinforced  over 
supports. 

As  Morsch  states  in  his  treatise: — 

''  Practice  has  been  far  ahead  of  theory.  The  principal  question 
in  controversy  has  been  whether  the  tensile  strength  of  concrete  in 
bending  should  be  considered.  Among  practical  ouilders  this  was 
decided  at  the  start,  and  decided  against  its  inclusion,  because 
absolutely  no  attention  is  paid  to  it  and  the  steel  is  stressed  to  the 
safe  Umit.  The  tensile  strength  of  the  concrete  is  entirely  ignored. 
On  this  assumption  is  based  the  first  method  of  the  theoretical 
computation  of  slabs  devised  by  Koenen  in  Berlin  in  1866  and  his 
method  has  been  used  by  the  majority  ever  since.'' 

2.     Historical 

Steel  and  concrete  as  a  combination  of  materials  for  engineering 
structures  is  much  older  than  is  generally  supposed.  Professor  Barbour 
of  the  University  of  Nebraska,  in  a  very  interesting  lecture  delivered 
to  the  Cement  Users  of  the  State  of  Nebraska,  described  certain 
flat  arches  discovered  in  the  ruins  of  ancient  Rome,  which  were  for 
a  long  time  a  puzzle  to  engineers  and  architects  until  it  was  found 
that  they  were  tied  together  and  the  thrust  in  large  part  resisted 
by  iron  tie  rods.  So  far  as  known,  little  was  done,  however,  in  the 
way  of  combining  the  old  Roman  concrete  with  iron,  except  in  the 
isolated  instance  just  cited,  and  it  was  not  until  1855  that  iron  was 
combined  with  concrete  in  a  manner  similar  to  that  in  which  it  is 
utilized  at  the  present  time. 

At  the  Paris  Exposition  of  1855,  Lambot  exhibited  a  boat  made 
of  reinforced  concrete,  while  Frangois  Coignet  is  credited  with 
having  built  floors  and  pipes,  in  the  construction  of  which  he  had 
combined  steel  and  concrete  to  some  extent. 

In  1867,  Scott,  a  Lieutenant  Colonel  of  Engineers  of  the  British 
Army,  took  out  a  British  patent  on  concrete  floor  slabs  reinforced 
in  one  direction,  and  also  in  two  directions,  and  in  some  of  the 
drawings  in  this  early  patent  woven  fabric  is  found  combined  with 
rods. 
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In  France,  Joseph  Monier  took  out  patents  about  the  same 
time,  and  to  him,  perhaps  more  than  to  any  other  person,  is  to  be 
given  credit  for  the  commercial  introduction  of  reinforced  concrete 
on  a  large  scale.  His  first  use  of  this  type  of  construction  was  to 
fabricate  large  plant  tubs  which  he  found  more  durable  than  those 
of  wood,  and  more  readily  transported  than  those  of  cement  wi|yhout 
reinforcement.  In  1867  he  took  out  his  first  French  patent,  which 
he  soon  followed  with  a  number  of  others  on  reservoirs,  floors,  and 
straight  and  arched  beams  in  combination  with  the  floors,  etc.  In 
1884  the  Monier  patents  were  purchased  by  the  firms  of  Freitag 
and  Heidschuch  in  Newstad-on-the-Haardt  and  Martinstein  and 
Josseaux  in  Offenbach-on-the-Main.  Later  the  patent  rights  in 
Germany  were  sold  to  Engineer  Wayss,  under  whose  supervision 
tests  were  made  in  Berlin,  the  results  of  which  were  published  in 
1887,  and  on  the  basis  of  these  experiments  Wayss  succeeded  in  intro- 
ducing the  Monier  system  into  many  structures. 

The  Scott  patent  is  especially  significant  since  the  specification 
states  that  tie  rods  and  hoop  iron  were  to  take  the  tensile  strains  and 
concrete  the  compressive  stresses,  showing  clearly  that  Scott  under- 
stood the  basic  principle  of  reinforced  concrete.  Little  was  done, 
however,  by  the  earlier  inventors  in  developing  a  working  theory 
of  design. 

Herr  Wayss  conducted  certain  tests  in  Berlin  and  published  his 
results  in  a  pamphlet  entitled  "Das  System  Monier,  Eisengerippe 
piit  ZementumhuUung.''  In  this  pamphlet  Wayss  expressed  the 
opinion  that  the  steel  must  be  placed  where  the  tensile  stresses  oc- 
curred. The  tests  were  witnessed  by  government  officials  as  well 
as  by  private  engineers  and  architects.  Government  Architect 
Koenen,  afterwards  Director  of  the  Actiengesellschaft  fur  Beton-und 
Monierbauten,  in  Berlin,  was  commissioned  by  Wyass  to  work  out 
methods  of  computation  from  these  tests,  which  were  published  in 
the  volume  of  the  "Zentralblatter  der  Bauverwaltung"  for  1886. 

Morsch,  Concrete  Steel  Construction,  1907  thus  comments  on 
the  introduction  of  reinforced  concrete  at  this  period  (1886). 

''Commencing  at  that  time  (1886)  a  theoretical  foundation 
was  evolved,  according  to  which  the  design  of  reinforced  concrete 
work  would  be  effected,  and  through  these  preliminary  labors, 
this  method  of  construction  was  extensively  adopted  in  Germany 
and  Austria.  A  turning  point  in  its  development  was  the  Interna- 
tional Exposition  in  Paris,  in  1900,  and  the  report  by  von 
Emperor,  published  at  that  time  in  regard  to  the  position  which 
the  subject  occupied. 

Because  of  the  scientific  investigation  of  reinforced  concrete 
during  the  past  few  years,  it  has  made  rapid  progress  in  Germany. 
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It  was  speciaUy  promoted  by  the  publication,  in  1904,  through 
the  cooperation  of  experts  and  practical  men  of  the  ''Leitsatze" 
of  the  Verbands  Deutscher  Architekten-  und  luKenieurvereine  and 
the  Deutschen  Betonvereins  as  well  as  by  the  Kegulations  of  the 
Prussian  Government,  which  abolished  man]^  restrictive  rules, 
cleared  the  way,  and  inspired  in  the  widest  circles  confidence  in 
the  new  methoa  of  building/' 

In  1870  Phillip  Brannon  made  what  appears  to  have  been  the  first 
application  for  an  English  patent  on  reinforced  concrete  piles.  The 
patent  was  granted  in  lS71,  showing  reinforced  concrete  piles  with 
longitudinal  reinforcement  of  angle  irons  mxited  by  bars  riveted  across 
them,  the  whole  being  wound  spirally  with  wire. 

Thaddeus  Hyatt  between  the  years.  1873  and  1881  took  out 
between  thirty  and  forty  different  patents  relating  to  reinforced 
concrete  work,  pavement  lights,  floors  and  slabs.  It  does  not  appear, 
however,  that  Hyatt  made  a  success  of  concrete  construction  com- 
mercially altho  he  did  make  a  success  of  his  paving  lights.  Hyatt 
regarded  a  reinforced  concrete  beam  as  one  corresponding  to  a  steel 
beam,  and  he  considered  the  rods  as  equivalent  to  the  bottom  flange 
and  the  concrete  as  the  top  flange,  assuming  the  neutral  axis  at  mid 
depth  of  the  beam. 

A  most  important  patent  was  granted  to  Hyatt  in  1874,  in  Eng- 
land, No.  1715,  in  which  is  disclosed  spiral  and  vertical  reinforce- 
ment for  columns,  which  strangely  enough  was  not  appreciated 
until  attention  had  been  called  to  this  type  of  column  by  its  rein- 
vention at  a  later  date  by  ConsidSre,  to  whom  the  engineering 
profession  is  indebted  for  the  attention  which  he  directed  to  it  by 
the  valuable  tests  carried  out  by  him. 

During  this  time  there  was  considerable  activity  in  the  United 
States.  E.  L.  Ransome  was  building  reinforced  concrete  warehouses 
as  early  as  1884,  and  patented  in  the  United  States  a  twisted  bar 
reinforcement. 

In  1883  John  F.  Golding  secured  an  American  patent  for  ex- 
panded metal  which  was  employed  as  lathing  for  plaster  in  lighter 
gages,  and  as  reinforcement  for  concrete  slabs  with  larger  mesh 
and  a  No.  10  or  heavier  gage. 

In  Cassell's  Reinforced  Concrete,  published  in  1913,  the  following 
sketch  is  given  of  the  work  of  the  early  pioneers  of  the  art  before 
1900,  Edmond  Coignet  and  Francois  Hennebique: — 

"The  former  of  whom,  by  applying  the  known  principles  of 
mechanics,  evolved  a  system  of  calculation  that  has  proved  re- 
markably truthful,  and  the  latter  of  whom,  basing  his  methods 
of  calculation  upon  results  obtained  in  practice,  has  also  made 
extremely  important  contributions  to  the  technical  consideration 
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of  the  subject.  Coi^et  as  the  ;scientific  investigator,  and  Hen- 
nebique  as  commercial  organizer,  are  properly  regarded  as  'the 
pioneers  of  the  modern  evolution  in  the  art  o{  building.'  The 
story  has  often  been  told  of  the  opposition  which.Coignet  had  to  fight 
in  getting  the  masonry  of  the  proposed  new  system  of  main 
drainage  m  Paris  in  1892  replaced  by  reinforced  concrete.  He 
promi^d  a  large  saving  of  money  and  of  time  required  for  con- 
struction, and  his  system,  which  was  finally  adopted,  was  carried 
out  with  complete  success.  Hennebique,  having  organized  a  > 
technical  staff  aild  licensed  a  large  number  of  the  most  mfluential 
contractors  to  work  his  system,  was  able  to  secure  between  the 
years  1892  and  1899  work  to  the  total  value  of  two  million  sterling, 
representing  three  thousand  constructions,  among  the  most  re- 
markable of  these  being  the  bridge  of  Chatellerault,  460  ft.  long, 
comprising  three  arches,  two  of  133  ft.  span  and  one  of  167  ft.  > 

Hennebiaue's  first  patent  dates  from  1892,  (British  patent,  No. 
14,530),  and  in  this  he  demonstrates  the  utility  of  stirrups  to 
reinforce  beams  against  shear,  in  which  matters  he  had  to  an  extent 
been  anticipated  by  Hyatt  in  1877  and  Meyenberg  in  1891.  In 
1897  Hennebique  mtroduced  cranked-up  rods,  and  placed  these 
one  above  the  other,  so  as  to  reduce  the  width  of  the  beam,  follow- 
ing (to  some  extent)  the  lines  laid  down  by  Hyatt  in  1877  and 
F.  G.  Edwards  in  1892,  in  which  latter  year  M.  Koenen  and  G.  A. 
Wayss,  of  Germany,  patented  in  Englfmd  a  method  of  floor  con- 
struction with  rods  cranked-up  at  the  point  of  contraflexure,  'Hhe 
parts  in  tension  being  strengthened  by  roughened  or  serrated 
metal  rods  or  strips  emoedded  in  the  structure.'' 

We  have  noted  the  early  work  of  Ransome  in  the  United  States. 
In  his  worjc  parallel  joists  about  3  inches  wide,  spaced  three  feet 
centers  were  frequently  used,  while  narrow  intersecting  ribs  about  ten 
feet  centers  in  two  direclions  surmounted  by  a  thin  slab  were  also 
employed. 

From  1890  to  1900  while  cement  was  relatively  high  in  price, 
reduction  of  mass  at  increased  expense  in  form  work  was  to  be  ex- 
pected. 

The  expanded  metal  companies  introduced  a  large  amoimt  of 
short  span  concrete  floors  on  structural  steel  frames  six  to  ten  feet 
center  to  center  of  beams,  competing  with  hollow  tile  arches  then 
more  commonly  employed  for  fireproof  construction. 

The  Roebling  Company,  manufacturers  of  wire,  were  at  the  same 
time  putting  in  a  large  amount  of  short  span  arches  and  slabs 
reinforced  with  wire  fabric  and  rods. 

From  1900  to  date,  reinforced  concrete  building  construction  has 
increased  with  wonderful  rapidity,  encouraged  by  the  enterprise 
of  the  manufacturers  of  Portland  cement  in  placing  at  the  disposal 
of  the  constructor  a  reliable  and  uniform  product  at  so  low  a  cost 
that  a  most  poweirful  impetus  was  thus  furnished  for  the  more 
complete  development  of  the  commercial  possibilities  of  reinforced 
concrete  in  building  construction. 


6  THEOBT,   HISTOHICAL 

The  skepticism  of  building  departments  and  the  natural  an- 
tagonism of  tile  interests  forced  the  advocates  of  concrete  construc- 
tion to  make  innumerable  tests  with  the  final  result  of  creating  con- 
fidence in  the  construction  when  properly  designed  and  executed. 

During  the  six  years  subsequent  to  1900 — a  short  period  of  time 
but  an  epoch  from  the  standpoint  of  progress  in  concrete  construc- 
tion— numerous  beam  theories  were  proposed  and  discussed. 

Engineering  opinion  gradually  crystallized  in  the  adoption  of  a 
modification  of  the  common  theory  of  flexure  and  the  assumption 
of  the  linear  law  of  distribution  of  stress  for  purposes  of  computation 
of  beams  and  slabs,  and  this  opinion  has  been  embodied  m  nearly 
all  building  codes  in  cities  throughout  the  United  States  and  Canada. 

In  1904  a  Joint  Committee  of  the  American  Association  of 
Cement  Manufacturers,  American,  Society  for  Testing  Materials, 
American  Society  of  Civil  Engineers,  American  Railway  Engineering 
and  Maintenance  of  Way  Association,  was  appointed  to  investigate 
and  report  on  concrete  and  reinforced  concrete.  After  eight  years, 
a  report  was  rendered,  for  which  see  Eng.  News.  Feb.  6,  1913. 

*The  report  specifically  states  that  it  does  not  go  into  all  types 
of  construction  or  all  the  applications  to  which  concrete  and  re- 
inforced concrete  may  be  put,  *  *  *  *  *  it  is  not  a  specification 
but  may  be  used  as  a  basis  for  specifications." 

Treatment  of  natural  t3rpes  of  reinforced  concrete  is  lacking  in 
this  report.  The  treatment  of  beams,  however,  embodies  the  crystal- 
Uzed  opinion  above  referred  to  and  will  be  referred  to  more  at  length 
later. 

That  a  theoretical  treatment  of  concrete  after  the  manner  of  struc- 
tural iron  work,  although  making  allowance  for  the  elastic  properties 
of  the  two  materials,  is  unsatisfactory  was  early  recognized  by 
practical  men  and  also  by  some  theoretical  writers. 

Marsh  in  his  treatise  on  Reinforced  Concrete,  Edition  of  1905, 
Part  V.  p.  209,  makes  the  following  remarks  on  this  subject: 

"When  properly  combined  with  metal,  concrete  appears  to 
gain  properties  which  do  not  exist  in  the  material  when  oy  itself, 
and  although  much  has  been  done  by  various  experimenters  in 
recent  years  to  increase  our  knowledge  on  the  subject  of  the  elastic 
behavior  of  reinforced  concrete  we  are  still  very  far  from  having 
a  true  perception  of  the  characteristics  of  the  composite  material. 

"It  may  be  that  we  are  wrong  from  the  conamencement  in 
attempting  to  treat  it  after  the  manner  of  structural  iron  work 
and  that  although  the  proper  allowances  for  the  elastic  properties 
of  the  dual  material  is  an  advancement  on  the  empirical  formula 
at  first  employed  and  used  by  many  constructors  at  the  present 

*Since  this  was  written  a  final  report  erroneously  treating  flat  plates  has  been 
rendered. 
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time,  yet  we  may  be  entirely  wrong  in  9ur  method  of  treatment. 

"The  molecular  theory,  i.  e.  the  prevention  of  molecular  defor- 
mation by  supplying  resistances  of  the  reverse  kind  to  the  stresses 
on  small  particles,  may  prove  to  be  the  true  method  of  treatment 
for  a  composite  material  such  as  concrete  and  metal.  This  theory  is 
the  basis  of  the  Cottan^in  construction  which  certainly  produces  good 
results  and  very  light  structures,  and  M.Consid^re's  latest  researches 
on  the  subject  of  hooped  concrete  are  somewhat  on  these  lines.'' 

In  this  statement  of  Marsh  there  is  some  idea  of  a  possible  new 
principle  of  action;  but  unfortunately  he  was  unable  to  form  and 
express  any  conception  of  how  this  might  operate  in  accordance  with 
mechanical  principles  in  a  manner  which  would  be  of  benefit  to  the 
industry  at  large,  or  aid  in  the  discussion  of  the  stresses  operating  in 
reinforced  concrete. 

The  practical  constructor  has  an  advantage  over  the  theorist  in 
this  respect;  having  observed  the  results  obtained  by  a  new  principle 
he  immediately  profits  by  it  by  taking  advantage  of  the  results 
through  application  of  the  principles  of  simple  proportion  leaving 
the  explanation  as  a  matter  of  academic  interest  to  follow  in  the 
wake  of  his  practical  accomplishment.  In  this  simple  manner  two 
thousand  structures  of  the  Mushroom  type  have  been  erected  and 
tested  for  strength  and  deflection  before  a  comprehensive  scientific 
explanation  of  the  mode  of  operation  was  forthcoming. 

The  constructor  wants  the  least  theory  possible  and  that  the 
simplest  to  meet  the  specific  requirements  of  the  work  he  has  in  hand. 
The  scientist  with  broader  and  more  comprehensive  vision  sees  in 
the  specific  performance  of  the  builder  only  a  special  case  to  be  treated 
in  conjunction  with  the  species  to  which  it  belongs.  That  the  latter 
treatment  is  by  far  the  more  diflicult — and  when  correctly  carried 
out  more  valuable  and  satisfactory — compensates  for  the  abnost 
inevitable  position  that  the  scientiat  occupies  in  a  new  art,  following 
in  the  wake  of  the  practical  constructor,  whose  simple  needs  require 
special  rather  than  general  solutions  of  the  problems  at  hand. 

As  the  authors  now  view  the  art  broad  general  solutions  of  the 
problems  in  reinforced  concrete  are  in  order  and  the  character  and 
nature  of  the  new  properties  added  to  concrete  by  the  dissemination 
of  steel  through  it  brought  out  hi  the  following  pages  it  is  hoped  may 
harmonize  many  differences  in  engmeering  opinion  existing  at  the 
pres-^nt  time  relative  to  the  more  advanced  forms  of  construction. 

In  the  discussion  of  concrete-steel  construction,  we  must  consider, 
first,  the  action  of  the  concrete  with  the  steel,  the  function  of 
each  in  the  combination,  the  problems  presented  by  beams,  slabs. 
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and  columns  separately,  and  finally  the  mix  of  the  concrete  and 
questions  of  cost  in  convenient  placing;  of  the  reinforcement. 

Before  taking  up  these  points  in  detail  it  would  seem  in  order, 
however,  to  turn  our  attention  to  the  concrete,  and  the  materials 
entering  into  it,  their  characteristics,  value  and  fitness  and  the 
proper  proportions  to  use. 

3.    Materials 

Portland  Cement  only  should  be  used  in  a  reinforced  concrete 
frame  or  structure.  The  following  specification  is  recommended 
by  the  American  Society  of  Civil  Engineers: 

Portland  Cement 
Definition :  This  term  is  applied  to  the  finely  pulverized  product 
resulting  from  the  calcination  to  incipient  fusion  of  an  intimate 
mixture  of  properly  proportioned  argillaceous  and  calcareous  ma- 
terials, and  to  which  no  addition  greater  than  3%  has  been  made 
subsequent  to  calcination. 

Specific  Gravity 
The  specific  gravity  of  cement  shall  not  be  less  than  3.10.     Should 
the  test  of  cement  as  received  fall  below  this  requirement,  a  second 
test  may  be  made  upon  a  sample  ignited  at  a  low  red  heat.     The 
loss  in  weight  of  the  ignited  cement  shall  not  e.xceed  4%. 

Fine7iess 
It  shall  leavje  by  weight  a  residue  of  not  more  than  8%  on  the 
No.  100,  and  not  more  than  25%  on  the  No.  200  sieve. 

Time  of  Setting 
It  shall  not  develop  initial  set  in  less  than  thirty  minutes;  and 
must  develop  hard  set  in  not  less  than  one  hour,  nor  more  than  ten 
hours. 

Tensile  Strength 

The  minimum  requirements  for  tensile  strength  for  briquettes 
one  square  inch  in  cross  section  shall  be  as  follows  and  the  cement 
shall  show  no  retrogression  in  strength  within  the  periods  specified. 

Neat  Cement 
Age  Strength 

24  hours  in  moist  air 175  lbs. 

7  days  (1  day  in  moist  air,  6  days  in  water) 500  lbs. 

28  days  (I  day  in  moist  air,.  27  days  in  water) 600  los. 

One  Part' Cement  J  Three  Parts  Standard  Ottawa  Sand 

7  days  (1  day  in  moist  air,    6  days  in  water) 200  lbs. 

28  days  (I  day  in  moist  air,  27  days  in  water) 275  lbs. 
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Constancy  of  Volume 

Pats  of  neat  cement  about  three  inches  in  diameter,  one-half 
inch  thick  at  the  center,  and  tapering  to  a  thin  edge,  shall  be  kept  in 
moist  air  for  a  period  of  twenty-four  hours. 

(a)  A  pat  is  then  kept  in  air  at  normal  temperature  and  ob- 
served at  intervals  for  at  least  28  days. 

(b)  Another  pat  is  kept  in  water  maintained  as  near  70°  F.  as 
practicable,  and  observed  at  intervals  for  at  least  28  days. 

(c)  A  third  pat  is  exposed  in  any  convenient  way  in  an  atmos- 
phere of  steam,  above  boiling  water,  in  a  loosely  closed  vessel  for 
five  hours. 

These  pats,  to  satisfactorily  pass  the  requirements,  shall  remain 
firm  and  hard  and  show  no  signs  of  distortion,  checking,  cracking 
or  disintegrating. 

Sulphuric  Acid  and  Magnesia 

The  cement  shall  not  contain  more  than  1.75%  of  anhydrous 
sulphuric  acid  (SO3),  nor  more  than  4%  of  magnesia  (MgO). 

4.    Quick  Tests 

The  preceding  sp^ecifications  and  methods  of  investigation 
presuppose  the  conveniences  of  a  testing  laboratory  to  be  at  hand. 
The  constructor,  when  he  comes  upon  a  job,  is  frequently  without 
such  conveniences.  He  is  frequently  compelled  to  decide  whether 
the  cement  is  suitable  or  not  by  employing  such  rough  and  ready 
means  only  as  are  at  hand,  and  a  few  words  as  to  such  practical 
methods  of  investigation  as  must  be  used  are  in  order  for  his  benefit. 

Fineness 

The  constructor  can  readily  determine  whether  the  grinding  is 
reasonably  coarse  or  not  by  feeling  of  a  sample  between  the  thumb 
and  finger  without  recourse  to  screens  or  sieves. 

The  effect  of  fine  grinding  upon  the  cement  is  to  render  samples 
of  mortar  made  of  sand  and  cement  stronger.  In  other  words, 
it  gives  the  cement  a  greater  sand  carrying  power;  it  renders  it  quicker 
setting;  a  stronger  concrete  is  obtained,  or  a  larger  proportion  of 
sand  can  be  used  with  finely  than  with  coarsely  ground  cement 
with  the  same  resulting  strength. 

In  making  briquettes  of  neat  cement,  however,  the  coarsely 
ground  cement  may  show  higher  results,  but  what  the  constructor 
is  interested  in  is  the  result  obtained  with  the  mortar  paste  of  sand 
and  cement  in  the  usual  proportions. 
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Accelerated  Test 

The  object  of  this  test  is  to  bring  out  and  make  evident  those 
quaUties  which  tend  to  destroy  the  strength  and  durability  of  a  cfe- 
ment.  As  it  is  highly  essential  to  determine  such  qualities  at  once, 
tests  of  this  character  are  for  the  most  part  made  in  a  very  short 
time,  and  are  known,  therefore,  as  accelerated  tests.  Failure  is 
revealed  by  cracking,  checking,  swelling  or  disintegration,  or  all  of 
these  phenomena.  A  cement  which  remains  perfectly  sound  is 
said  to  be  of  Constant  Volume, 

Failure  to  meet  the  requirements  of  the  accelerated  tests  in  ship- 
ments direct  from  mill  need  not  be  sufficient  ground  for  rejection. 
The  cement  may  be  held  for  twenty-eight  days  and  a  re-test  made 
at  the  end  of  that  period.  But  failure  to  meet  the  requirements  at 
this  time  should  be  considered  sufficient  cause  for  rejection. 

The  accelerated  test  is  a  rough  and  ready  means  for  determining 
without  elaborate  .equipment  whether  cement  is  fit  to  use.  Cement 
known  to  have  been  stored  by  a  dealer  for  some  time  should  be 
promptly  rejected  if  it  fails  in  this  test. 

If  a  Portland  Cement  passes  the  accelerated  test  it  may  be  used 

immediatelj'^  with  reasonable  certainty  as  to  its  ultimate  soundness. 

* 

Method  of  Testing 

The  method  of  making  the  accelerated  test,  is  as  follows:  On 
a  piece  of  glass  about  four  inches  square,  take  a  sample  of  the  cement 
and  mix  it  to  a  consistency  such  that  the  cement  can  be  readily 
kneaded  without  crumbling  and  at  the  same  time  not  so  soft  as  to 
run  or  lose  its  shape  whan  pressed  into  a  smooth  pat  with  a  thin 
edge.  Place  the  pat  so  formed  under  a  moist  cloth  for  a  period  of 
twenty  four  hours  in  a  temperature  from  sixty  to  seventy  five  degrees 
and  then  expose  it  to  an  atmosphere  of  steam.  Or,  if  preferred, 
the  specimen  after  curing  as  above  for  twenty  four  hours  may  be 
placed  in  cold  water,  which  is  raised  to  and  maintained  at  the  boiling 
point  for  several  hours.  Three  to  four  hours  is  the  usual  period. 
Under  this  test  the  pat  should  harden  without  cracking  or  swelling. 

Causes  of  Unsoundness 

Cracking,  crumbling,  or  disintegration  of  work  in  Portland  Ce- 
ment concrete  properly  mixed  and  laid  may  be  caused  by  an  excess 
of  lime;  by  under  burning  or  by  an  excess  of  magnesia  in  a  thoroly 
burned  cement,  producing  gradual  expansion  which  will  disintegrate 
the  mortar  or  concrete  even  after  several  years. 
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Care  of  Cement 

The  inspector  should  see  that  the  cement  is  properly  housed  when 
delivered  to  the  job  and  protected  from  the  elements  so  that  it  will 
not  be  damaged  by  moisture.  .  Dampness  from  insufficient  protec- 
tion will  render  the  cement  lumpy  and  while  it  may  not  destroy  its 
setting  properties  it  will  greatly  reduce  its  sand  carrying  power 
and  efficiency  or  may  even  render  it  entirely  worthless. 

5.    Specification  for  Aggregate 

Sand:  Sand  used  should  be  clean  and  coarse,  or  a  mixture  of 
coarse  and  fine  grains  with  coarse  grains  predominating,  which  should 
be  free  from  clay,  loam,  mica  and  other  impurities. 

Testing  Sand:  In  order  to  determine  the  amount  of  clay,  dirt 
or  other  impurities,  a  simple,  practical  test  is  to  fake  an  ordinary 
quart  glass  preserve  jar,  put  in  a  pint  of  sand,  fill  with  water  and 
put  on  the  cap.  Shake  thoroughly  and  allow  it  to  settle.  The 
result  will  be  that  the  coarser  grains  will  go  to  the  bottom  in  the  order 
of  their  size,  and  the  silt  and  light  impurities  will  settle  in  a  layer  at 
the  topj  giving  the  observer  a  means  of  gaging  the  amount  of  the 
impurities  accurately  and  judging  of  the  character  of  the  sand  and  the 
proportion  of  coarse,  medium  and  fine  grains  in  its  make-up.  From 
three  and  one-half  to  four  percent  of  clay  in  the  form  of  finely  divided 
silt  will  do  no  harm  in  a  bank  sand  or  gravel  for  reinforced  concrete 
work.  Even  higher  percentages  than  this  have  been  claimed  to 
increase  the  strength  of  the  concrete  under  test,  though  where  it 
is  exposed  to  the  elements  and  the  action  of  frost  a  percentage  even 
as  high  as  this  seems  to  be  quite  detrimental.  However,  in  building 
work,  which  is  usually  under  cover,  it  does  no  harm  whatever. 

The  effect  of  the  size  of  the  grains  of  sand  has  been  invei^tigated 
by  Feret.  The  accompanying  figure  from  Johnson's  Materials  of 
Construction,  shows  results  obtained  by  Feret  on  a  1  :  3  mortar 
after  hardening  one  year  in  fresh  water.  The  sand  used  consisted 
of  various  proportions  of  fine  grains  up  to  .5  mm,  medium  .5  to  2mm, 
and  coarse  2  to  5mm,  and  in  the  diagram  the  strength  of  the  mortar 
is  recorded  in  the  triangle  at  such  distances  from  the  base  line  as 
represent  the  proportions  of  each  size  of  sand  used,  the  line  of  equal 
strength  being  wherever  drawn  in  the  diagram.  Thus  the  strength 
of  the  mortar  in  which  only  fine  sand  was  used  was  only  1400  pounds 
per  square  inch.  The  maximum  strength  of  3500  pounds  per  square 
inch  was  obtained  from  a  mixture  containing  85  percent  of  coarse 
sand  and  15  percent  of  fine  with  a  very  Uttle  sand  of  medium  size. 
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Any  point  of  an  entire  contour  line  represents  a  sand  made  up  of 
the  different  sizes  G,  M,  and  F  in  proportions  corresponding  to  its 
perpendicular  distance  from  the  sides  opposite  each  apex  but  having 
the  same  strength  as  everj'^  other  point  on  the  same  line.  This  dia- 
gram shows  that  a  considerable  variation  in  the  proportion  of  coarse 
and  fine  grains  will  make  a  mortar  of  the  same  strength,,  but  that, 
in  general,  the  strength  of  a  mortar  with  fine  sand  of  uniform  size 
of  grains  is  about  one  half  or  less  than  one  half  that  of  a  mortar 
made  with  the  same  proportion  of  sand  with  grains  ranging  from 
coarse  to  fine,  and  that  in  general  the  strongest  mortar  is  secured 
with  a  coarse  sand  with  grains  ranging  from  coarse  to  medium. 


— Showing  the  Method  of  RepreaeatinR 

Proportionate  Mixtures  of  Three  Ingrediento. 

G=coar8e  sand,  0.2  in.  to  0.08  in.  in  diameter. 

M=mediuin  sand.  0.08  in.  to  0.02  in.  in  diameter 

F=:finc  sand  leas  than  0.02  in.  in  diameter. 


— Compressive  Resistance  of  Portland- 
cement  Mortars,  in  pounds  per  square  inch«  after 
nine  months  in  air  and  then  three  months  in 
sea-water.  Mortar  1  C.  :  3  8.  in  all  cases,  but 
the  composition  of  the  sand  varjring  according 
to  position  in  the  triangle. 


— Compressive  Resistance  of  Portland- 
cement  Mortars,  1  C.  :  3  S.  in  pounds  per  square 
inch,     after    one     year    in     ttea-toater.     Shaded 
part  indicates  mi-xtures   which   were  partially 
disintegrated. 


— Compressive  Resistance  of  Portland- 
cement  Mortars,  1  C.  :  3  S.,  in  pounds  per  square 
inch,  after  one  year  in  frfh  water. 
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The  effect  of  an  excess  of  clay,  such  for  instance  as  the  dust  from 
soft  magnesium  limestone  will  sometimes  greatly  retard  the  harden- 
ing of  cement,  the  writer  having  seen  instances  where  concrete  at 
the  age  of  a  month  had  not  attained  twenty  five  percent  of  its  normal 
strength  and  where  the  ultimate  strength  was  reduced  perhaps  not 
more  than  twenty  five  or  thirty  percent  by  the  use  of  this  improper 
mixture. 

In  many  specifications,  clean  sharp  sand  is  called  for  in  spite  of 
the  fact  that  in  many  parts  of  the  country  sharp  sand  is  not  obtain- 
able. Sand  with  rounded  grains  such  as  lake  or  beach  sand  is  per- 
fectly satisfactory,  there  being  little  difference  in  strength  between 
the  mortar  made  with  sand  of  angular  or  sharp  grains  and  that 
with  rounded  grains.  The  idea  that  a  sharp,  angular  aggregate  is 
necessary  for  strong  concrete  is  the  basis  for  the  objection  made  by 
some  to  lake  or  bank  gravel  as  a  coarse  aggregate,  while  as  a  matter 
of  fact  better  results  and  stronger  concrete  is  generally  secured  with 
the  round  pebble  than  with  angular  stone,  provided  the  specimen 
tested  is  not  less  than  six  months  old. 

Gravel  where  used,  should  be  composed  of  clean,  hard  pebbles 
and  sand  free  from  clay  and  other  foreign  matter,  such  as  rotten  stone, 
hardened  lumps  of  clay  and  the  like.  A  sample  having  the  coarser 
materials  screened  out  may  be  tested  for  impurities  in  the  same 
manner  as  was  given  for  the  sand: 

Broken  Stone:  Broken  stone  used  should  consist  of  sound 
crushed  stone,  such  as  trap  rock,  limestone,  granite,  hard  sand- 
stone or  conglomerate.  If  the  texture  is  crystalline  and  there  are 
no^|K)rtions  of  rotten  stone  or  hardened  clay  such  as  is  sometimes 
found  in  oolitic  limestone  and  shale,  the  crusher  run  may  be  used, 
if  a  part  of  the  sand  content  which  would  otherwise  be  used  in  the 
mix  be  left  out  equivalent  to  the  fine  particles  of  crushed  stone  in 
the  crusher  run. 

If,  however,  the  stone  can  be  readily  reduced  under  the  hammer 
to  a  fine,  impalpable  powder  as  is  the  case  with  some  shales  and 
with  the  oolitic  type  of  limestone  referred  to,  the  dust  should  be 
entirely  lemoved. 

It  is  better,  where  possible  to  use  only  that  stone  which  is  found 
durable  when  exposed  to  the  action  of  the  elements  and  frosts,  and 
the  harder  the  stone  the  stronger  the  concrete  that  may  be  made  when 
using  it  as  the  aggregate. 
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6.    Proportions  of  Materials 

In  concrete  building  construction  the  proportions  which  exper- 
ience indicates  most  economical  in  concrete  for  slab  and  beam 
construction,  colimms  and  column  footings  except  for  the  case  where 
the  loads  to  be  carried  are  unusually  gie6,t,  is  one  part  of  cement  and 
two  parts  sand  with  four  parts  broken  stone  or  gravel,  this  being 
indicated  by  the  expression  1  :  2:  4.  These  proportions  are  cus- 
tomarily taken  by  measure,  each  bag  of  cement  being  estunated  as 
equal  to  one  cubic  foot  in  volume,  thus  the  proportions  of  1:  2:  4 
mean  one  sack  of  cement  (94  pounds)  two  cubic  feet  of  sand  and  four 
cubic  feet  of  crushed  stone.  Too  frequently  the  inexperienced  builder 
interprets  a  1 :  2 :  4  concrete  to  mean  a  1 :  6  aggregate  or  six  parts  of 
gravel  which  may  be  two  thirds  sand  and  one  third  coarse  aggregate. 
The  proportions  of  1  :  2  refer  to  the  mortar  and  mean  the  ratio  of 
the  cement  to  the  volume  of  sand  which  runs  from  about  one  eighth 
inch  down  in  size,  while  coarser  material  than  this  may  be  considered 
as  coarse  aggregate  or  the  stone  content. 

With  lean  mixtures  of  concrete  in  floor  slabs  having  a  thickness 
of  less  than  L/ 12,  repeated  loadings  cause  the  floor  to  take  small 
permanent  sets  continuing  through  a  period  of  years.  Slabs  of  20' 
span  from  8  to  8^"  in  thickness  of  as  lean  a  mixture  as  one  cement 
to  six  bank  run  gravel,  containing  3 J  to  4  parts  sand,  have  sagged 
out  of  shape  from  1"  to  If"  and  while  they  arc  in  continuous  use 
and  safe  against  collapse  such  deformation  is  so  unsatisfactory  that 
the  lean  mixture  which  produced  it  should  be  avoided. 

The  size  of  the  stone  in  remforced  concrete  work  in  ordinary 
building  construction  should  range  from  one  inch  down,  observing 
directions  for  screening  as  detailed  under  the  specification  for  broken 
stcjie. 

iSie  first  requirement  in  proportioning  the  aggregate  for  rein- 
forcec}  concrete  work  is  to  see  that  there  is  an  excess  of  fine  material 
over  and  above  that  required  to  fill  the  voids  in  the  coarse  com- 
ponent of  the  aggregate.  The  volume  of  voids  in  coarse  aggregate 
is  greater  with  a  imiform  size  of  stone  than  where  the  sizes  of  coarse 
aggregate  vary  from  coarse  to  fine,  and  for  that  reason  the  crusher 
run  of  stone  is  preferable  where  the  stone  is  granite,  trap  or  hard 
crystalline  stone.  In  heavy  mass  work,  however,  a  larger  proportion 
of  coarse  aggregate  with  the  size  of  stone  varying  from  three  to  four 
inches  in  diameter  down  can  be  advantageously  used,  but  this  is 
unsuited  for  reinforced  concrete  work  in  the  ordinary  building  line. 
It  is  only  suitable  for  bridge  piers,  and  heavy  mass  work. 
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Adoption  of  an  arbitrary  proportion  of  cement  to  sand  in  the 
mortar  with  the  idea  of  securing  a  standard  degree  of  strength  re- 
quires the  exercise  of  judgment  in  the  selection  of  the  sand.  The 
grains  of  sand  should  not  be  too  uniform  in  size  as  indicated  by  the 
diagrams  on  the  preceding  page.  A  mixture  of  different  grades,  if 
available,  obviates  this  diflSculty.  Where  the  sand  available  is  too 
fine  additional  cement  must  be  used  to  make  good  this  deficiency. 

The  determination  of  the  permissible  proportion  of  coarse  to  fine 
aggregate  by  finding  the  volume  of  water  required  to  fill  the  voids  in 
a  unit  volume  of  stone  and  the  adoption  of  that  volume  of  sand  equal 
to  the  volume  of  water  so  determined  has  been  suggested.  On  this 
theory  if  the  stone  or  gravel  contains  40  per  cent  of  voids  the  sand 
should  be  40  percent  of  the  volume  of  the  stone  for  the  proportion 
of  one  cement,  two  sand  and  five  stone.  Loose  measurement  is 
generally  adopted  because  it  corresponds  more  nearly  to  the  final 
volume  of  the  material  in  the  concrete  in  which  more  mortar  is 
required  than  would  just  fill  the  voids  in  the  stone  when  settled  in 
a  measure  by  shaking.  Because  the  mortar  must  surround  each 
particle  of  stone  and  encase  it  to  form  sound  concrete,  the  particles 
of  stone  are  separated  by  this  envelope  so  that  they  occupy  a  greater 
voliune.  Thus  approximately  ten  percent  of  sand  in  excess  of  the 
volume  required  to  fill  the  voids  in  the  stone  is  necessary  to  permit 
the  mixture  to  flow  into  place  and  form  a  solid  mass.  Where  the 
voids  measured  are  forty  percent'  of  the  volume  of  the  stone  the 
mixture,  instead  of  being  a  1:2:5,  should  be  for  the  above  reason 
in  the  proportion  of  1  : 2  :  4J  by  volume. 

The  method  of  porportion  by  voids,  determined  as  above,  while 
apparently  logical,  is  of  little  practical  value  for  the  reasons  explained. 
Careful  observation  of  the  manner  in  which  the  concrete  works  as 
it  is  poured  or  flows  into  position  will  enable  the  engineer  to  judge 
more  accuately  whether  arbitrarily  assumed  proportions  with  the 
given  materials  may  be  modified  to  advantage. 

7.    Analysis  of  Strength  of  Concrete 

^Concrete  may  be  defined  as  an  artificial  conglomerate  stone  in 
which  the  coarse  aggregate  or  space  filler  (generally  a  hard  natural 
stone,  furnace  slag  or  pebble)  is  held  together  by  a  cement  mortar 
matrix.  Having  selected  a  given  coarse  aggregate,  the  strength 
of  the  concrete  depends  on  the  strength  of  the  mortar  matrix,  in 
other  words,  on  the  ratio  of  cement  to  sand  in  the  mortar  for  all 
samples  of  the  same  age,  formed  under  the  same  conditions. 


16  ANALYSIS  OF  STRENGTH  OF  CONCRETE 

The  Strength  of  the  Concrete  depends  then: 

First,  on  the  grade  of  sand  and  the  proportion  of  the  cement  to 
the  sand  in  the  mortar. 

Second,  upon  the  hardness  and  the  character  of  the  coarse  aggre- 
gate. 

Third,  on  manipulation  and  the  conditions  under  which  the 
concrete  is  cured  or  hardened. 

Fourth,  on  the  age  of  the  specimen. 

Mortar  made  with  a  very  fine  sand  is  only  about  half  as  strong 
as  that  made  with  coarse  and  medium  grains  and  for  that  reason 
the  specification  regarding  the  character  of  the  sand  should  be  given 
careful  attention. 

As  shown  by  Feret,  quite  a  variation  in  the  proportion  of  medium, 
coarse  and  fine  grains  of  sand  will  give  nearly  the  same  strength  so 
that  the  average  clean  coarse  bank  sand  will  generally  fill  the  re- 
quirements for  a  good  concrete  mortar. 

The  richer  the  mortar  the  stronger  the  concrete.  As  noted  above, 
we  recommend  a  one-to-two  mortar  for  reinforced  concrete,  and  where 
high  working  stresses  are  to  be  used  in  reinforced  concrete  columns 
we  would  reconunend  a  mortar  in  the  concrete  as  rich  as  one  cement 
to  one  and  one  half  sand,  obtaining  thereby  an  increase  of  twenty 
five  percent  in  the  permissible  working  stress. 

Coarse  Aggregate 

The  effect  of  the  strength  of  the  coarse  aggregate  upon  the  strength 
of  the  concrete,  in  tests  of  concrete  made  with  shale  rock  crushed 
to  one  and  one  half  inches  or  under,  at  Duluth,  show  the  shale  concrete* 
about  sixty-five  to  seventy  percent  as  strong  as  trap  rock  concrete 
and  the  trap  rock  concrete  from  ninety  to  ninety-five  percent  as 
strong  as  that  made  with  lake  gravel  for  the  coarse  aggregate.  These 
tests  were  made  on  concrete  about  four  months  old. 

ManijmUUion  and  Conditions  of  Curing 

While  the  quality  of  the  cement,  sand  and  aggregate  have  more 
or  less  influence  on  the  resulting  concrete,  with  any  good  brand 
of  first  class  Portland  Cement,  clean  coarse  sand  and  hard  crushed 
stone,  substantially  the  same  results  will  be  secured  under  identical 
conditions  of  mixing  and  curing.  The  latter  conditions  have  a 
most  decided  influence  on  the  strength  of  the  concrete,  viz.,  whether 
sufficient  water  has  been  used  to  permit  and  promote  perfect  crystalli- 
zation of  the  cement,  whether  an  excess  amount  of  water  has  been 
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used  and  the  fine  and  coarse  materials  have  been  allowed  to  separate 
or  become  segregated,  whether  the  concrete  has  been  thoroly 
mixed,  and  whether  the  conditions  for  curing  were  favorable,  such 
as  keeping  the  concrete  damp  and  preventing  it  from  drying  out 
too  rapidly  or  whether  it  was  hardened  under  unfavorable  cir- 
cumstances in  frosty  weather.  On  this  account  it  is  difficult  to  har- 
monize the  large  number  of  isolated  tests  that  have  been  made 
by  independent  investigators  under  widely  varying  conditions. 

In  building  work,  however,  it  is  a  fortunate  fact  that  except  in 
cold  weather  where  the  work  requires  special  treatment  the  general 
conditions  for  hardening  are  most  favorable.  After  one  floor  has 
been  poured  the  next  is  erected  thereon  within  a  week  or  so  and  the 
excess  water  dropping  from  the  upper  floors  keeps  the  concrete  in 
the  lower  properly  wet,  rendering  the  conditions  more  favorable  for 
hardening  and  curing  than  those  of  the  ordinary  laboratory  test. 

8.    Hardening  of  Portland  Cement 

The  hardening  of  Portland  Cement  is  a  chemical  process  which 
within  certain  limits  is  accelerated  by  heat  and  retarded  by  cold. 
This  is  an  important  consideration  for  the  builder  to  keep  in  mind, 
since  when  the  temperature  of  the  water  used  in  the  mix  and  the 
aggregate  is  at  or  approximately  near  the  freezing  point,  the  cement 
lies  dormant  and  no  fixed  rule  can  be  given  of  a  set  number  of  days 
during  which  time  it  is  necessary  for  the  concrete  to  lie  in  place  on 
the  forms  before  it  will  attain  a  certain  given  degree  of  strength. 
In  hardening,  as  in  nearly  all  chemical  reactions,  heat  is  generated 
by  the  setting  of  the  cement.  This  heat  is  radiated  away  very 
rapidly  where  the  mass  is  small  or  thickness  of  the  part  of  the  con- 
crete work  is  inconsiderable,  while  where  the  mass  is  large,  as  in  the 
case  of  heavy  walls,  piers,  and  the  like,  the  heat  generated  by  the 
setting  of  the  cement  is  not  lost  rapidly  by  radiation  and  the  work 
tends  to  cure  much  more  rapidly  in  heavy  work  in  cold  weather  than 
in  the  case  of  the  thin  slabs  usually  used  in  the  floors  of  buildings. 
Special  directions  for  the  treatment  of  concrete  at  various  tempera- 
tures will  be  given  under  a  special  section  dealing  with  construction 
work. 

Increase  of  Strength  of  Concrete  with  Age 

The  following  table  shows  compressive  strength  of  concrete 
as  determined  by  test  made  at  the  Watertown  Arsenal  in  1899. 
1:2:4  mixture. 


2,428 

2,966 

3,953 

2,420 

3,123 

4,411 

2,642 

3,082 

3,643 

2,269 

2,608 

3,612 
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Brand  of  cement  7  days       1  month     3  months    6  months 

Atlas 1,387 

Alpha 904 

Germania_ . 2,219 

Al;sen 1,592 

Average 1,525  2,240  2,944  3,904 

The  above  gives  a  fair  idea  of  the  increase  in  strength  of  concrete 
with  age  under  normal  temperature  above  60°  F. 

After  a  period  of  six  months  the  concrete  in  ordinary  building  is 
found  to  increase  slowly  in  strength  and  considerably  in  hardness 
and  rigidity.  Thus  it  appears  that  the  stiffness  of  a  long  span  slab 
will  increase  about  twenty  percent  between  two  months  and  twelve 
to  fifteen  months,  and  the  strength  perhaps  in  a  lesser  ratio,  on  the 
assumption  that  the  compression  element  only  in  the  combination 
is  hardening  and  increasing  in  strength.  n 


9.    Adhesion,  Bond  Shear 

The  strength  of  the  composite  structure  of  concrete  and  metal 
depends  on  the  resistance  which  the  embedded  rods  offer  to  longi-^ 
tudinal  motion  or  sliding  within  the  concrete  matrix.  This  resistance 
is  termed  adhesion  or  bond.  The  resistance  to  sliding  is  obviously 
a  shearing  resistance  and  will  be  termed  bond  shear  in  the  ensuing 
discussion.  Concrete  setting  in  the  air  shrinks  and  grips  the  rein- 
forced members  with  a  vice-like  grip.  The  richer  the  mixture  the 
greater  this  shrinkage  stress  and  the  better  the  bond.  In  concrete 
setting  in  water  this  shrinkage  is  lacking  and  in  this  case  deformed 
reinforcement  or  mechanical  bond  is  desirable. 

The  bond  between  the  concrete  and  steel  has  a  maximum  value 
with  a  plastic  mix  of  concrete  such  that  the  mortar  will  flow  slowly 
and  thoroly  surround  the  metal.  It  is  greatly  reduced  with  a 
stiff  mixture  requiring  tamping  and  at  the  other  extreme  also  is  less 
with  too  sloppy  a  mixture  of  concrete. 

With  plain  round  rods  embedded  12  inches  the  bond  value  may 
reach,  under  favorable  conditions,  a  maximum  of  600  pounds  per 
square  inch  with  concrete  of  a  1:2  piortar,  six  months  old,  but 
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with  dry  tamped  concrete  the  bond  value  or  adhesion  as  it  is  some- 
times called  may  run  as  low  as  200  pounds  per  square  inch  of  the 
surface  of  the  bars. 

A  round  bar  will  give  a  higher  bond  value  than  a  flat  or  rec- 
tangular shape,  while  a  polished  or  cold  rolled  shaft  as  it  comes  from 
the  mill  will  give  a  value  hardly  more  than  a  fourth  as  great  as  that. 
Slight  rusting  of  the  surface  improves  the  adhesion  or  bond  since  the 
rust  combines  chemically  with  the  cement  and  seems  to  increase  the 
shrinkage  grip.  Further,  slight  rusting  tends  to  remove  the  black 
mill  scale  making  the  adhesion  uniform  along  the  surface  of  the 
metal. 

Paint,  oil  or  grease,  greatly  reduces  the  adhesion.  With  properly 
arranged  reinforcement  the  designer  rarely  has  occasion  to  figure 
upon  the  bond  value  between  the  two  materials,  since  it  is  amply 
provided  for  where  due  precaution  has  been  taken  to  render  the' 
design  safe  to  execute  by  properly  tying  the  materials  together  by 
an  ample  lap  of  the  metal  over  the  supports  and  the  use  of  sufficient 
cement. 

Occasionally  the  designer  may  be  forced  to  use  short  stock  lengths 
in  beams  or  slabs,  and  under  such  conditions  a  working  stress  not 
exceeding  forty  pounds  per  square  inch  is  permissible  providing  the 
bars  are  also  hooked  at  the  ends.  Even  with  this  additional  precau- 
tion  care  must  be  exercised  in  keeping  the  work  supported  much 
longer  than  would  be  necessary  with  preferable  lengths  of  rods. 
The  reason  for  this  precaution  and  the  low  value  recommended  is 
that  the  bond  strength  between  concrete  and  steel  varies  greatly 
with  the  age  of  the  concrete  and  like  the  shearing  resistance  it  is 
very  low  with  partly  cured  concrete  but  increases  with  the  age  and 
hardness  of  the  work,  tho  less  rapidly  than  the  resistance  in  com- 
pression. 

The  constructor  should  keep  clearly  in  mind  the  important 
conditions  which  insure  satisfactory  bond  between  the  metal  and 
concrete,  namely:  A  mixture  of  proper  consistency  containing 
sufficient  cement  and  the  preferable  use  of  bars  round  in  section, 
which  are  most  readily  surrounded  by  the  plastic  concrete  in  flowing. 

It  is  interesting  to  note  in  the  following  table  of  tests  of  bond 
that  the  average  adhesion  of  the  i"  round  rods  was  twenty  percent 
more  than  that  of  the  square  rods  with  the  1  :  3  mortar;  that  the 
adhesion  to  the  steel  with  the  broken  stone  concrete  was  greater 
than  with  the  1  :  3  mortar  or  even  the  neat  cement  test;  and  that 
the  adhesion  to  the  quarter  inch  by  one  inch  averaged  only  six 
tenths  that  of  the  half  inch  rounds. 
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TABLE  I 

SHOWING   ADHESION  OF  VARIOUS  SHAPED   RODS  TO  CX)NCRETE 

OF  CONSTANT  COMPOSITION 

1  Part  Cement  to  3  Parts  Sand" 

♦^10-11-12,  1  Cement,  2  Sand,  4  Broken  Stone 

(Even  numbers  40  days — Odd  Numbers  80  Days) 


I ;    Section  of 
No.  Steel 


Length    Perimeter,  j  Load  in 
Embed-         ins.       '   lbs.  at 
ment  ins.  Failure 


1  ] 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 
12 

5 

6 

7 

8 
*  9 
•10 
♦11 
♦12 


I"  square. 


A"  round.. 


n  „  tn 


i"xl 


1" 


square 


lOi 

m 

lOi 
lOi 
lOi 
lOi 

io» 

lOi 


2.0  5,700 

5,200 

'       5,300 

I       4,600 

1.571  5,000 

4,600 

5,000 

4.900 

2.5  4;400 

j     4,800 

I     4,400 

!       17,400 

15,800 

17,000 

16,800 

21,200 

24,600 

24,200 

26,000 


Area  of 

contact 

sq.  ins. 


12.25 

13.00 

12.00 

12.50 

9.43 

9.43 

9.43 

9.23 

15.63 

15.63 

15.20 

15.63 


Load  in 
lbs.  per 
sq.  ins. 


41.0 
40.5 
40.5 
41.0 
40.5 
41.0 
.40.5 
41.5 


438 
433 
424 
488 
530 
488 
542 
313 
282 
314 
282 


Average 

per 
sq.  in. 


432 


512 


293 


424 
390 
420 
410 
523 
600 
598 
627 


411 


587 


Test  by  Emerson,  Eng.  News,  1904,  p.  222 

The  adhesive  resistance  varies  somewhat  with  the  depth  to 
which  the  rod  is  embedded;  tests  by  Feret  with  the  rod  embedded 
2J"  give  values  approximately  half  as  great  as  where  the  length 
embedded  is  from  ten  to  twelve  inches. 

It  is  greater  with  a  rough  than  with  a  smooth  surface. 

It  increases  with  the  proportion  of  cement  up  to  a  certain  limit. 

It  is  a  maximum  with  a  plastic  mix  and  a  minimum  wdth  a  dry 
mix  and  tamped  concrete. 

It  increases  with  the  age  of  the  concrete. 

Consid^re  finds  that  for  concrete  exposed  to  air  the  amount  of 
water  used  in  mixing  has  a  great  influence,  too  dry  concrete  adhering 
badly.  An  excess  of  water  giving  the  concrete  the  necessary  fluidity 
for  filling  up  the  voids  around  the  reinforcement  produced  the  best 
results.  He  considered,  however,  that  this  advantage  of  wet  con- 
crete was  counterbalanced  by  a  notable  dimunition  of  tensile  and 
compressive  resistance.  This  would  be  true  were  it  not  a  fact  that 
the  excess  water  in  casting  reinforced  concrete  work  in  building 


BOND  21 

construction  is  readily  disposed  of  by  absorption  of  the  forms  and 
leakage  through  them.  ' 

The  low  values  found  by  some  investigators  for  adhesion  or  bond 
seem  to  be  readily  accounted  for  by  the  prevalent  French  custom  of 
tamping  dry  or  stiff  mixtures  of  concrete  rather  than  of  pouring  it 
of  a  wet  or  plastic  consistency,  as  is  done  by  the  American  construc- 
tor today.  The  early  idea  was  that  good  concrete  could  only  be 
made  by  a  dry  mix  and  tamping.  Combined  with  this  dry  mix  the  de- 
formed bar  was  unquestionably  an  improvement,  but  as  the  use  of  the 
dry  mix  has  long  been  abandoned  the  main  advantage  in  the  use  of 
the  deformed  bar  has  largely  disappeared  with  its  abandonment. 

That  the  bond  between  the  concrete  and  steel  is  really  a  shrinkage 
grip  may  be  easily  proved  by  the  simple  experiment  of  molding  some 
concrete  and  placing  a  piece  of  round  steel  on  top,  lightly  pressing 
it  into  the  concrete  without  inunersing  it  more  than  one  third  the 
diameter.  When  the  concrete  has  cured  it  will  be  found  that  there 
is  very  little  difficulty  in  removing  the  steel.  If  the  piece,  however, 
is  pressed  into  the  concrete  to  a  considerable  depth  and  the  con- 
crete in  its  plastic  condition  allowed  to  flow  around  the  bar  it  will 
be  very  difficult  indeed  to  remove  and  it  will  be  found  that  this  is 
caused  by  the  shrinkage  of  the  concrete  around  the  bar  in  hardening. 
That  this  bond  between  the  concrete  and  the  rod  is  not  due  to  direct 
adhesion  may  be  further  proved  by  splitting  the  concrete  about 
the  bar  or  sawing  it  down  to  the  side  of  the  bar  on  each  side  when 
it  will  be  found  that  the  bar  is  readily  removed  from  the  concrete. 

Adhesion  or  bond  in  reinforced  concrete  is  unaffected  by  tempera- 
ture changes,  since  the  coefficient  of  expansion  of  concrete  and  steel 
is  substantially  the  same,  to  wit.  .0000065.  The  composite  mass, 
however,  is  subjected  to  temperature  stresses  juhc  as  any  building 
material  would  be  under  like  conditions,  and  because  of  the  small 
tensile  strength  of  concrete,  reinforcement  to  resist  these  stresses  is 
commonly  required  as  will  be  discussed  more  at  length  later. 

10.    Variation  in  the  Strength  of  Concrete  with  Variation 

of  Temperature  and  Moisture. 

This  question  is  of  the  greatest  importance  to  the  constructor  in 
putting  up  work.  The  concrete,  partly  cured,  may  apparently  be 
stiff  and  rigid  when  the  forms  are  removed  in  cold  or  freezing  weather. 
Then  with  a  sudden  change  in  the  temperature,  such  as  may  readily 
be  brought  about  by  putting  a  heating  plant  into  the  building,  the 
concrete  will  sweat  and  soften  and  get  out  of  shape.     Again,  when 
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concrete  which  has  had  as  long  as  two  or  thres  months  in  which  to 
cure  during  the  fall  season,  is  exposed  all  winter,  soaked  with  water 
and  the  water  frozen,  and  in  the  spring  a  heating  plant  is  put  into 
the  building  and  the  slab  thawed  out,  its  strength  is  temporarily 
greatly  reduced,  and  if  the  slab  is  carrying  the  weight  of  other  stories 
which  are  shored  from  it,  permanent  deflection  and  serious  trouble 
may  result. 

The  older  and  more  thoroly  cured  the  concrete,  the  more 
rigid  it  is  and  the  less  the  variation  in  strength  resulting  from  the 
conditions  above  noted.  Concrete  which  is  thoroly  soaked  with 
water  is  less  rigid  in  compression  than  concrete  which  is  thoroly 
dried  out.  This  change  in  strength  is  due  to  the  fact  that  the  con- 
crete expands  with  moisture  and  shrinks  or  contracts  as  it  dries  out, 
this  action  being  greater  with  concrete  during  the  hardening  stages. 

Hence,  the  constructor  should  use  care  and  see  that  his  work  is 
not  over-loaded,  particularly  at  the  time  when  he  is  firing  up  the  heat- 
ing plant  in  a  building  in  which  the  floors,  though  they  have  had 
some  time  to  cure  in  the  fall,  have  been  thoroly  soaked  and  frozen. 
Undue  confidence  in  the  strength  of  partly  cured  and  frozen  concrete 
arises  from  observing  that  when  the  forms  are  first  removed  there 
is  no  deflection  and  the  concrete  stands  up  apparently  of  ample 
strength  and  rigidity  under  the  superposed  load  of  the  centering 
of  one  or  more  stories  above.  A  sudden  change  in  temperature, 
causing  the  moisture  in  the  slab  to  thaw  and  expand  in  the  concrete 
will  so  weaken  the  slab  that  a  large  permanent  set  will  result. 
The  cautious  builder  will  keep  the  floor  well  shored  up  until  he  is 
sure  that  it  is  thoroly  dried  out  by  heat  so  that  there  is  no  chance 
for  the  work  to  get  out  of  shape  as  above  explained. 

The  extent  to  which  the  strength  of  a  slab  may  be  reduced  even 
after  it  has  been  once  fairly  well  cured,  but  subsequently  exposed  to 
the  weather,  soaked  and  frozen  is  illustrated  by  a  case  where  it  was 
so  softened  in  thawing  out  as  to  deflect  eight  times  as  much  as  it 
did  under  identically  the  same  load  after  drying  out  and  exposure  to 
heat  for  three  weeks,  so  that  the  importance  of  the  precaution  above 
outlined  should  be  apparent.  In  this  case  the  slab  was  cast  in  the 
latter  part  of  August,  was  fairly  well  cured  but  exposed  to  the  weather, 
flooded  by  rain  and  frozen  up  during  the  winter.  The  heating  plant 
was  placed  under  the  floor  sometime  in  March  and  a  light  load  then 
placed  on  the  slab  which  had  a  span  of  about  22  feet  and  was  7  inches 
thick,  well  reinforced.  A  deflection  resulted  of  approximately 
2  inches.    The  slab  returned  to  its  original  shape  after  removal  of 
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the  load,  and  when  thoroly  dried  out  the  deflection  under  the  same 
load  was  hardly  3/l6  inches. 

Deflections  are  found  to  be  increased  where  the  slab  is  wet,  and 
the  strength  is  apparently  somewhat  diminished. 

11.  Machine  Mixing. 

Concrete  for  a  concrete  steel  building  should  be  machine  mixed, 
preferably  in  a  batch  mixer.  Some  of  the  continuous  mixers  do 
good  work  where  bank  gravel  is  used  as  the  aggregate  and  fail  where 
crushed  stone  is  used.  A  batch  mixer  such  as  the  Smith,  Cube, 
Polygonal  or  Ransome,  is  to  be  preferred  because  it  may  be  charged 
with  cement,  sand  and  stone  by  measure  and  the  exact  amount  of 
water  added.  The  water  content  in  the  mix  is  best  supplied  for 
a  large  piece  of  work  by  a  tank  which  will  contain  the  amount  of 
water  needed  for  a  batch  arranged  with  the  usual  float  trap  valve 
so  that  all  the  operator  needs  to  do  is  to  pull  the  string  and  the  tank 
of  water  is  discharged  at  once  in  the  mixer.  Thi^  insures  a  mixture 
of  uniform  consistency  and  effects  a  material  saving  of  time. 

Consistency  of  Concrete 

For  building  construction  and  reinforced  concrete  work  generally 
it  is  necessary  that  the  concrete  shall  be  mixed  so  that  it  will  flow 
slowly  and  thoroly  surround  the  reinforcement  but  it  should 
be  no  more  plastic  than  is  required  to  attain  this  result.  If  mixed 
too  dry  and  tamping  is  depended  upon,  voids  will  be  left  around  the 
steel  and  the  face  of  the  concrete  when  the  forms  are  removed  will 
be  found  rough  and  full  of  pockets  and  the  work  will  present  an  ap- 
pearance of  weakness  which  it  very  likely  does  not  possess. 

12.  Pouring  Concrete. 

In  pouring  concrete,  the  lowest  portions  of  the  forms  should  be 
filled  first;  thus  permitting  the  least  possible  flow  of  the  concrete 
to  reach  it  final  position  in  the  work.  In  buildings  the  columns 
should  be  filled  first,  then  the  beams  and  finally  the  slabs,  the  opera- 
tion being  continuous  as  far  as  practicable.  If  an  attempt  is  made 
to  reverse  this  program  and  fill  the  beam  before  the  column  is  filled 
the  concrete  will  flow  in  an  inclined  direction  to  the  column  and  as 
each  batch  is  deposited  the  more  Uquid  portions  washing  over  the 
inclined  surface  carry  the  light  laitance  and  fine  sand  down  into  the 
column,  and  an  inferior  concrete  and  one  of  little  strength  will  be 
foimd  at  the  bottom  on  removal  of  the  column  forms. 
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In  pouring  columns,  especially  where  closely  spaced  spiral  hoop- 
ing is  used,  concrete  should  be  poured  over  the  center.  If  an  attempt 
is  made  to  fill  the  column  from  the  side  the  space  between  the  form 
and  hooping  is  filled  up  to  a  considerable  height  in  advance  of  the 
central  core,  the  hooping  acting  as  a  screen  prevents  the  coarse 
aggregate  from  flowing  to  the  lower  centjal  area  with  the  result 
that  the  mortar  flows  to  the  core  and  seals  to  some  extent  the  voids 
toward  the  hooping  and  the  next  batch  cannot  flow  to  fill  in  the  voids 
thus  left  in  nearly  clean  coarse  aggregate  between  the  hooping  and 
the  column  form.  This  leaves  rough  unsightly  work  when  the  forms 
are  removed  and  while  the  core  may  be  sound  the  fireprrofing  is 
inferior  in  character  or  worthless,  and  the  work  presents  an  appear- 
ance of  weakness  which  it  does  not  possess. 

Where  to  Make  Joints  in  the  Work  and  How  to  Do  It 
Splicing  of  concrete  in  beams  and  slabs  should  preferably  be  made 
in  the  center  and  should  be  vertical.  The  reason  for  this  is  that 
where  the  concrete  is  allowed  to  flow  out  on  an  inclined  plane  in  the 
beam  the  inert  material  known  as  laitance  comes  to  the  surface, 
preventing  a  good  bond  when  the  new  concrete  is  added.  In  fact 
instances  have  not  infrequently  been  observed  where  wedge  shaped 
pieces  of  concrete  three  feet  long  and  running  from  two  inches  in 
thickness  to  one  quarter  inch  at  the  end  dropped  away  from  the  beam 
owing  to  this  manner  of  placing,  the  bond  being  insufficient  to  carry 
the  weight  of  the  piece.  The  remedy  is  to  break  up  the  surface  of 
the  old  concrete  and  grout  it  with  a  neat  cement  before  proceeding 
to  cast  the  new  work. 

In  very  hot  weather  the  crushed  stone  may  readily  get  so  dry 
and  hot  that  it  absorbs  the  water  from  the  mix  and  causes  the  cement 
to  set  too  rapidly.  When  this  is  the  case  an  open  crack  will  appear  at 
a  joint.  The  remedy  is  to  first  cool  the  stone  by  thoro  wetting 
with  the  hose. 

13.    Reinforcing  Steel 

Steel  for  reinforcement  should  be  tough,  homogeneous  metal, 
preferably  of  structural  or  intennediate  grade,  where  bending  is  re- 
quired, or  of  harder  grade  for  slab  rods  when  bending  is  unnecessary. 

The  following  are  the  specifications  adopted  by  the  Association  of 
American  Steel  Manufacturers,  1910,  governing  the  chemical  and 
physical  properties  of  concrete  reinforcing  bars: 

Standard   Specifications  for  Concrete  Reinforcement   Bars 

1.  Manufacture.  Steel  may  be  made  by  either  the  open-hearth 
or  Bessemer  process.     Bars  shall  be  rolled  from  billets. 
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2.  Chemical  and  Physical  Properties.  The  chemical  and  physical 
properties  shall  conform  to  the  following  limits: 

3.  Chemical  Determinations.  In  order  to  determme  if  the 
material  conforms  to  the  chemical  limitations  prescribed  in  para- 
graph 2,  herein,  analysis  shall  be  made  by  the  manufacturer  from 
a  tesrt  ingot  taken  at  the  time  of  the  pouring  of  each  melt  of  blow  of 
steel,  and  a  correct  copy  of  such  analysis  shall  be  furnished  to  the 
engineer  or  his  inspector. 

4.  Yield  Point.  For  the  purposes  of  these  specifications,  the 
yield  point  shall  be  determined  by  careful  observation  of  the  drop  of 
the  beam  of  the  testing  machine,  or  by  other  equally  accurate  method. 

5.  Forms  of  Specimens,  (a)  Tensile  and  bending  test  speci- 
mens may  be  cut  from  bars  as  rolled,  but  tensile  and  bending  test 
specimens  of  deformed  bars  may  be  planed  or  turned  for  a  length  of 
at  least  9  inches  if  deemed  necessary  by  the  manufacturer  in  order 
to  obtain  uniform  cross-section. 


Properties 
Considered 


Structural  Steel  Grade 


Plain 
Bars 


Phoeiphorus,  maximum, 

Bessemer 

Open-hearth 

Ultimate    tensile 
strength^    pounds 
per  sq.  in 


.10 
.06 


55-70,000 


Yield  point,  minimum 
poimds  per  sq.  in  . 

Elongation,  per  cent 
in  8",  minimum . . . 

Cold    bend    without 
fracture: 
Bars  under   }"  in 
diameter  or  thick- 

Bars  I*'  in  diameter 
or  thickness  and 
over 


33,000 
1,400,000 
T.  S. 


180M.=lt, 


Deformed 
Bars 


.10 
.06 


55-70,000 

33,000 
1,250,000 


Hard  Grade 

I  Cold- 

' Twisted 

Plain      !  Deformed  I  Bars 


Bars 


Bars 


.10 
.06 


10 
06 


.10 
.06 


T.  S. 


180M.=lt. 


180M.=lt.il80M.=2t. 


S0,000  min.  80,000  min.    Recorded 
I  '       only 


50,000  50,000 

1,200,000  I  1,000,000 


55,000 

5% 


T.  S. 


T.  S. 


180M.=3t.  180M.=4t.  180M.=2t. 


90M.=3t.   90*d.=4t.  180M.=3t. 


The  hard  grade  will  be  used  only  when  spec i Bed. 

(b)  Tensile  and  bending  test  specimens  of  cold-twisted  bars 
shall  be  cut  from  the  bars  after  twisting,  and  shall  be  tested  in  full 
size  without  further  treatment,  unless  otherwise  specified  as  in  (c), 
in  which  case  the  conditions  therein  stipulated  shall  govern. 
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(c)  If  it  is  desired  that  the  testing  and  acceptance  for  cold- 
twisted  bars  be  made  upon  the  hot  rolled  bars  before  being  twisted, 
the  hot  rolled  bars  shall  meet  the  requirements  of  the  structural 
steel  grade  for  plain  bars  shown  in  this  specification. 

6.  Number  of  Tests.  At  least  one  tensile  and  one  bending  test 
shall  be  made  from  each  melt  of  open-hearth  steel  rolled,  and  from 
each  blow  or  lot  of  ten  tons  of  Bessemer  steel  rolled.  In  case  bars 
differing  f  inch  and  more  in  diameter  or  thickness  are  rolled  from 
one  melt  or  blow,  a  test  shall  be  made  from  the  thickest  and  thinnest 
material  rolled.  Should  either  of  these  test  specimens  develop 
flaws,  or  should  the  tensile  test  specimen  break  outside  of  the  middle 
third  of  its  gauged  length,  it  may  be  discarded  and  another  test 
specimen  substituted  therefor.  In  case  a  tensile  test  specimen  does 
not  meet  the  specifications,  an  additional  test  may  be  made. 

(d)  The  bending  test  may  be  made  by  pressure  or  by  light  blows. 

7.  Modifications  in  Elongation  for  Thin  and  Thick  Material,  For 
bars  less  than  7/l6  inch  and  more  than  J  inch  nominal  diameter 
or  thickness,  the  following  modifications  shall*  be  made  in  the  require- 
ments for  elongation: 

.  (e)  For  each  increase  of  i  inch  in  diameter  or  thickness  above 
f  inch,  a  deduction  of  1  shall  be  made  from  the  specified  percentage 
of  elongation. 

(/)  For  leach  decrease  of  l/l6inch  in  diameter  or  thickness  below 
7/l6inch,a  deduction  of  1  shall  be  made  from  the  specified  percentage 
of  elongation. 

(g)  The  above  modifications  in  elongation  shall  not  apply  to 
cold-twisted  bars. 

8.  Number  of  Tests,  Cold-twisted  bars  shall  be  twisted  cold 
with  one  complete  twist  in  a  length  equal  to  not  more  than  12  times 
the  thickness  of  the  bar. 

9.  Finish,  Material  must  be  free  from  injurious  seams,  flaws, 
or  cracks,  and  have  a  workmanlike  finish. 

10.  Variation  in  Weight.  Bars  for  reinforcement  are  subject 
to  rejection  if  the  actual  weight  of  any  lot  varies  more  than  5  percent 
over  or  under  the  theoretical  weight  of  that  lot. 

20.    Quality  of  Steel 

Unfortunately  there  is  an  idea  prevalent  that  almost  any  grade  of 
metal  is  good  enough  for  reinforcement.    Where  the  contractor  or 
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engineer  is  responsible  for  the  test  strength  and  permanence  of  the 
work  he  needs  to  see  that  the  steel  is  of  suitable  quality. 

The  product  of  what  is  called  a  fagot  mill  is  generally  very  un- 
desirable. The  trade  term,  sometimes  applied  to  this  product  is 
"Bushel  Steel."  A  fagot  is  formed  using  muck  bar  iron  flats  for 
bottom  and  sides  and  filling  in  with  miscellaneous  scrap  steel,  iron, 
etc.,  heating  up  and  rolling  into  billets  and  bars.  This  grade  of 
metal  has  an  ultimate  strength  of  about  45,000  pounds  per  square 
inch  and  a  commercial  yield  point  of  25,000  pounds.  It  will  bend 
easily  but  when  nicked  and  broken  will  show  a  dull  fracture  of  a 
ragged  and  coarse  texture  in  strong  contrast  with  the  bright,  fine 
.  crystalline  or  silky  texture  of  a  good  grade  of  steel. 

ReroUed  rail  steel  is  sold  to  a  considerable  extent  for  reinforcing 
metal.  Because  of  the  rigid  specification  insisted  upon  by  the  rail- 
roads for  rails  purchased  in  the  last  seven  or  eight  years,  accepted 
rail  steel  is  fairly  uniform  in  quaUty.  The  effect  of  rerolling  it, 
however,  may  be  and  sometimes  is  very  detrimental  to  the  toughness 
and  dependability  of  the  material.  Rerolled  steel  diflfers  from  new 
billet  stock  of  the  same  carbon  as  the  result  or  effect  of  the  heat 
treatment  preceding  rolling.  A  rail  differs  from  a  rectangular  billet 
as  follows: 

The  rectangular  billet  in  the  furnace  heats  with  greater  uniformity 
than  an  irregular  section  such  as  a  rail  presenting  difference  in 
thickness  of  the  head,  flange,  and  stem.  For  rerolling  the  rails  are 
heated  in  the  furnace  to  a  pasty  white  heat,  then  the  flange  and  head 
are  sheared  from  the  stem  by  splitting  rolls  and  each  section  is  in 
turn  rolled  into  the  bars  or  shapes  of  different  sizes.  Where  the 
heat  has  been  too  intense,  exterior  surfaces  of  the  portions  of  the 
rails  may  be  overheated  while  the  inner  portions  of  the  head  are  hot 
heated  uniformly,  so  that  the  bars  rolled  from  the  head  are  brittle, 
crack  in  bending  and  fail  to  sKow  under  test  the  elongation  of  the 
original  rail  steel. 

Trouble  from  this  source  seems  to  occur  where  oil  furnaces  are 
used  for  heating  in  which  the  control  of  the  heat  frequently  is  not  as 
satisfactory  as  where  the  fuel  used  is  coal.  On  the  other  hand  it 
appears  that  the  product  of  the  mill  where  the  heat  treatment  is 
scientifically  handled  may  not  be  greatly  inferior  to  high  carbon 
standard  billet  stock  under  hard  grade  specifications. 

The  rail  head  under  traffic  is  battered  and  the  metal  flows  to  the 
outer  side  of  the  head,  leaving  splinters  or  slivers  and  these  must  be 
knocked  off  with  a  sledge  before  heating  the  section  of  rails  for  re- 
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roUing,  otherwise  the  finished  surface  will  be  imperfect,  presenting 
splinters  and  flaws.  Where  attention  has  been  given  to  this  detail, 
the  surface  of  the  ba!%  rerplled  from  old  rails  is  as  satisfactory  as  that 
secured  from  rerolling  new  rails  in  the  same  mill. 

Twisting  a  square  bar  to  increase  the  bond  is  practical  only  with 
a  soft  structural  grade  of  steel.  Cold  twisting  renders  the  metal 
more  brittle,  raises  the  yield  point,  reduces  its  toughness  and  elonga- 
tion, and  is  for  that  reason  objectionable.  Where  the  mechanical 
bond  of  a  twisted  bar  is  demanded,  hot  twisting  is  preferable  for  the 
above  reasons. 

Hard  grade  steel  has  a  decided  advantage  for  slab  rods  of  small 
diameter,  since  the  harder  the  metal  the  less  liable  they  are  to  kink 
in  the  handling  and  shipping.  Specifications  for  small  bars  such  as 
5/16  to  i  inch,  should  require  that  these  bars  be  shipped  in  bundles 
of  a  dozen  to  fifteen  rods  per  bundle  well  wired  together,  so  that 
they  will  be  less  liable  to  be  bent  in  shipment  and  can  be  more 
readily  handled  on  the  work. 


CHAPTER  II 

GENERAL  TYPES  OF  CONCRETE  FLOOR  CONSTRUCTION 

I.  Classification — The  history  of  the  development  of  structural 
work  shows  that  the  engineer  has  been  lat^ely  influenced  in  his 
first  efforts  to  design  any  new  type  by  the  forms  of'  construction 


to  which  he  has  been  previously  accustomed.  For  example, 
when  wrought  iron  began  to  be  used  in  place  of  timber  for  railroad 
trestles  the  longitudinal  bracing  was  identical  with  that  used  in  timber 
construction;  indeed  it  was  at  first  gravely  questioned  whether 
these  braces  ought  not  to  be  made  of  timber  for  fear  of  the  unknown 
dangers  that  might  arise  from  the  unequal  expansion  of  these  braces 
of  iron  and  the  foundation  on  which  the  trestle  was  supported,  and 
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today  not  a  few  of  our  concrete  theorists  are  deeply  concerned 
regarding  equally  insignificant  questions. 

The  common  types  of  concrete  steel  floor  construction  may  be 
classified  as  follows :      > 

I.  The  earliest  type  of  timber  construction  has  been  followed 
or  imitated  closely  in  some  of  the  pioneer  structures  in  concrete 
steel  and  also  in  not  a  few  of  our  buildings  even  today.  This  type 
may  be  described  as  employing  columns  to  support  parallel  main 
girders  with  joists  in  one  direction  only  extending  crosswise  from 
girder  to  girder  and  a  thin  floor  covering  the  joists.     See  Fig.  1. 


Fig.  a,     TypeH. 

II.  Similar  to  I,  except  the  substitution  of  a  slab  without  joists 
from  girder  to  girder,  similar  to  mill  construction  of  beams  and 
thick  plank  flooring  from  beam  to  beam.     See  Fig.  2. 

III.  A  natural  concrete  type,  a  true  monolith,  departing  from 
the  characteristics  of  timber  and  steel  construction  in  the  employ- 
ment of  concrete  beams  from  column  to  column  in  two  directions 
and  slabs  with  panels  supported  on  four  sides.     See  Fig.  3. 

IV.  A  second  distinctively  concrete  type,  in  which  the  centering 
is  simplified  to  the  limit  and  consists  only  of  a  temporary  flooring  on 
which  to  pour  the  concrete.  The  elements  involved  arc  two  only: 
column  supports,  and  a  continuous  flat  slab  supported  directly  by  the 
columns  and  integral  therewith.     See  Fig.  4, 
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A  modificatioD  of  types  I  and  II  is  sometimes  employed  in  which 
arches  spring  from  girder  to  girder.  This  modification  is  not  a 
common  type  oT  construction  however. 

As  to  safety,  these  types  must  be  rated  with  reference  to  their 
deportment -under  overload,  whether  failure  can  occur  suddenly  and 
without  warning,  or  slowly  and  gradually. 

Failure  is  more  rapid  where  the  flexure  under  load  has  a  single 
curvature  only  under  load  than  where  there  is  double  curvature. 
For  example,  a  slab  supported  on  two  sides  is  deformed  in  a  cylindrical 


surface.  The  slab  supported  on  four  sides,  on  the  other  hand, 
dishes  or  bags  down  from  all  directions  and  cannot  fail  suddenly 
for  this  reason. 

Ample  lap  of  reinforcement  over  the  supports,  thoroly  tying 
the  work  together,  enhances  the  safety  of  all  types. 

Most  ffulures  entailing  loss  of  life  have  occurred  with  reinforce- 
ment in  one  direction  only  and  of  these  failures  the  greater  part  of 
them  have  occurred  where  insufBcient  lap  of  reinforcement  has  been 
provided. 


From  the  fireproof  standpoint,  that  form  which  exposes  the 
least  area  to  heat,  which  presents  the  most  uniform  distribution  of 
metal  to  provide  for  the  temperature  stresses  resulting  from  unequal 
heating  will  rank  first,  and  on  this  basis  the  natural  concrete  types 
III  and  IV  consequently  are  to  be  preferred.     . 

In  the  above  types,  we  have  the  following  five  problems  in  design: 

(a)  Beams,  simple,  continuous,  partially  continuous,  etc. 

(b)  Slab  with  panels  supported  on  two  sides. 


(c)  Slab  with  panels  supported  on  four  sides. 

(d)  Slab  with  panels  supported  on  four  posts  or  comers. 

In  each  of  the  slab  problems  we  also  must  consider  the  conditions 
of  the  ends  or  edges  of  the  panels  as  in  the  treatment  of  beams. 

(e)  Columns  similar  for  all  types. 

The  relative  economy  of  the  several  t>pes  will  appear  from  the 
methods  of  computation  to  follow. 

2.  Utility  of  the  Theory  of  Action  of  Structures— No  theory  can 
be  devised  which  will  take  into  consideration  all  of  the  phenomena 
presented  by  an  actual  structure.  In  structural  work  it  is  usual  to 
treat  for  example,  beams  connected  by  flange  angles  or  resting  on 
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top  of  girders  as  simple  beams.  The  stresses  in  such  beams,  however, 
differ  somewhat  from  what  they  would  be  on  the  theoretical  assump- 
tion that  the  supports  are  knife  edge  bearings  without  friction. 
The  useful  theory  then  is  that  which  takes  into  consideration  the 
predominant  phenomena  presented  by  the  structure  imder  load. 
The  unnecessary  refinement  of  taking  into  account  small,  subsidiary 
actions,  such  as  the  restraint  of  connection  angles,  and  restraint  of 
beams  which  are  not  supported  by  frictionless  knife  edges,  is  for 
practical  purposes  ignored. 

Thus,  the  direct  tensile  resistance  of  the  concrete  as  a  tension 
chord  being  small,  is  disregarded  in  practical  computations.  In 
reinforced  concrete  beams  the  tensile  flange  resistance  offered  by 
the  steel  alone  as  a  flange  is  that  considered  and  counted  upon  for 
safety  as  the  predominant  action. 

The  theory  of  work  has  this  striking  advantage  over  other  methods 
of  analysis  of  such  structures,  that  it  indicates  this  predominant 
action  almost  at  once  in  a  manner  so  clear  that  it  requires  little  or 
no  computation  to  arrive  at  a  correct  method  of  treating  the  structure 
under  discussion. 

3.  Principle  of  Proportion — In  the  early  development  of  re- 
inforced concrete  work,  constructors  were  obliged  to  experiment  in 
order  to  ascertain  the  most  suitable  proportions  and  arrangement  of 
materials  for  supporting  a  given  load  on  a  given  span,  and  from  ex- 
periments of  this  kind  determine  by  proportion  the  carrying  strength 
for  other  loads  and  other  spans.  This  principle  of  proportion  is 
indeed  a  most  useful  one,  and  was  employed  largely  by  the  builders 
in  the  middle  ages  in  the  construction  of  masonry  work  in  the  form 
of  arches  in  the  great  cathedrals  which  command  our  admiration 
today,  which  work  is  not  excelled  by  modem  constructors  with 
advanced  knowledge  of  mathematics  and  mechanics. 

The  law  of  proportion,  as  applied  to  a  slab  or  beam  of  reinforced 
concrete,  may  be  stated  as  follows: 

4.  Variation  in  Strength  with  Thickness — It  is  known  from 
elementary  principles  that  for  a  given  percentage  of  steel  and  a  given 
arrangement  of  reinforcement,  the  strength  of  a  slab  or  beam  in- 
creases directly  as  the  square  of  the  depth,  and  for  small  differences 
in  the  percentage  of  steel,  as  the  product  of  the  steel  area  times  the 
depth,  providing,  of  course,  the  steel  is  not  increased  to  such  an 
extent  that  the  steel  element  is  stronger  than  the  concrete  element. 

In  the  combination  of  concrete  and  steel,  it  should  be  observed 
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that  as  between  the  two  elements,  the  steel  is  more  homogeneous, 
more  reliable  and  dependable  from  the  standpoint  of  uniformity 
of  strength.  Hence,  the  combination  should  be  made  in  such 
manner  that  should  failure  occur  it  would  occur  in  the  steel  and  not 
in  the  concrete,  and  when  this  principle  of  design  is  followed  out 
the  reliability  and  safety  of  the  structure  depends  on  the  steel  ele- 
ment, and  hence  no  greater  factor  or  margin  of  safety  is  needed  than 
in  structural  steel  work.  In  fact  there  would  be  less  uncertainty  in 
this  case  if  this  principle  were  carried  out  than  in  structural  steel 
work,  for  the  reason  that  in  structural  work  the  members  are  cut 
by  rivet  holes  and  there  is  less  dependence  to  be  placed  upon  the 
large  steel  shapes  so  worked  and  cut  than  in  the  case  of  rods  of 
uniform  section  and  not  so  nicked  or  cut. 

5.  Variation  in  Strength  with  Span — ^The  strength  decreases 
inversely  as  the  span  for  the  same  total  load  W,  and  the  same 
moment  of  resistance  of  steel  and  concrete.  If  the  strength  is  to  be 
compared  on  the  basis  of  a  unit  load  per  foot  of  span  length  then 
for  the  same  unit  load  the  strength  decreases  inversely  as  the  square 
of  the  span. 

These  fundamental  principles  of  proportion  enabled. the  earlier 
constructors  Coignet  and  Hennebique,  to  build  successfully  before 
the  developjnent  of  the  theory  involving  the  relation  of  the  elastic 
properties  of  the  two  materials,  concrete  and  steel,  and  enabled 
Turner  to  successfully  build  many  great  structures  on  the  Mushroom 
flat  slab  system,  prior  to  the  development  of  a  rational  theory  based 
upon  the  elastic  properties  of  the  materials.  It  enabled  him,  not 
only  to  guarantee  the  strength,  but  also  to  guarantee  the  deflection 
of  his  structures  under  load. 

The  law  of  proportion  as  to  deflection  may  be  stated  as  follows: 

Within  practical  limits,  including  proper  percentages  of  steel, 
the  deflectiod  for  a  given  load  W  increases  as  the  cube  of  the  span  and 
decreases  inversely  as  the  product  of  the  steel  area  times  the  square 
of  the  depth  from  the  center  of  the  steel  to  the  top  of  the  slab  or  beam. 

These  proportionate  relations  are  sufficient  to  enable  the  practical 
constructor,  having  exact  knowledge  of  the  tested  strength  and 
deportment  of  a  reinforced  beam  or  slab  of  a  given  design,  to  design 
a  similar  beam  or  slab  for  a  larger  or  smaller  load  or  span  with 
certainty  as  to  the  result  which  can  be  obtained  with  the  same 
grade  of  workmanship  and  the  same  kind  of  concrete. 

The  method  of  proportion  applied  to  full  sized  structures  has 
this  advantage  over  all  other  methods.    It  takes  for  its  foundation 
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or  starting  point,  the  tested  strength  of  a  member  approaching  in 
size  that  which  it  is  proposed  to  construct  and  a  comparison  is  made 
involving  a  narrower  range  for  the  application  of  the  principle  of 
proportionality  than  is  possible  where  the  theorist  undertakes  to 
develop  from  the  elastic  properties  of  a  minute  sample  or  imit  cube 
of  the  materials  employed  the  properties  of  a  full  sized  structure 
made  of  these  materials.  On  the  other  hand  the  method  of  propor- 
tion has  the  distinct  disadvantage  of  limitation  in  its  scope.  It 
cannot  be  applied  to  any  form  of  structure  which  differs  except 
within  narrow  limits  from  the  proportions  of  the  specunen  with 
which  it  is  compared,  and  hence  this  method  is  defective  as  compared 
with  a  general  solution  which  enables  broad  conclusions  to  be  drawn 
as  to  the  generic  type  under  consideration  rather  than  limited  con- 
clusions specific  to  one  form  only  of  the  genus. 

The  method  of  proportion,  based  as  it  is  on  elementary  relations, 
may  be  used  very  advantageously  to  verify  the  accuracy  of  more 
complex  and  scientific  methods  of  analysis.  The  relations  above 
outlined  follow  at  once  from  the  fundamental  principles  governing 
the  strength  and  flexure  of  beams  and  were  developed  in  substantially 
the  following  manner  by  Turner  in  his  treatise  on  Concrete  Steel 
Construction,  published  in  1909. 

6.  Theoretical  Treatment — A  slab  or  beam  supported  at  intervals 
either  on  points  or  on  walls,  if  loaded,  deflects  or  bends,  and  if  the 
load  is  excessive  the  concrete  cracks  first  from  the  lower  or  tension 
side  upward  in  a  plane  normal  to  lines  joining  the  supports.  Since 
the- reinforcing  metal  acts  by  tension  along  its  length,  it  is  evident  in 
general  that  so  far  as  the  steel  is  concerned,  whether  the  reinforce- 
ment is  in  single  layers  or  in  multiple  layers,  the  action  must  be 
similar  in  character  to  the  flanges  of  a  beam,  and  hence  the  strength 
of  the  beam  or  slab,  regardless  of  the  distribution  of  the  stress  in 
the  concrete,  depends  on  the  tensile  stress  in  the  steel.  The  mathe- 
matical expression  for  deflection  and  bending  would  be  of  identically 
similar  form  to  those  for  beams. 

TF=the  total  load  on  the  beam  or  slab,  taken  for    convenience 

in, thousand  pound  units. 
L  =  the  span  in  feet. 

d=the  distance  from  the  top  of  the  concrete  to  the  center  of  steel 
in  inches. 
As = area  of  one  reinforcing  rod  in  square  inches. 
/a=the  intensity  of  actual  stress  in  the  steel  in  thousand  pound  imits. 
2!  =  the  usual  sign  of  summation. 
Afi— moment  of  resistance  for  stress  in  the  steel. 


( 
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A  =  deflection  at  the  center  of  beam  or  slab  for  any  load. 

(B)  =a  coefficient  which  may  be  variable  or  constant  in  value,  to  be 

so  determined  experimentally  that  (B)  WL  shall  equal  Mi, 
(D)  =  a  coefficient  similarly  obtained  for  deflection  formula. 

Then  by  the  laws  of  beams,  we  have  the  following  equations: 

M,   =(fi)  WL  =y  .85d/.  S4. (1) 

W  L^ 

In  formula  (1)  it  will  be  noted  that  .S5d  is  assumed  as  a  close 
approximation  to  the  effective  lever  arm  of  the  steel  jdj  or  the  dis- 
tance from  the  centroid  of  tension  to  the  centroid  of  compression 
in  the  beam  or  slab.  This,  of  course,  varies  slightly  with  different 
percentages  of  steel,  but  for  practical  purposes  it  may  be  assumed 
that  this  value  does  not  involve  material  error,  and  is  on  the  safe  side. 

The  coefficient  (B)  for  the  simple  beam  is  |.  For  the  continuous 
beam  it  is  customary  to  take  this  as  l/l2  at  the  support  and  l/l6  at 
mid  span,  while  for  the  slab  supported  at  four  sides,  (B)  is  taken  as 
the  reciprocal  of  30,  and  where  the  reinforcing  metal  is  more  closely 
spaced  at  the  center  third,  the  reciprocal  of  36,  while  (B)  for  a  mush- 
room slab  is  taken  as  the  reciprocal  of  50.  It  is  assumed  in  these 
formulas  that  /g  =  13,  which  is  expressed  in  thousand  pound  units. 

The  deflection  A  of  slabs  will  follow  the  same  laws  as  the  deflec- 
tion of  beams  so  far  as  factors  depending  upon  W,  L,  and  /  are 
concerned,  and  will  consequently  be  equal  to  some  *  multiple  of 
WL^/EL  But /varies  as  XA^^.  Hence  A  varies  as  TFLV  ^^d?, 
which  is  expressed  above  in  equation  (2)  in  which  the  constant 
multiplier  (D)  is  to  be  determined  experimentally,  but  could  sup- 
posedly be  derived  analytically  in  case  a  sufficiently  general  theory 
should  be  developed  to  express  correctly  the  manner  in  which  it 
depends  upon  the  known  arrangement  and  properties  of  the  materials 
composing  the  slab. 

For  simple  beams,  (D)  is  taken  as  the  reciprocal  of  850  and  fo^ 
continuous  beams  cast  integrally  with  a  heavy  slab,  as  the  reciprocal 
of  5,000. 

(D)  is  taken  as  the  reciprocal  of  10,000  in  the  slab  supported  on 
four  sides,  and  for  the  Mushroom  system  as  the  reciprocal  of  7,000. 

The  application  of  the  principle  of  proportion  in  the  determina- 
tion of  the  working  stresses  is  based  on  the  assumption  (which  is 
on  the  side  of  safety)  that  sWl  stress  under  working  load  is  pro- 


portional  to  the  ateel  stress  at  the  elastic  limit  of  the  steel  under  a 
load  which  would  produce  thb  stress.     Now  the  elastic  limit  of 
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medium   open    hearth    steel    has  a  practically  fixed  value  which 
varies  Uttle  and  which  can  readily  be  determined  by  test. 

Having  constructed  a  panel  or  beam  reinforced  with  this  known 
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grade  of  metal,  by  loading  until  the  first  yielding  of  the  steel  occurs, 
we  then  know  the  steel  stress  under  the  applied  load,  and  may,  by 
proportion,  determine  closely  the  steel  tension  for  any  smaller 
working  load. 

The  elastic  limit  above  referred  to  is  the  limit  of  elasticity  of 
shape  as  determined  by  a  slowly  applied  load,  and  is  to  be  distin- 
guished from  rigid  proportionality  of  shape.  By  this  method  of 
investigation,  coefficients  (B)  may  be.  determined  for  all  tjrpes  of 
construction.  Coefficients  (D)  are  figured  from  the  measured 
deflection  of  the  member  or  panel  tested.  This  method  of  deter- 
mining the  coefficients  used  is,  of  course,  limited  to  those  designs  in 
which  the  rational  method  is  followed  of  proportioning  the  structure 
so  that  the  steel  element  determines  the  safety  of  the  structure. 

No  formulas  for  strength,  based  on  the  elastic  properties  of  the 
materials  can  be  accepted  as  correct  unless  the  corresponding  formula 
for  deflection  can  be  depended  upon  also.  In  other  words,  ap 
elastic  theory  in  order  to  be  acceptable  must  demonstrate  its  accuracy 
by  agreement  of  the  entire  elastic  deportment  of  the  structure  to 
which  it  is  intended  to  be  applied  including  both  stresses  and  deflec- 
tions. The  determination  of  the  respective  coefficients  for  strength 
and  deflection  having  been  derived  independently  of  each  other, 
empirically  or  by  experiment,  their  general  agreement  can  be  es- 
tablished by  a  concordance  of  the  deflections  observed  with  those 
computed  in  structures  which  have  been  designed  for  strength, 
using  the  same  coefficients  (B),  for  both. 

We  have  noted  the  method  of  determining  the  coefficients  (B) 
and  (D)  for  a  specific  type  of  construction.  These  coefficients  can 
be  used  for  any  size  or  thickness  of  panel  or  percentage  of  reinforce- 
ment if  they  remain  constant  in  value  and  are  not  variables.  Their 
values  may  be  rendered  conscant  by  fixing  the  arrangement  of 
reinforcement  in  strict  proportion  to  the  sample  tested.  We  will 
illustrate  this  proposition  by  its  application  to  the  Mushroom  type 
of  reinforcement  shown  in  Figs.  5  and  6.  In  this  construction 
the  values  of  the  coefficients  are  made  constant  by  fixing  the  diameter 
of  the  Mushroom  head  and  width  of  belt  as  identically  or  approxi- 
mately the  same  fraction  of  the  span  of  the  test  panel  from  which 
the  coefficient  was  determined.  In  other  words,  if  the  diameter  of 
the  head  and  corresponding  width  of  belt  be  kept  within  the  limits 
of  7/ 16  to  1/2  the  distance  between  column  centers  in  the  case  of 
square  panels,  or  7/32  to  l/4  the  sum  of  the  long  and  short  spacing  in 
a  rectangular  panel,  then  the  coefficients  remain  practically  constant. 
Otherwise,   they   become   extremely   variable,   increasing  in  value 
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several  hundred  percent  as  the  width  of  belt  is  reduced  to  50  percent 
of  the  above  proportions.  From  this  statement  it  becomes  evident 
that  coefficients  of  this  character  must  be  applied  rigidly  to  similarly 


proportioned  types  of  reinforcement  until  the  law  of  their  variations 
is  accurately  determined. 

L  in  the  formulas  for  bending  and  deflection  is  taken  as  the  longer 
direct  distance  between  column  centers,  the  shorter  direct  distance 
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« 

appearing  in  the  case  of  a  rectangular  panel  in  the  determination 
r»f  the  diameter  of  the  head  and  in  the  determination  of  the  load  W 
from  the  unit  load  per  square  foot. 

In  the  treatment  of  the  steel  area  it  may  be  noted  that  the  line 
of  weakest  section  at  failure  as  determined  experimentally,  cuts 
across  the  four  way  belts  practically  at  right  angles.  Hence  the 
resisting  moment  is  taken  at  this,  the  weakest  section,  as  the  elastic 
limit  of  the  steel  is  approached,  although  the  maximum  stress  in 
the  steel  does  not  occur  actually  at  this  section  on  the  diagonal  belts 
under  lesser  load. 

'  7.  Example — An  illustration  of  the  application  of  these  formulas 
is  given  herewith  for  the  Mushroom  system  in  the  floor  of  the  Hamm 
Brewing  Company  Stock  house,  illustrated  in  Fig.  7. 

Take  the  case  of  a  panel  of  the  Hamm  Brewing  Company's 
building,  shown  in  Fig.  7,  panel  22'10"  by  26'0"  loaded  with 
/foUr  tanks  10'  in  diameter,  15'  high  full  of  water.  The  load  is 
e(|uivalent  to  200  tons  of  uniformly  distributed  load.  The  floor  slab 
is  14"  thick  at  the  outer  edge  and  pitches  upwards  3"  to  the  center 
arid  is  reinforced  with  twenty-five  |"  rounds  each  way.  Taking 
an  equivalent  depth  of  15J"  as  the  distance  from  center  of  steel  to 
top,  we  have  the  following  equation: 

^=        L  X ^^^^  (26)^  ^   j^„ 

7000       (4X25X.3)(15.25)* 

Another  panel  in  the  same  building,  20'10"  by  20'8".  Same 
loading,  thickness  and  reinforcement. . 

'  A=      -i-X-^*-^^(20.83)^        ^^j^U^/jg„ 

7000       (4X25X.3)(15.25)2 

These  figured  deflections  proved  exactly  equal  to  the  measured 
deflections  as  nearly  as  the  engineer  of  the  brewerj'^  could  determine 
by  marking  the  same  with  a  knife  edge. 

Wfe  will  take  another  case.  Test  of  the  State  Factory  Building 
at  Stillwater,  Minn.,  Mr.  C.  H.  Johnston,  Architect.  Size  of  panel 
19'9"  by  20'8'!.  Thickness  of  slab  8".  Reinforcement  seventeen 
I"  rounds  each  way.  Test  load,  450  lbs.  per  square  foot  over  the 
full  area. 

(180)(20.66)^    ^   '-,73"  =  9/l6" 

(7000)  (4  X 17  X.  11)  (7.2.))=* 
the  reported  deflection. 
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The  HofFman  Building,  Milwaukee.  Test  load  142  tons.  Panel 
17'0"  by  16'8".  Reinforcement  seventeen  I"  rounds  each  way. 
Slab  8i"  {7J"  rough  and  1"  finish). 

A=        ._(284).M_ =.437  =  7/16" 

(7000)  (4X17X.11)(7.8)* 
the  measured  deflection. 

Another  example:  Test  of  the  John  Deere  Plow  Company's 
building  in  Omaha.  Fig.  8.  Panel  18'9"  square.  Reinforcement 
sixteen  |"  rounds  diagonally  and  fourteen  |"  rounds  directly  from 


column  to  column.  7"  slab  in  rough,  with  strip  fill  a^ded  later  about 
2}"  thick  and  J"  Bnish  floor  of  maple.  This  we  find  an  equivalent  to 
a  slab  of  about  8^"  concrete  as  far  as  deflection  is  concerned,  the  strip 
being  a  1 :3}  :4  -mixture. 

(160){18.75)^  „„„       ,„  ,,  , 

A=     ^— ' ■■ — ■„    =  .356"  or  I",  the  measured 

(7000)  (6.6)  (8)^ 
deflection. 

8.  Sbb  Supported  on  Q  inters — The  treatment  of  a  rectangular 
slab  supported  on  four  sides  and  cast  integrally  with  the  support- 
ing beams  by  the  method  of  proportion  wilt  also  be  illustrated. 
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The  common  arrang:ement  of  such  slabs  is  shown  in  Figs.  9  and  10. 
For  square  slab  the  load,  of  course,  is  divided  equally  between  the  four 
supporting  beams  and  coefficient  (B)  is  taken  as  the  reciprocal  of  30 
where  the  rod  spacing  is  uniform,  and  as  the  reciprocal  of  36  where  the 
rods  are  spaced  twice  as  elcsoly  for  the  middle  third  as  they  are 
for  the  outer  third.  The  coefficient  [D]  is  taken  as  the  reciprocal  of 
10,000  for  both  types.  In  the  case  of  a  rectangular  panel  on  the 
assumption  that  the  load  transferred  to  the  beams  is  in  proportion  to 
the  lengths  of  the  sides,  a  and  b,  a  mean  length  for  moment  and 
deflection  is  derived  by  taking  the  quotient  {a^+h^)  /{a+b)  so 
that  the  formulas  become : 


Tf 


Jl 


r 


M,  =  (B)  W{a^-\-b^)  /ia+b)=  .85  d  f,  XA,/l2 
and  A  =  (D)-^^(±%- 

9.    Computation  of  Deflection  Applied  to  Practical  Examples — 

We  will  now  proceed  to  apply  these  formulas  to  two  cases: 

First,  take  the  Minneapolis  Paper  Company's  building,  details 
shown  in  Fig.  11,  photograph  of  test  load  in  Fig.  12.  Slab  7"  in 
the  rough,  15'4"  by  2r6"  center  to  center  of  columns,  strip  fill  1}" 
and  I"  finished  floor.  Now  taking  the  strip  fill  as  effective  for 
one  half  of  its  actual  thickness,  we  find  for  a  load  of  234,000  lbs: 


/2U5'  +15_3^» 
\21.5    +15  3 7 


coHFCTATioN  or  RecTANaDt.Ait  BLAB  43 

=  deflection  of  slab  at  center  as  measured  less  the  beam  deflection. 
Take  for  example  the  test  made  at  the  Smythe  block  at  Wichita, 
Kans.  T^  load  consisted  of  fifteen  tons  concentrated  at  the  center 
over  an  area  of  7  feet  square  equivalent  to  about  45,000  lbs,  uniform 
load.  Size  of  slab  20'9"  by  24'9",  6J"  in  the  rough.  If  strip  fill. 
Reinforcement,  |"  rounds  5"  centers  for  the  central  third  of  the  panel 


n»  II.    DM.il.  at  RMnlanemmt  is  F^oel  ol  MiDM.poIi.  P.neT  Ci>mp.ii]t  Bujldina. 


each  way  and  8"  centera  outside  third  width  each  way.    Thea— 
/20.75'X24.75'^ 


'iV 


a  full  3/32"  the  deflection  measured. 

In  the  test  at  Wichita,  the  beam  deflection,  owing  t<!>  the  small 
load  on  the  panel  was  practically  negligible,  and  does  not  need  to  be 
considered  in  arriving  at  the  true  slab  deflection. 
Test  of  the  Minneapolis  Knitting  Co.'s  Building: 
Slab  5J"  thick  with  Ij"  strip  fill,  panel  16'4"   x   15'8".     Re- 
inforcement I"  round  rods  4"  centers  each  way. 


Fif.  12.     PhoU«rm|di  of  T«at  Load.  Mionespolis  Paper  CompSDy  BuUdinc. 
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/16.33H  15.66V 

A  =  -^X160X^ — 5-^=.167"  =  5/32"+. 

10500  (10  X.  4)  (6)2  ^ 

The  measured  deflection  agreed  identically  with  that  figured. 

This  formula  is  based  on  the  assumption  that  a  large  fraction  of 
the  internal  work  of  deformation  is  performed  by  lateral  action 
after  the  manner  of  a  uniform  continuous  plate  and  while  not  strictly 
accurate  it  is  in  much  closer  approximation  to  the  actual  condition  of 
stress  than  irrational  formulae  based  upon  a  distribution  of  stress 
and  load  in  proportion  to  the  fourth  power  of  the  respective  sides  as 
derived  in  the  irrational  treatment  on  the  basis  of  independent  beam 
strips  through  the  center  of  the  panel,  or  upon  an  inapplicable  ap- 
proximate solution  of  the  general  differential  equation  of  such  a  slab 
as  derived  by  Grashof .  The  agreement  of  the  formula  for  deflection 
gives  closely  approximate  results  from  the  practical  standpoint  and 
its  mathematical  deviation  from  correct  values  will  be  discussed  later. 

The  method  of  design  by  proportion,  based  on  the  steel  stresses 
as  explained  in  the  preceding  pages,  presupposes  that  the  concrete 
element  resisting  compression  is  of  greater  strength  than  the  ten- 
sional  steel  element  as  it  should  be  in  conservative  design.  The 
•  limiting  steel  percentages  for  the  various  types  of  structure  will  be 
discussed  later  rather  than  under  this  present  heading. 

10.  Short  Span  Slabs  and  Arch  Action  that  may  be  Counted  upon 
in  Their  Use. — We  have  heretofore  discussed  at  some  length  long 
span  slabs.  A  long  span  slab  will  be  defined  as  a  slab,  the  ratio  of 
whose  thickness  to  length  is  so  small  that  the  possibility  of  its  acting 
effectively  as  an  arch  is  eliminated. 

It  is  to  long  span  slabs  where  the  arch  action  is  negligible  that 
formulas  for  bending  apply  with  a  high  degree  of  precision.  When, 
however,  we  come  to  test  a  short  span  slab  which  is  part  of  a  con- 
tinuous floor  there  may  be  quite  a  large  amount  of  arching  in  the  slab 
by  which  the  load  is  carried  to  the  support  without  causing  tension 
in  the  steel  to  the  extent  that  it  would  do  provided  there  was  no  rigid 
skew-back  to  sustain  the  thrust.  Where  the  span  of  the  slab  does 
not  exceed  ten  times  its  thickness  it  is  permissible  and  good  practice 
to  figure  the  bending  moment  on  the  slab  at  TFL/I6,  and  thismoment 
is  to  be  increased  to  WL  /lO  where  the  thickness  is  one-sixteenth  of 
the  span,  with  intermediate  values  for  intermediate  ratios  of  thick- 
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ness  to  span.   Where  the  span  is  more  than  sixteen  thicknesses  of  slab 
it  is  to  be  figured  as  heretofore  provided. 

11.  Value  of  Finish  G>at,  Strip  Fill  and  Wood  Floor  from  the 
Standpoint  of  Deflection — ^A  slab  the  depth  of  which  has  been  in- 
creased twenty  percent  by  a  strip  filling  of  concrete  having  consider- 
able rigidity  or  ten  percent  of  its  depth  with  a  wearing  coat  if  figured 
on  the  basis  of  the  actual  thickness  of  the  rough  slab,  presents  a 
surprising  degree  of  stiffness,  but  a  more  conservative  computation 
taking  into  consideration  the  actual  value  of  the  strip  fill  as  about 
half  of  the  normal  added  thickness  will  give  results  in  close  accord 
with  measured  deflections. 

Where  added  stiffness  or  strength  is  an  object,  the  same  grade  of 
concrete  should  be  used  in  the  strip  fill  as  in  the  slab,  instead  of 
weak  indifferent  filling  of  cinder,  natural  cement  or  Brown  Lime 
concrete  which  some  employ.  A  strip  fill  of  Protland  Cement  con- 
crete hardens  and  dries  out  more  rapidly  than  one  of  natural  cement 
or  Portalnd  cement  and  lime  mortar,  and  permits  the  finished  floor 
to  be  laid  at  an  earlier  date  without  danger  of  having  the  hard  wood 
swell,  buckle  and'  pull  away  from  the  cleats  to  which  it  has  been 
nailed  by  reason  of  the  moisture  absorbed  from  the  uncured  filling. 
Trouble  from  this  cause  is  common  in  the  Fall  of  the  year,  when- 
ever lime  is  used  in  the  fill,  the  author  having  noted  the  lateral 
swelling  of  kiln  dried  Maple  to  the  extent  of  fifteen  inches  in  a 
width  of  50  feet.  Six  widths  had  to  pe  taken  out  of  the  floor  and 
the  floor  taken  up  and  entirely  relaid.  A  saving  in  the  first  cost  in 
the  cement  and  lime  mortar  fill  thus  proved  quite  expensive  in  the 
end. 

Where  dependence  is  placed  on  the  strip  filling  for  stiffness  or 
strength,  the  concrete  rough  slab  should  be  cleaned  with  a  steel 
brush,  given  a  neat  coat  of  cement  grout,  immediately  before  adding 
the  finish  coat  or  laying  the  strips  and  strip  filling.  Such  a  strip  fill 
If"  thick  at  the  thinnest  place  with  strips  16"  on  centers  and  {" 
wood  floor  nailed  thereto  generally  deflects  about  the  same  as  though 
an  inch  and  a  quarter  finish  coat  had  been  apphed  to  the  rough  slab 
of  concrete.  Such  a  strip  fill,  however,  will  usually  exceed  the 
nominal  thickness  of  one  and  three  quarters  inches  since  it  is  im- 
practical to  leave  the  top  surface  of  the  rough  slab  perfectly  level 
and  as  a  rule  the  actual  thickness  of  a  normal  If"  fill  will  not  be  less 
than  2J"  in  the  center  of  the  slab  though  it  may  be  less  around  the 
columns  or  beams. 
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12.  The  Maximum  Moment  and  Deflections  in  Flat  Slabs  and  in 
Beams  Compared — The  maximum  bending  stresses  developed  in 
structures  having  equal  spans  and  equal  cross  sections  are  propor- 
tional to  {B)y  and  the  maximum  deflections  are  proportional  to  (D), 
while  the  strength  and  stiffness  are  proportional  to  the  reciporcals 
of  (J5)  and  (D)  respectively.  For  example^  we  have  by  the  common 
theory  of  flexure  in  accordance  with  Chapter  II,  the  following  Coni- 
parison  of  homogeneous  beams  of  span  =  L,  with  a  total  uniform 
load  =  IT. 


Kind  of  Beam 


Simple  End  Supports 

Fixed   at   one   end   supported 
at  other  end 

FixedatbothendB{{g^™f« 


Maximum 

Moment 

M  =  (B)  WL 


(B) 
1/8 

1/8 

1/24 

1/12 


Relative 
Strength 


Maximum 
Deflection 

EI 


1 


mean,  2 


(D) 
6/384 

1/185 
1/384 


Relative 
Stiffness 


2i 
5 


It  thus  appears  that  a  uniform  beam  uniformly  loaded  is  about 
twice  as  strong  when  quite  rigidly  fixed  at  its  ends  as  when  freely 
supported  and  five  times  as  stiff. 

Now  steel  stresses  in  reinforced  concrete  beams  under  heavy 
working  and  test  loads  show  acting  moments  of  60  to  90  percent  or 
more  of  .th^  above  values  of  the  external  or  applied  moments  in 
homogeneous  beams. 

Of  the  four  types  of  reinforced  concrete  floor  structures  considered 
in  Chapter  II,  as  has  already  been  noted,  Tyi)es  I  and  II  imitate 
older  types  of  timber  construction  in  external  form,  while  III  and 
IV  are  distinctive  concrete  types  differing  from  timber  and  steel 
structures  in  being  true  monoliths  in  form  and  mode  of  operation. 
The  notable  difference  between  these  latter  two  types  and  the  first 
two  is  the  remarkable  strength  and  stiffness  of  III  and  IV  which 
is  brought  out  strongly  by  the  smaller  relative  magnitude  of  the 
coeflScients  (J5)  and  (D)  which  have  been  developed  by  test  as 
stated  in  Chapter  II. 

This  is  brought  out  more  clearly  by  a  tabular  comparison  of 
the  experimental   values   given   below  for  square  panels  of  rein- 
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forced  concrete  slabs  of  span=L  and  uniformly  loaded  with  a  total 
load  =  Tr,  as  follows: 


Kind  of  Slab 


Simple  supports  at  2  oppo- 
site sides 

Continuous  over  2  parallel 
panels  or  monolithic 
beams 

Panel  supported  at  4  edges 
on  walls  or  stiff  beams 

(a)  rods  equally  spaced. ..  . 

In  middle  third 

Continuous  Mushroom  slab 
with  monolithic  colunm 
supports 

'  Moment  at  center 


Maximum 
Moment  at 

mid  span 
M={B)WL 


(B) 


1/8  to  1/10 


1/12  to  1/24 


1/30 
1/36 


Relative 
Strength 


mean  2 


mean  3 
mean  4 


Deflection  at 

Panel  Center  Relative 
Z>--(D);R[L3  Stiffness 
EI 


iD) 


1/850 


1/5000 


1/10  000 


1  /^^^^  terms  of  the  diagonal  span 
'       \^In  terms  of  the  direct  span 


1/7000  V 2 
1/7000 


12 


11.2 
11.2 

V2 


Before  entering  upon  any  mathematical  analysis  of  the  several 
types  of  floor  structures  of  reinforced  concrete  it  will  be  useful  to 
consider  somewhat  their  relative  strength  and  stiffness  as  revealed 
by  the  values  of  the  experimental  coeflScients  (B)  and  (D)  stated  in 
the  Table  just  given. 

A  continuous  beam  of  reinforced  concrete,  whose  depth  is  about 
one  tenth  of  its  span,  which  is  monolithic  with  its  supporting  columns, 
appears  from  the  coeflScients  in  Chapter  II  deduced  from  tests  to  be 
able  to  carry  double  the  working  load  of  a  simple  concrete  beam  of 
similar  dimensions  and  cross  section  of  reinforcement,  and  to  be  six 
times  as  stiff. 

This  somewhat  greater  relative  stiffness  of  the  fixed  concrete 
beam  as  compared  with  one  of  homogeneous  material  may  perhaps 
be  accounted  for  by  increased  arch  action  made  possible  by  the  large 
ratio  of  depth  to  span  in  the  concrete  beam.  The  resistance  may 
thus  be  divided  between  predominant  beam  action  and  subsidiary 
arch  action  in  the  proportion  roughly  of  80  or  85  percent  for  beam 
action  and  15  or  20  percent  arch  action,  a  distribution  between  the 
actions  which  transmit  the  load  to  the  supports  which  leaves  but  a 
negligible  proportion  of  the  resisting  moment  to  be  accounted  for  by 
the  tensile  strength  of  plain  concrete,  as  would  be  expected  upon 
the  hypothesis  of  negligible  tensile  resistance  of  concrete  which  is 
universally  adopted  by  practical  constructors. 
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Consider  now  the  stiffness  of  a  rectangular  plate  simply  supported 
on  two  opposite  sides  as  compared  with  the  stiffness  of  a  similar 
plate  supported  on  four  sides  and  fixed  or  continuous  over  the  sup- 
ports, such  as  that  included  in  Type  III.  Comparison  of  the  co- 
efficients show  that  such  a  plate  is  nearly  12  times  as  stiff  as  the  same 
plate  simply  supported  on  two  sides  instead  of  only  five  to  six  times, 
as  might  be  expected  from  the  relative  stiffness  of  simple  and  con- 
tinuous beams.  It  should  be  noted,  further,  in  the  case  of  a  flat 
slab  structure  of  Type  III,  and  Type  IV,  also  that  the  small  ratio 
.  of  thickness  to  span,  viz.,  from  L/25  to  I//40,  precludes  arch  action 
of  any  such  magnitude  as  that  in  continuous  beams  having  a  depth 
as  great  as  L/lO. 

It  may  be  observed  that  slabs  of  Class  II  and  beams  and  joists 
of  Class  I,  are  bent  in  cylindrical  curvature  about  one  single  axis  only 
while  the  distinctive  peculiarity  of  the  bending  of  slabs  of  Class  III 
and  of  IV  as  well,  is  that  of  dish  shaped  curvature  or  bending  about 
two  axes  instead  of  one  only. 

An  even  more  marked  increase  in  stiffness  than  that  exhibited 
by  slabs  of  Type  III  is  found  in  interior  square  panels  of  the  original 
Mushroom  Type  Class  IV.  The  measure  of  stiffness  or  co- 
efficient of  deflection  given  in  the  previous  Chapter  is  based  upon 
consideration  of  the  direct  span  instead  of  the  diagonal  span  upon 
which  the  deflection  figured  is  actually  measured. 

If  we  replace  L^  in  the  numerator  of  formula  (2)  page  36,  by 
(L  V2)^  to  reduce  it  to  terms  of  diagonal  span  and  also  multiply  the 
denominator  coefficieni  by  2  V2  to  make  it  correspond  with  the 
numerator,  the  value  of  the  denominator  of  (d)  will  become,  when 
referred  to  the  diagonal  span  of  Mushroom  slabs,  7000X2  V  2  =  19  769 
instead  of  7000. 

Thus  the  relative  stiffness  of  an  interior  panel  of  a  column  sup- 
ported Mushroom  flat  plate  is  as  19  679  to  850,  or  more  than  23 
times  as  great  as  that  of  simple  beam  or  a  simply  supported  rectangu- 
lar plate  under  the  same  load  when  the  span  is  taken  as  equal  to  the 
diagonal  of  the  panel  with  the  same  thickness  of  concrete  and  cross 
section  of  reinforcing  steel  at  mid  span. 

The  deflection  at  mid  span  on  direct  Unes  from  column  to  column 
of  any  square  column-supported  panel  of  the  original  Mushroom 
type  is  approximately  half  as  great  as  the  deflection  of  the  diagonal 
center  of  the  panel.  Comparing  this  deflection  with  that  of  the 
continuous  slab  of  the  same  thickness  and  same  reinforcement  simply 
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supported  on  parallel  girders  the  deflection  on  direct  column  lines 
would  consequently  be  one  twenty-third  that  of  the  simply  sup- 
ported plate. 

Again,  comparing  it  with  the  deflection  of  the  same  slab  when 
integral  with  these  girders  and  continuous  over  them,  its  stiffness  is 
nearly  Ave  times  as  great  as  such  a  slab  on  direct  column  lines  and 
two  and  one  half  times  as  great  between  parallel  column  lines. 

Although  floors  of  Types  III  and  IV,  by  reason  of  their 
distinctive  monolithic  character  and  mlanner  of  bending,  possess 
elements  of  strength  not  found  in  the  beam  type,  nevertheless, 
throughout  the  literature  of  reinforced  concrete,  and  in  building 
code  rules  as  well,  the  attempt  has  been  made  to  analyze  these  types 
by  regarding  monolithic  slabs  for  the  purpose  of  calculation  as 
separated  into  strips  comparable  to  ordinary  beam  elements  and 
treating  these  strips  by  a  mere  adaptation  of  beam  theory. 

This  attempt  to  treat  monoUthic  plates  which  are  bent  in  double 
or  dish  shaped  curv^ature  on  mere  beam  theory  errs  in  the  first  place 
in  that  it  disregards  the  fundamental  statical  principle  that  where 
a  slab  is  column  supported,  the  external  bending  moment  due  to  the 
loads  and  the  supports,  is  inevitably  greater  than  the  internal  moment 
of  resistance  of  the  longitudinal  fibers  due  to  bending  because  the 
external  applied  forces  produce  at  the  same  time  both  bending  and 
twisting  moments,  and  not  bending  only  as  has  been  heretofore 
erroneously  assumed  to  be  the  case.  The  sum  of  the  bending  and 
twisting  moments  taken  together  is  equal  to  the  sum  of  the  moments 
of  the  applied  external  forces.  Thus  when  the  deformation  of  the 
plate  is  cylindrical  or  the  curvature  is  in  one  direction  only,  there  is 
no  t>^asting  effect  at  all,  and  the  only  stresses  called  into  action  in 
bending  are  those  of  longitudinal  resistance  of  the  fibers.  When, 
however,  the  curvature  is  more  complex,  such  as  occurs  in  dish  shaped 
curvature,  in  the  column  supported  flat  slab  ^ith  the  saddle  shaped 
areas  along  direct  lines,  the  concave,  convex  curvatures  combined 
produced  by.  loading,  we  have  the  condition  of  combined  bending 
and  twisting. 

This  attempt  errs  in  the  second  place  because  it  disregards  the 
fundamental  principles  of  the  deformation  by  bending  of  thin  con- 
vex or  concave  plates,  which  principles  apply  to  the  dish  shaped 
areas  around  panel  centers  and  around  supports.  These  principles 
as  developed  by  Kelvin*  and  by  Lovef  show  that  it  is  impossible  to 

*Thoinson  &  Tait's  Natural  Philosophy. 
fLove's  Math.  Theory  of  Elasticity. 
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bend  a  nearly  flat  dish  shaped  shell  about  one  horizontal  axis  without 
at  the  same  time  bending  it  in  the  opposite  direction  about  a  second 
horizontal  axis  at  right  angles  to  the  first.  The  beam  strip  theory 
which  disregards  this  fundamental  fact  is  necessarily  erroneous. 

13.    For  the  reasons  just  stated,  it  is  not  at  all  surprising  to  find 

an  irreconcilable  discrepancy  between  the  results  of  measured  steel 

stresses  in  floor  slabs,  Types  III  and  IV  and  calculations  of  the 

magnitude  of  these  stresses  on  beam  strip  theory.    This  wide  dis- 

crepancy  is  conceded  by  all.    For  example,   Mr.   Hatt,  p.   1560 

Transaction  of  the  American  Society  of  Civil  Engineers  for  1918, 

Vol.  LXXXII,  says: 

"Various  tests  of  flat  slab  buildings,  as  reported  in  the  Bulletin 
84  of  the  Engineering  Experiment  Station  of  the  University  of 
Illinois,  and  elsewhere,  are  grouped  in  Table  8. 


Part  of  Table  8 — From  Transactions  American  Soc.  Civil  Engineers 


Results  of  Tests  of  Flat  Slab  Floors 

Moment  Coefficients  n   where   M^nWL,     Accounted  for  by 
Measm-ed  Stefel  Stresses. 


Load  in 

Lbs.   per 

sq.  ft. 

Number 
panels 
loaded 

Positive 

Negative 

Total 
CoeflF. 

Percentage 

Building 

• 

De- 
sign 

Test 

Stress 

CoefT. 

Stress 

Coeff. 

The- 
ory 

Joint 
Com- 
mit- 
tee 

(l)FrftnkR*. 
(2)Trf»,rkin*. 
(3)Shultz  t. 

250 
250 
300 

739 
738 

844 

2 
2 
4 

10  100 

16  000 

6  200 

.0068 
.0090 
.0038 

9  200 
8  500 
7100 

.0149 
.0135 
.0105 

.0217 
.0225 
.0143 

24.0 
25.0 
15.8 

28.0 
29.5 
19.0 

Averace . . 

.0065  

.0130 

.0195 

21.6 

25.5 

tidentical  with  or  *  similar  to  original  Mushroom  Type. 

Tests  of  continuous  beams  and  ^rders  of  existing  building  are 
reported  in  the  Bulletin  of  the  Engmeering  Experiment  Station  of 
the  University  of  Illinois,  as  follows: 

Percentage  of  load  moment 
Steel  Stress  in  steel  stresses 

Beam 16  000  77.0 

Girder 17  000  79.0 

Beam 7  500  64.0 

^'From  an  inspection.  ...  of  Table  8,  it  is  evident  that  even  at 
steel  stresses  where  the  concrete  is  broken  down  in  tension  at  some 
sections,  there  is  a  marked*  descrepancy  between  internal  and  exter- 
nal moments." 

*  (Which  amounts  to  three  or  four  hundred  percent  according  to 
Hatt  8  figures). 
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The  fact  that  this  resistance  persists  after  the  concrete  has 
cracked  or  broken  down  at  various  sections  and  in  this  condition 
balances  from  three  fourths  to  four  fifths  the  external  moment  of 
the  load  when  the  separated  sections  are  connected  by  reinforcing 
elements  ordyf  and  only  when  the  slab  is  bent  in  dish  shaped  curva- 
ture, indicates  clearly  that  this  resistance  is  the  product  of  a  dis- 
tinctive kind  of  resistance  brought  into  action  in  this  particular 
class  of  slabs  by  their  distinctive  manner  of  bending.  Such  action 
is  foreign  to  beam  action,  differing  widely  therefrom  in  the  quantita- 
tive phases  of  carrying  capacfty  and  stiffness  under  load. 

14.  A  Common  Objection  to  the  formulae  derived  by  the 
principle  of  proportion  and  confirmed  by  the  results  of  hundreds  of 
tests  of  successful  floors  is  that  where  it  has  been  attempted  to  apply 
these  formulas  to  conditions  of  restraint  at  the  support  wholly 
different  from  those  in  the  tested  structure  from  which  the  formulae 
were  derived  they  do  not  correctly  give  the  resulting  strength  or 
stiffness.  This  objection  is  as  illogical  as  it  would  be  to  object  to 
the  accuracy  of  the  mathematical  formula  for  deflection  and  strength 
of  restrained  beams  on  the  ground  that  if  the  restraint  is  removed 
this  accurate  formula  no  longer  applies  to  the  simple  beam. 

It  is  true  that  when  the  formulae  deduced  in  the  preceding  chapter 
have  been  applied  to  similar  slabs  supported  by  columns  of  various 
diameters,  length  and  reinforcement,  some  with  a  large  increase  in 
•  stiffness  and  rigidity  of'  the  column  over  and  above  a  certain  mini- 
mum, a  relat^ely  small  increase  in  the  stiffness  of  the  floor  results. 
A  very  considerable  decrease  in  the  strength  and  stiffness  may  on 
the  other  hand  result  from  a  reduction  of  the  degree  of  restraint 
and  rigidity  of  the  supports  below  the  minimum  to  which  the  formulae 
for  proportion  apply  and  the  conditions  of  rigidity  under  which  they 
were  derived. 

In  an  interior  psCnel  where  a  floor  is  uniformly  loaded  the  stiffness 
of  the  colmnn  under  flexure  is  not  brought  into  the  problem,  for  as 
long  as  the  column  is  sufficiently  strong  to  take  the  vertical  load  under 
these  conditions,  the  slab  is  to  all  intents  and  piu-poses  fixed.  There 
are  thus  presented  for  consideration  two  entirely  different  problems: 
First;  the  analysis  of  the  action  of  the  floor  slab  as  a  uniformly  loaded 
structure  in  which  because  of  the  sjmimetry  of  loading  the  reactions 
at  the  support  are  known  or  determined,  and  Secondly;  the  indeter- 
minate problem  in  which  because  of  the  lack  of  symmetry  of  loading 
or  because  of  unhke  end  conditions  and  restraint  the  reactions  are 
unknown  and  dependent  upon  the  relative  rigidity  of  the  supports 
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and  the  degree  of  restraint  imparted  to  the  Aoor  or  beam.  An 
analysis  of  the  problem  of  the  continuous  beam  and  slab  where  the 
reactions  at  the  supports  are  known,  will  be  first  presented,  later 
the  other  problem  will  be  attacked  by  applying  to  it  the  principle 
of  rigidities  and  law  of  least  work  by  which  the  reactions  are  to  be 
determined  and  the  indertermination  resolved. 

It  has  been  frequently  argued  that  if  Mushroom  floors  or  other 
floors  figured  in  the  same  manner  should  be  loaded  to  more  than  the 
full  working  load,  inherent  weakness  would  be  manifest  and  failure 
follow.  Now  this  objection  to  the  acceptance  of  results  of  hundreds 
of  tests  is  without  foundation  and  evidently  arises  from  lack  of 
familiarity  with  the  manner  in  which  warehouses  are  commonly 
loaded.  A  warehouse  man  in  renting  a  building,  makes  his  profit 
on  the  tonnage  of  the  material  stored.  His  method  of  storing  sugar 
for  example  is  to  commence  at  the  end  of  the  building  furthest 
away  from  the  elevator,  pile  material  such  as  sugar  from  the  floor 
to  the  ceiling  and  from  one  end  of  the  building  to  the  other,  thus 
rendering  the  loading  similar  to  a  moving  load.'  A  case  in  which 
the  load  exceeded  double  the  permissible  live  load  was  investigated 
by  the  author.  The  load  had  been  on  the  floor  for  a  period  of  three 
months  and  while  the  tenant  was  severely  criticised  for  such  abuse 
of  the  construction  he  regarded  the  criticism  as  unfounded  because 
no  serious  result  or  apparent  over  strain  was  observed  during  this 
period. 
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CHAPTER  III 
MECHANICS  OF  STRESS 

1.  Stress.  When  a  body  is  subjected  to  an  external  force,  the 
opposing  distributed  internal  force  which  resists  deformation  or 
change  of  shape  is  called  stress. 

If  a  body  be  supposed  to  be  divided  into  two  parts  by  an  imaginary 
plane  traversing  it  in  any  direction  the  intensity  of  the  distributed 
force  exerted  between  those  twp  parts  of  the  plane  of  division  is  an 
internal  stress. 

The  stress  upon  a  plane  section  of  a  body,  may  be  defined^  as  the 
equal  and  opposite  action  and  reaction  that  the  two  parts  of  the  body 
exert  upon  each  other  when  any  forces  act  upon  the  body.  The 
stress  acting  at  a  surface  is  measured  in  pounds,  per  unit  of  area. 

Elementary  forces  producing  stress,  are  of  three  kinds:  Tension, 
tending  to  elongate  the  piece  which  is  stressed;  compression  tending 
to  shorten  it;  shearing  force  which  tends  to  sUde  two  contiguous 
parts  of  a  body,  one  upon  the  other,  and  so  to  produce  angular  de- 
formation or  shearing  distortion. 

When  this  shearing  or  rotational  distortion  exceeds  the  limit  of 
the  shearing  elasticity  of  the  material,  sliding  occurs. 

In  expressing  tension  and  compression,  algebraically,  the  positive 
sign  will  be  assigned  to  compression  and  the  negative  sign  to  tension 
as  a  matter  of  convenience. 

In  a  fluid  the  internal  stress  at  any  point  is  of  equal  intensity  for 
all  positions  of  the  plane  of  division.  In  the  solid  body  on  the  other 
hand,  the  stress  may  be  either  normal,  obUque  or  shearing,  and  it 
may  vary  both  in  direction  and  intensity  as  the  position  of  the  plane 
of  division  varies. 

The  internal  stresses  that  act  on  the  faces  of  any  element  of  a 
body  at  rest  are  combined  on  the  principle  of  the  parallelogram  of 
forces,  and  taken  all  together  they  hold  it  in  equilibrium. 

2.  Elasticity.  Elasticity  is  that  property  of  matter  by  virtue  of 
which  a  body  requires  force  to  alter  its  bulk  or  shape,  and  requires 
a  continued  application  of  that  force  to  maintain  the  alteration  and 
also  causes  it  to  spring  back  and  retiu-n  to  its  original  shape  or  form 
when  the  «tf)pUed  force  is  removed. 
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Every  material  has  some  degree  of  elasticity  of  bulk.  If  it  pos- 
sesses any  elasticity  of  shape  it  is  called  a,  solid.  If  it  possesses  no 
elasticity  of  ^hape  it  is  called  a  fluid.  All  fluids  possess  perfect 
elasticity  of  bulk. 

The  limits  of  elasticity  for  steel  and  concrete  are  so  narrow  that 
the  distance  between  any  two  neighboring  points  of  the  substance 
never  alters  more  than  a  very  small  proportion  of  its  own  amount 
without  either  breaking  or  experiencing  a  permanent  deformation. 
And  therefore  the  angle  between  any  two  lines,  meeting  at  any  point 
and  passing  always  through  the  same  matter,  is  never  altered  by  more 
than  a  small  fraction  of  itself  before  permanent  distortion  or  rupture 
occurs. 

For  steel,  the  elastic  elongation  or  shortening  before  permanent 
set  takes  place  varies  from  1/700  to  l/ 1,000  of  the  length,  and  ac- 
cording to  Kelvin  the  angular  distortion  cannot  probably  exceed  half 
a  degree  before  permanent  set  occurs. 

Hooke*s  Law.  The  mathematical  theory  of  elasticity  is  based  on 
Hooke's  Law,  first  pubUshed  by  Robert  Hooke  in  1678, — "C7<  tensio 
sic  vis/'  "as  the  extension,  so  the  resistance'*,  or  freely,  "Extension  is 
proportional  to  force  (applied)".  Hooke  appUed  this  law  to  all 
springy  bodies,  naming  nearly  aU  materials  of  construction. 

Deformation,  or  Strain,  is  synonymous  with  the  word  extension 
as  above  used.  From  experiments  on  materials  used  in  construction 
it  has  been  found  that  when  the  unit  stress  in  any  elastic  body  does 
not  exceed  a  certain  limit  the  strain  or  deformation  in  the  direction 
of  the  stress,  bears  substantially  a  constant  ratio  to  the  stress  or 
force  which  produces  it. 

Elastic  elongation  due  to  a  longitudinal  stress  is  accompanied  also 
by  lateral  contraction  of  the  body.  Similarly,  shortening  or  com- 
pression, due  to  longitudinal  stress  is  accompanied  by  lateral  ex- 
pansion, thereby  increasing  the  cross  section.  These  lateral  deform- 
ations are  also  proportional  to  the  longitudinal  stress  just  as  the 
longitudinal  deformations  are. 

Strain.  True  strain  is  the  elastic  change  in  shape  or  deforma- 
tion resulting  from  stress.  On  removal  of  the  stress  true  strains 
disappear.  The  word  strain  is  commonly  used  to  denote  deforma- 
tion per  unit  length  under  the  unit  stress  applied. 

DefoniiatH>n  is  commonly  used  to  denote  the  total  strain  produced 
by  the  total  appUed  force. 

Deformation  from  tension  or  compression  which  does  not  dis- 
appear on  removal  of  the  applied  force  is  sometimes  called  perma- 
nent strain  as  opposed  to  true  strain  but  is  more  commonly  called  set. 
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Detrusion  is  the  shearing  distortion  caused  by  shear. 

3.  Applied  Forces — Normal  or  Tangential.  Any  distributed 
force  applied  to  a  body  can  be  resolved  into  normal  and  tangential 
components  at  the  surface  to  which  it  is  applied.  When  components 
produce  normal  compression  they  are  positive,  and  when  they  pro- 
duce normal  tension  they  are  negative.  Tangential  components 
which  act  to  produce  angular  rotation  in  a  clockwise  direction  are 
considered  positive  and  those  tending  to  produce  anti-clockwise 

rotation  are  negative. 

Suppose  the  equal  faces  of  an  elementary 

square  prism  abed  of  an  elastic  body  be  acted 

;/   upon  by  equal  tangential  forces  T  or  T\  along 

each  of  the  four  sides  in  the  direction  of  the 

arrows. 

These  forces  will  distort  the  square  into  a 
rhombus    ofc'c'd'  and  the  total  angular  dis- 
lUuatrating  Deformation  Pro-  tortiou  of  the  area  abcd  wiU  be  twicc  the  angle 

duced  by  equal  Tangeatial     L^lv/ 
Foroes  on  an  element.         "^*^  • 

As  the  original  diagonal  ac  of  the  square  prism  has  been  lengthened 
to  ac'  the  tangential  stresses  have  produced  tensions  normal  to  d'6'. 
Because  db  has  been  shortened  to  6'd'  compressions  have  been  in- 
duced normal  to  ac.  Consequently,  tangential  stresses  produce  not 
only  angular  deformation  but  direct  tensile  and  compressive  stress 
and  strain  as  well. 

Moment.  The  moment  of  any  single  force  T  (Fig.  13)  about  a 
point  0,  is  the  product  of  T  by  the  shortest  or  perpendicular  distance 
from  r  to  0.  This  moment  consequently  depends  both  upon  the 
magnitude  of  T  and  the  position  of  0  with  respect  to  T,  The  dis- 
tance of  0  from  T  is  called  the  lever  arm  of  T  about  0. 

Couple.  Two  parallel  forces  -\-T  and  — T,  of  equal  magnitude 
but  of  opposite  sign  constitute  a  couple,  and  the  algebraic  sum  of 
their  moments  is  the  same  about  any  point  whatever  in  their  plane, 
and  is  called  the  moment  of  the  couple.  Its  magnitude  is  the  pro- 
duct of  T  by  the  perpendicular  distance  between  the  lines  of  action 
of  the  forces  of  the  couple.  This  moment  may  be  regarded  as  acting 
about  any  point  whatever  of  the  plane  or  any  line  normal  to  that  plane. 

Twist  Let  any  force  T  of  a  couple  act  parallel  to  the  plane  of 
the  paper  along  the  face  da  of  an  element  abed  of  a  shaft  which 
extends  perpendicularly  to  the  paper,  and  let  the  other  opposing 
force  T  act  along  be,  then  this  couple  furnishes  a  positive  twisting 
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moment  tending  to  rotate  the  shaft  in  a  clockwise  direction.  In  case 
the  rotation  of  the  shaft  is  prevented  the  reaction  is  furnished  by  the 
internal  resistance  of  the  material,  equivalent  to  a  couple  .±7"  acting 
along  the  other  two  faces  of  this  element  abed  on  some  element 
parallel  to  abed  situated  at  some  distance  from  abed  along  the  shaft. 
By  such  action  twisting  moments  are  transferred  along  the  length  of 
a  shaft  by  means  of  the  elastic  resistance  of  the  material.  This  elastic 
resistance  consists  of  a  twisting  shear  on  all  right  sections  of  the 
shaft  parallel  to  the  face  abed.  Thus  twist  produced  by  moment 
transfers  shear  and  moment  along  an  axis  of  moments,  in  this  case 
along  the  length  of  the  horizontal  shaft  transmitting  power  to  any 
desired  point,  and  the  moment  remains  unchanged  from  point  to 
point  until  a  pulley  is  reached  which  reduces  the  moment  by  trans- 
mitting power  from  the  shaft  to  a  machine. 

The  Direction  of  the  Axis  of  Moments  may  be  defined  as  any 
line  drawn  perpendicular  to  the  plane  containing  both  the  force  and 
the  lever  arm.  Consequently,  Moment  is  a  Directed  Quantity, 
acting  about  an  axis  fixed  in  direction.  Its  amount  may  be  laid  off 
along  that  axis  to  represent  it  graphically  just  as  a  force  may  be  laid 
ofiF  along  its  line  of  action.  It  can  only  be  combined  with  the  mo- 
ments of  other  couples  by  combining  their  axes  according  to  the  paral- 
lelogram law  in  the  same  manner  as  forces  are  combined  with  each 
other. 

For  example,  consider  the  case  of  equal  positive  bending  moments 
acting  about  each  of  the  axes  of  x  and  y  that  are  each  uniformly  dis- 
tributed in  their  action  upon  the  respective  edges 
of  a  unit  elementary  square  piece  of  a  thin  plate 
thus  tending  to  bend  it  about  both  of  these  axes 
at  once.  Then  there  is  a  total  resultant  bending 
moment  acting  on  each  diagonal  which  is  found 
by  multiplying  that  on  one  side  by  V2.  But 
this  moment  is  distributed  along  a  diagonal  whose 
length  is  V2  times  one  side.  Hence  the  intensity 
of  the  moment  per  unit  of  length  is  the  same  along  the  diagonal  as 
along  a  side,  and  it  may  similarly  be  proven  that  the  intensity  is  the 
same  on  any  vertical  plane  whatever. 

When  the  equal  moments  about  z  and  y  are  of  opposite  sign,  the 
resultant  moment  would  be  of  the  same  intensity  on  every  plane  but 
would  not  be  normal  to  the  surface  on  which  it  acts.  It  would  then 
consist  of  a  normal  component  which  would  be  a  bending  moment, 
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and  a  tangential  component  which  would  be  a  twisting  moment.  On 
planes  at  45°  with  x  and  y  the  bending  moment  would  vanish  and 
the  resultant  moment  would  all  be  twisting. 

External  Moments.  Moments  of  external  loads  and  applied 
forces  are  designated  as  external  moments.  When  a  load  upon  a 
beam  is  multiplied  by  its  distance  from  the  support  the  moment  thus 
obtained  is  that  of  the  load  about  the  support  and  by  the  principle 
of  the  lever  when  it  is  divided  by  the  length  of  the  beam  the  result 
is  the  magnitude  of  the  reaction  at  the  other  support  due  to  the  load 
under  consideration. 

When  the  external  bending  moments  are  all  about  one  and  the 
same  axis  the  resulting  curviature  is  cylindrical  and  the  bent  surface 
is  made  up  of  parallel  straight  line  elements.  When  the  bending  is 
in  two  directions  and  of  opposite  sign  a  saddle  shaped  surface  is  pro- 
duced which  is  concave  in  one  direction  and  convex  in  another  at 
right  angle  to  the  first,  and  the  applied  moments  involve  twisting 
and  warping  as  well  as  bending.  The  curvature  of  such  a  surface 
is  called  anticlaatic  as  opposed  to  syndastic  or  dish  shaped  curva- 
ture such  as  a  surface  of  revolution.  Dish  shaped  curvature  is 
produced  by  simultaneous  bending  in  two  directions  when  both 
curvatures  are  of  the  same  sign. 

Resisting  Moment.  The  couple  formed  by  the  resisting  stresses 
in  the  horizontal  fibers  of  the  material  acting  in  tension  and  com- 
pression in  a  beam  multiplied  by  a  lever  arm  which  is  equal  to  the 
distance  between  the  centroids  of  tension  and  compression  respect- 
ively is  the  irUernal  bending  moment  that  opposes  the  external 
moment  producing  that  bending.  Likewise,  where  the  external 
moment  produces  torsion  or  twist  the  interhal  moment  opposing  the 
external  moment  is  the  internal  twisting  mom>ent. 

Equilibrium  of  External  Moments.  I.  The  internal  bending 
moment  equals  and  balances  the  external  moment  of  the  applied 
forces  where  the  member  is  bent  in  one  direction  only  as  occurs  in 
cylindrical  curvature,  because  there  is  no  other  kind  of  internal 
moment  of  resistance  there  present  to  produce  equilibrium. 

II.  Where  the  moment  of  the  external  applied  forces  produces 
torsion  or  twist  only  as  in  a  shaft,  the  external  moment  of  the 
applied  forces  is  balanced  and  equaled  by  the  internal  twisting  mo- 
ment of  the  shear  couple  since  there  are  no  other  internal  moments 
of  resistance  there  present  to  produce  equilibrium. 
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III.  Where  the  member  is  bent  in  anticlastic  curvature  the 
external  moments  of  the  applied  forces  are  balanced  partly  by  the 
internal  twisting  moments  and  partly  by  internal  bending  moments 
because  both  are  there  present. 

Deflections  due  to  twisting  or  to  shearing  follow  a  fundamentally 
different  law  from  those  due  to  bending.  For  example,  where  twist- 
ing moments  alone  act  as  in  a  shaft,  a  simple  summation  of  twistuxg 
deformations  occurs  along  the  axis  of  twist  without  increase  in  stress 
or  twisting  moment,  which  produces  relative  rotations  whose 
amounts  are  equal  to  each  other  at  the  two  ends  of  any  portions 
of  the  shaft  that  have  equal  lengths.  Likewise  in  a  portion  of 
a  beam  where  bending  moments  of  the  same  size  act,  at  all  points 
there  is  a  similar  summation  of  shearing  deformations  horizontally 
along  the  length  of  the  beam  with  equal  increments  of  shearing  de- 
formation at  equal  distances  from  mid  span,  but  the  deflections 
follow  an  entirely  different  law. 

4.    Axial  Forces.    Let  Fig.   15  represent  a  flat   rubber  band 
having  a  width  db.    Draw  upon  it  a  square  abed  with  the  diagonal 
uc  upon  the  axis  of  the  band.    Suppose  the  band  is  stretched  length- 
wise by  the  pull  P.    When  the  band  is  stretched 
in  the  direction  of  the  pull  it  draws  in  laterally 
an  amount  dd'  on  one  side  and  bb'  on  the  other. 
It  is  stretched  longitudinally  the  distance  cc'  so 
that  the  original  square  is  elongated  into  a  rhom- 
bus dh*dd\     The  material  has  undergone  angu- 
lar deformation  bob' ^  dad',  similar  to  that  under 
pure  shear,  as  Ulustrated  in  Fig.  13,  and  shearing 
stresses  are  generated  in  the  material  along  planes 
oblique  to  the  axis  of  the  direct  stress. 

The  total  axial  force  P  which  acts  longitudi- 
nally across  any  right  cross  section  db'  di  the  band 
acts  in  the  same  axial  direction  across  any  oblique 
section  making  an  angle  v  with  the  axis.  It 
exerts  a  total  normal  component  on  this  section 
of  Pi—Psin  Vf  and  a  tangential  component  P2=Pco8  v.  If  the 
area  of  the  right  cross  section  is  A,  then  that  of  the  oblique  section 
is  A/sin.  v.  Hence  the  intensity  of  normal  component  is  P  sin^v/A 
and  of  the  tangential  component  is  «8  =  P  sin  t;  cos  v/A.  The  maxi- 
mum value  of  «8  occurs  when  t;=45°  in  which  case  s^  —  iP/A  is  one 
half  the  intensity  on  the  right  section. 

This  relation  between  shear  and  compression  and  tension  ex- 
plains in  a  measure  the  phenomena  of  rupture  imder  compression, 


Fig.  15 
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where  in  bodies  having  low  shearing  strength,  rupture  takes  place 
by  the  material  shearing  off  in  planes  more  or  less  inclined  to  the 
action  of  the  force,  the  inclination  depending  upon  the  degree  of 
brittleness  of  the  material.  It  further  explains  why  on  the  surface 
of  a  poUshed  flat  bar  of  steel  as  the  stress  approaches  the  yield  point 
value  in  tension,  shear  lines  in  relief  crossing  each  other  at  45  degrees 
appear  and  form  a  beautiful  pattern  standing  out  on  the  polished 
surface  as  shown  in  Pig.  16. 


Shomnc  Sbear  Lbi 

Referring  to  Fig.  15,  it  will  be  noticed  that  the  rubber  band  grew 
narrower  with  the  application  of  the  tension.  In  other  words,  a 
strain  occurred  normal  to  the  axis  of  the  piece.  When  we  consider 
the  applied  force  P  from  the  standpoint  of  statics  it  has  no  component 
whatever  normal  to  the  line  of  pull,  but  ntivcrthcless  the  elastic  ac- 
tion of  the  material  produces  a  compont;nt  strain  in  that  direction 
which  must  be  taken  into  consideration  in  arriving  at  the  true  stress 
not  only  in  the  case  of  simple  pull  but  also  where  different  stresses 
act  upon  the  material  in  different  directions. 

This  divergence  between  the  deportment  of  elastic  materials  and 
the  principles  of  statics  of  abstract  forces  may  be  stated  as  follows: 

Any  axial  strain  which  increases  the  length  of  the  bar  is  accom- 
panied by  a  normal  strain  reducing  the  area  of  cross  section.  Like- 
wise axial  strain  produced  by  endwise  thrust  is  accompanied  by  lateral 
expansion  or  increase  in  area  of  cross  section.  In  concrete  columns 
of  the  hooped  type  practical  advantage  of  this  relation  is  taken  to 
reduce  lateral  expansion  by  the  embedment  of  steel  hoops,  thereby 
greatly  increasing  the  ultimate  resistance  of  the  column  under  com- 


Approximate  analyses  in  which  these  normal  strains  produced  by 
direct  stress  are  disregarded  give  a  fictitious  or  statical  determination 
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of  stress  and  strain  as  opposed  to  true  stress  and  strain.    These 
relations  will  now  be  investigated. 

5.  Elasticity  of  Volume.  It  thus  appears  that  even  the  most 
elementary  state  of  stress  is  a  matter  of  considerable  complexity. 
Simple  experiments  with  prisms  of  soft  vulcanized  rubber  will  serve 
to  convey  a  clear  conception  of  some  of  the  various  relations  of  stress 
and  strain. 

A  prism  of  this  kind  may  be  readily  stretched  to  four  times  its 
original  length  and  still  return  to  its  former  shape.  The  elastic 
strains  involved  are  thus  enormously  greater  than  in  materials  of 
construction,  so  much  so  that  their  relations  to  each  other  became 
xeadily  apparent  instead  of  being  too  small  to  be  seen  by  the  naked  eye. 

Under  direct  tensile  or  compressive  stress  the  volume  of  the 
rubber  prism  remains  practically  constant.  When  elongated  to  foiu* 
times  its  original  length  its  cross  sectional  area  is  one  fourth  that 
which  it  had  in  its  unstrained  condition,  and  the  breadth  and  depth 
of  the  prism  are  reduced  to  one  half  its  original  dimensions. 

The  ratio  of  the  total  lateral  contraction  to  the  total  elongation 
in  this  case  is  one  sixth,  but  this  is  not  the  true  ratio  for  small  step 
by  step  increments  of  stress.  If  we  take  for  instance  as  the  first 
increment  an  elongation  of  l/lO,OOOth  of  the  length  of  a  unit  cube, 
it  is  obvious  since  the  volmne  is  constant  that  we  might  slice  off  a 
shaving  on  two  adjacent  sides  l/20,000th  of  a  unit  in  thickness  and 
add  them  both  to  the  end,  thus  making  up  the  l/lO,OOOth  unit 
elongation  with  only  the  most  negligible  defect  in  total  volume,  so 
it  is,  apparent  that  so  long  as  the  volmne  remains  constant  each  in- 
finitesimal increment  of  the  elongation  is  accompanied  by  two 
lateral  contractions  each  equal  to  practicfJly  one  half  that  increment. 
Hence  where  opposing  pressures  act  on  four  opposite  sides  of  a  cube 
and  the  volume  remains  constant  the  ratio  of  lateral  contraction  to 
longitudinal  elongation,  which  we  will  designate  as  the  coefficient  K, 
equals  one  half,  since  if  we  slice  off  sheets  of  the  thickness  of  the 
lateral  compression  from  each  of  two  adjacent  faces  and  place  them 
both  on  the  end  of  the  cube,  the  elongation  on  the  end  face  equals 
the  sum  of  both  of  the  lateral  shortenings  or  compressions  on  each 
face  normal  to*  the  direction  of  the  applied  pressures. 

When  under  direct  stress  in  one  direction  only,  the  ratio  of  lateral 
contraction  X,  is  less  than  one  half  the  elongation  or  shortening  the 
volume  is  increased  under  tension  and  decreased  under  compression. 

If  one  vertical  side  of  a  rectangular  prism  of  soft  rubber,  1^" 
square  by  6  inches  long,  be  ruled  into  l/4"  squares,  by  longitudinal 
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and  transverse  lines,  and  then  bent  in  a  vertical  plane,  see  Fig.  17, 
the  squares  will  be  deformed  into  rhomboids  whose  sides  are  longer 
toward  the  convex  face  and  shorter  toward  the  concave  face.  The 
longer  sides  of  the  rhomboids  nearer  the  surface  convex  outward  are 
increased  in  length  over  that  of  the  sides  of  the  squares  drawn  on 
the  face  of  the  prism  before  bending.  Likewise  the  lengths  of  that 
side  of  the  rhomboids  next  to  the  concave  face  are  shorter  than  be- 
fore bending.  The  length  of  the  squares  along  the  center  line  of 
the  prism  has  not  changed  from  that  before  bending.  In  other 
words,  there  has  been  stretching  of  the  outermost  fibers  in  tension  on 
the  convex  side,  compression  of  the  outermost  fibers  on  the  concave 
side,  and  no  change  whatever  in  length  of  the  fibers  in  the  plane  called 
the  neutral  plane  or  surface  lying  mid  way  between  these  sides. 

Figures  17  and  17a  Showing  Deformation  of  Rubber  Prism 

Under  Transverse  Bending 


CROSS  SECTION  AT  THE  CENTER 

Showing  transvcise  cunrature,  top  and  bottom  of  the  beam,  lateral  contraction 
at  the  bottom  and  lateral  expansion  at  the  top. 


Horizontal  shearing   de- 

oimation    equals    angular 

detrusiob  from  radialline. 


Note  different  distortion 
of  the  rhomboids  at  the  end 
and  at  the  center  due  to 
horizontal  shear. 


The  concave  and  convex  surfaces  of  the  prism  would  correspond 
to  the  top  and  buttom  surfaces,  respectively  of  a  beam  under  vertical 
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load.  But  these  longitudinal  convexities  and  concavities  of  the 
bending  produce  transverse  convexities  and  concavities.  The  con- 
cave upper  surface  Fig.  17  is  compressed  longitudinally.  This 
crowding  of  the  material  together  longitudinally,  makes  it  bulge  up- 
ward so  that  the  transverse  section  of  the  upper  surface  is  convex 
upward.  Similarly  the  elongation  along  the  lower  surface  draws  the 
material  in  sidewise  to  replace  material  pulled  endwise  from  near 
the  middle  of  the  bottom  surface,  and  the  bottom  surface  Ukewise 
becomes  convex  upward.  The  radii  of  curvature  of  each  of  the 
transverse  sections  for  rubber  equals  twice  the  radius  of  curvature 
of  the  longitudinal  section  and  for  any  other  kind  of  material  the  ratio 
of  the  longtitudinal  to  the  lateral  radius  of  curvature  equals  K  for 
that  material. 

Similar  transverse  deformations  occur  under  load  in  a  steel  or 
concrete  beam  in  a  building  except  as  modified  by  rigid  attachments 
at  the  supports,  and  by  the  composite  nature  of  reinforced  concrete 
in  the  concrete  beams  to  be  discussed  later.  The  transverse  curva- 
tures, however,  are  so  slight  that  they  are  rarely  noticed. 

In  a  wide  plate,  when  the  ends  of  the  plate  are  firmly  clamped  at 
the  supports,  the  lateral  contraction  under  flexure  is  much  less  than 
occurs  in  bending  of  a  narrow  plate  because  the  natural  curvature 
transverse  to  the  axis  of  bending  is  resisted  by  the  clamping  effect 
at  the  ends,  and  the  shearing  rigidity  of  the  material  brought  into 
play  thereby  opposes  and  reduces  transverse  deformation  or  may  at 
times  almost  entirely  eliminate  it,  a  fact  sometimes  lost  sight  of  in 
efforts  to  measure  K  experimentally. 

Horizontal  shearing  distortions  appear  in  bending  the  rubber 
prism  Fig.  17  shown  by  the  angular  deformation  of  the  rhomboids 
increasing  from  the  center  toward  the  end  of  the  prism.  These 
shearing  distortions  are  quite  distinct  from  the  kind  of  stretching  and 
compression  of  the  material  longitudinally  occurring  at  mid  length 
of  the  beam.  The  magnitude  of  this  shearing  distortion  is  measured 
by  the  angular  deformation  of  the  ends  of  the  prism  from  the  radius 
of  curvature,  it  is  an  angular  deformation  outward  from  the  end  of 
the  simply  supported  beam  at  the  top  or  compression  side  and  in- 
ward at  the  bottom  or  tension  side.  Such  shearing  distortions 
are  termed  horizontal  shears  in  horizontal  planes  and  are 
caused  by  the  only  kind  of  horizontal  shearing  forces  present 
in  purely  beam  action.  In  plate  action,  however,  when  the  plate 
is  bent  in  anticlastic  curvature,  that  is,  when  it  is  so  bent  that  the 
plate  is  convex  along  one  horizontal  axis  and  concave  along  another 
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r 
at  right  angles  thereto,  twisting  occurs  in  the  material  about  a  hori-  j 

zontal  axis,  and  we  then  have  horizontal  shearing  stresses  in  vertical 

planes  resisting  such  twisting,   which  will  be  discussed  more   at 

length  later.  ■ 

6.     Pure  Stresses.    When  the  resultant  of  the  forces  acting  on  a  j 

body  is  normal  to  any  given  plane  in  it,  it  produces  a  pure  normal 
stress  on  that  plane.     When  the  resultant  is  parallel  to  the  plane  it  j 

produces  a  pure  shearing  stress  on  that  plane. 

When  a  body  is  subjected  to  the  action  of  forces  in  any  direction 
the  direction  of  the  resisting  stress  acting  upon  any  given  interior 
plane  may  have  any  inclination  to  the  normal  and  whenever  it  is  not 
normal  to  the  plane  the  stress  will  consist  of  both  a  normal  and  a 
shearing  component. 

Torsion  of  a  circular  shaft  or  prism  about  its  axis  develops  shear- 
ing stress  in  all  right  sections  of  the  shaft  at  every  point  of  it  in  a 
direction  perpendicular  to  the  radius  of  the  cross  section  that  passes 
through  that  point.  Every  right  section  may  be  taken  to  remain 
plane,  altho  in  fact  the  end  surfaces  bulge  slightly  at  and  near  the 
axis,  and  other  right  sections  near  the  ends  bulge  also  but  to  a  lesser 
extent.  If  parallel  lines  be  drawn  along  the  cylindrical  siu^ace  of 
the  prism  any  twisting  will  deform  them  into  spiral  lines  on  the  sur- 
face of  the  prism. 

In  twisting  the  cylinder  each  elementary  longitudinal  fiber  of  the 
outer  surface  when  it  is  changed  into  a  spiral  is  elongated,  and  is 
stretched  thereby.  Other  fibers  of  the  prism  also  undergo  alterations 
of  length  which  are  the  same  in  all  fibers  at  the  same  distance  from 
the  axis.  This  produces  longitudinal  shearing  distortion  along  each 
cylindrical  surface,  which  distortion  increases  in  amount  from  the 
right  mid  section  to  each  end  of  the  cylinder  and  results  in  the 
bulging  already  mentioned. 

Because  of  the  symmetry  of  the  cylindrical  prism  the  contour 
lines  of  the  curved  end  surface  representing  points  whose  deformation 
is  of  equal  amount  when  measured  from  a  plane  normal  to  the  axis 
will  be  concentric  circles  about  the  center.  Because  the  spiral 
twisting  causes  compression  toward  the  center,  this  has  a  tendency 
to  produce  elongation  of  the  material  along  and  near  the  axis  while 
the  longitudinal  shear  previously  mentioned  has  a  tendency  to 
shorten  the  same  material. 

The  end  of  a  square  prism  under  torsion  changes  the  curvature 
of  its  surface  in  a  still  more  complicated  manner. 
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Suppose  the  torsion  to  be  acting  in  a  counter  clockwise  direction  in 
Fig.  18,  XX  and  yy  being  normal  to  the  axis  of  the  prism.  The  sides 
curve  inward.  The  ends  bulge  in  such  wise  that  the  length  of  the 
prism  at  the  center  is  greater  than  at  the  surface  of  the  sides.  More- 
over, the  end  is  warped  in  such  a  way  that  in  the  octant  acy  it  is 
concave,  in  ycb  convex,  in  bcx  again  concave,  and  in  bey  convex. 
In  other  words,  in  diametrally  opposite  octants  the  surfaces  have  the 
same  curvature,  either  convex  or  concave,  dependent  on  the  direc- 
tion of  the  twist.  If  the  twisting  torsional  force  acts  counter  clock- 
wise when  looking  toward  an  end  surface  the  octants  behind  the 
diagonals  are  convex  and  the  octants  ahead  of  the  diagonals  are 
concave  and  the  contour  lines  of  the  octants  are  shown  in  Fig.  18. 
In  a  cylinder  under  torsion  the  contours  would,  however,  be  a  series 
of  6oncentric  circles  as  shown  in  Fig.  19. 

Figures  Showing  The  Contours  of  the  End  Surfaces  of  Square 

and  Circular  Prisms  Under  Pure  Torsion. 


Fie.  19 


Square  figures  or  divisions  which  are  drawn  on  the  unstrained 
cyUndrical  surface  of  the  India  rubber  prism  upon  twisting  are  de- 
formed into  rhomboids  in  which  one  diagonal  is  lengthened  and  the 
other  shortened.  This  is  typical  shearing  deformation.  If  the  dia- 
gonals of  these  squares  be  also  drawn  in  their  unstrained  condition 
the  diagonals  would  present  spirals  of  equal  incUns^tion, around  the 
unstrained  cylinder  but  when  strained  one  set  of  the  spirals  in  the 
direction  of  the  twist  would  be  lengthened  while  those  drawn  in  the 
direction  opposite  to  the  twist  would  be  shortened. 

In  case  of  a  square  prism  under  torsion  in  which  the  sides  are 
likewise  divided  into  squares  by  lines  lengthwise  and  crosswise  pre- 
sents some  modification  of  the  foregoing  phenomena  is  brought 
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about  by  the  unsymmetrical  distribution  of  the  material  about  the 
axis  of  the  prism.  Upon  twisting  the  square  prism  a  similar  deforma- 
tion of  the  squares  on  the  side  surfaces  occurs  but  the  cross  section, 
unlike  that  of  the  circular  prism,  is  changed  in  form,  owing  to  the  twist 
in  the  side  surfaces  the  sides  of  the  squares  no  longer  remain  straight, 
because  the  sides  of  the  initially  square  cross  section  of  the  prism 
become  concave  as  seen  in  Fig.  18.  Further,  it  will  be  noticed  that 
the  squares  which  were  drawn  on  the  unstrained  prism  are  distorted 
to  the  greater  extent  at  the  center  line  of  the  side  and  least  at  the 
outer  edge  of  the  side.  Therefore,  the  greatest  angular  or  shearing 
distortion  occurs  under  twist  at  points  on  the  surface  of  a  body  nearest 
the  axis  and  the  least  deformation  occurs  on  the  surface  upon  elements 
furthest  away  from  the  axis,  a  relation  which  is  very  different  fiom 
that  produced  by  transverse  stress  or  bending.  For  in  the  latter, 
the  intensity  of  the  stress  that  causes  failure  increases  to  a  maximimi 
in  the  fibers  furthei^t  away  from  the  neutral  plane. 

The  distribution  of  strains  brought  about  by  twisting  a  prism 
about  its  axis,  involving  as  it  does  shearing  deformations  that  in  any 
right  cross  section  increase  along  each  radial  Une  with  the  distance 
from  the  axis  and  in  each  lon^tudinal  fiber  increase  with  the  dis- 
tance from  the  mid  section  has  practically  nothing  in  common  with 
the  distribution  of  strains  which  occurs  in  bending  a  prism  about  an 
axis  at  right  angles  to  its  length,  altho  when  this  bending  is  produced 
by  a  transverse  load  the  longitudinal  shears  increase  from  the  mid 
section  to  the  ends  the  transverse,  shears  as  well  as  the  longitudinal 
are  greatest  at  the  neutral  axis,  they  are  of  the  same  sign  both  above 
and  below  the  neutral  axis  and  so  produce  bending  deformation 
which  is  entirely  different  from  twisting  deformation. 

Any  attempt,  therefore,  to  confuse  the  radically  different  effects 
of  twisting  and  bending  moments  with  each  other  is  a  manifest  error. 
External  or  applied  moments  must  consequently  be  carefully  separ- 
ated into  their  twisting  and  bending  components  in  order  to  de- 
termine the  kind  of  internal  resistance  that  in  fact  hold  them  in 
equilibriulm. 

7.  Equilibrium  of  an  Element  Under  Shear.  Because  action 
and  reaction  are  equal  and  opposite  every  tangential  shearing  force 
on  the  face  of  an  element  requires  an  equal  and  opposite  shearing 
force  on  the  opposite  face.  Two  such  shearing  forces  produce  a 
rotary  couple  which  must  in  some  way  be  held  in  equilibrium  or 
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balanced  by  distributed  or  concentrated  forces  acting  on  opposite 
faces  of  the  element  or  elsewhere.  In  Pure  Shear  the  balancing 
forces  are  equal  and  opposite  shears  on  the  faces  at  right  angles  to 
the  first  pair  of  shears,  and  such  distribution  of  stress  may  occur 
under  flexure  where  a  change  of  slope  results  from  the  rhomboidal 
deformation  of  the  square  elements  and  in  pure  torsion  where  such 
deformation  occurs  in  the  sides  of  the  prism  as  before  noted.  But 
at  those  points  along  the  length  of  a  member  imder  flexure  where 
external  restraint  prevents  rotary  change  in  slope  or  horizontal 
shearing  distortion,  a  different  distribution  of  internal  stresses  is 
brought  about  by  which  equilibriimi  is  maintained.  For  example, 
the  supports  of  continuous  beams  built  into  columns  are  points 
where  the  tangent  to  the  elastic  curve  is  horizontal,  and  since  rotary 
change  in  slope  cannot  occur,  the  balancing  distribution  of  tensions 
and  compressions  at  these  points  is  brought 
about  by  external  restraint.  Such  distri- 
bution would  prevent  rotation  of  ad  about 
d  Fig.  20  under  the  opposing  shears  F  and  F, 
shown  in  the  figure.  Uniformly  varying . 
stresses  Uke  those  shown  in  Fig.  20  due  to 
the  rapidly  varying  bending  moment  at  the 
supports  will  furnish  the  couple  required  to 
preserve  equilibrium  in  this  case.  In  fact 
any  couple  due  to  normal  or  tangential 
stresses  whose  moment  is  equal  and  opposite 
to  that  of  the  initial  shears  would  maintain  equilibrium. 

Restrained  Shear  Stress.  Where  external  restraint  is  present  in 
addition  to  vertical  shear  on  vertical  planes  in  flexure,  such  shearing 
stress  is  sometimes  called  punching  shear,  notwithstanding  the  dis- 
similarity of  the  two  actions.  A  better  term  for  this  particular  kind 
of  shear  would  be  restrained  shearing  stress.  The  material  under 
such  restrained  shearing  stress  offers  greater  resistance,  for  the  rea- 
son that  no  horizontal  shearing  deformation  occurs  but  only  vertical 
shearing  deformation.  Hence  the  total  deformation  from  shearing 
stress  is  only  half  as  great  as  where  by  reason  of  flexure  a  rotary 
change  in  slope  of  the  member  also  occurs. 

8.  The  Modulus  of  Rigidity  or  shearing  modulus  is  the  ratio  of 
the  intensity  of  a  right  shearing  stress  to  the  amoimt  of  shearing 
strain  produced  by  that  stress.  It  is  denoted  by  the  letter  F.  Where 
the  shearing  strain  is  small  it  is  equal  to  the  tangent  of  the  angle  of 
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deformation  and  for  a  shearing  stress  of  intensity  q  pounds  per 
square  inch  we  then  have 

shear  stress = shear  strain  XF,  or 

g=  tang  *XF  =  *  (in  radians)  X  F 

„  .         J                     •    i.\     5    shear  stress  in  lbs.  per  sq.  in. 
F  (pounds  per  square  inch)  =  - = -2 

'  ^  shear  strain  in  radians 

Let  abed  be  the  square  face  of  a  unit  cube  of  material  which  is 
firmly  fixed  at  c  and  dj  and  has  a  horizontal  tangential  or  shearing 
stress  of  intensity  q  applied  to  its  upper  surface  ab.  This  will  bring 
into  play  an  equal  and  opposite  shearing  resistance  along  cd^  as  well 
as  equal  and  opposite  vertical  reactions  at  c  and  d  which  are  equiva- 
lent to  shearing  stresses  of  intensity  q  on  the  faces  be  and  da.  These 
all  together  deform  the  square  abed  into  the  rhombus  ob'dd'  Fig.  21 

in  which  the  angular  deformation 

oa'     b'       g        , 
♦  «=  —  = —  =-•  as  above. 

da      be     F 
The  elongation  of  the  diagonal  db*  is  tV  cos  45^ 
and  the  linear  strain  along  each  diagonal  is 
eV  cos  45^  _  \bb'  V2 _  66'  =i^  =  J. 

c6  V2 


Fig.  21 


dh 
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But  this  linear  strain  along  the  diagonal  db  is  one  half  the  shear 
strain  just  found  for  the  side  a6.  This  right  shearing  stress  is  eqiuva- 
lent  to  an  axial  tension  along  db  and  an  equal  axial  compression 

along  ac.  These  together  may  be  regarded  as 
producing  the  angular  deformation  ^  of  which 
the  tension  produces  one  half  as  shown  in  Fig.  22 
and  similarly  the  compression  produces  the  other 
half.  Morever,  the  tension  may  be  regarded  as 
producing  one  half  of  the  intensities  of  all  of  the 
shears  as  in  Fig.  22  and  the  compression  the  other 
half.  Fig.  21  may  be  made  comparable  with 
Fig.  22  by  rotating  a'Ve'd  about  d  thru  the  angle  e'de=\^  as  shown 
in  Fig.  22. 

9.  Modulus  of  Elasticity.  The  normal  unit  stress  or  force  in 
pounds  per  square  inch,  divided  by  the  unit  strain  in  inches,  is  the 
modulus  of  the  material  for  that  kind  of  deformation  in  pound  inches. 
This  coefficient  is  sometimes  called  Young's  modulus,  or  the  coefficient 
of  elasticity. 

To  analyze  a  composite  structure  of  concrete  and  metal  upon 
elastic  theory  it  is  necessary  to  know  the  relative  stresses  under  like 
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deformations.  Where  these  stresses  are  acting  in  parallel  relation 
within  the  elastic  limits  of  the  material  they  bear  the  proportion 
of  the  ratio  of  the  moduhi  of  elasticity  of  the  two  respective  materials 
for  the  intensity  of  strain  involved.  For  steel  the  modulus  J5.,  is 
substantially  constant  for  stresses  well  within  the  yield  point  value. 
Concrete  on  the  other  hand  has  no  definite  elastic  limit;  its  modulus, 
Ec,  decreases  as  the  load  increases,  but  tends  to  become  constant 
under  repeated  stresses  not  exceeding  one  third  to  a  fourth  of  its 
ultimate  compressive  strength.  This  fact  must  be  kept  clearly  in 
mind  in  attempting  to  check  mathematical  analysis  by  practical 
measurements  of  deformation. 

Both  J?g  and  E^  remain  substantially  unchanged  in  changing 
from  direct  tension  to  compression.  For  steel,  E^^SXIO  and  is 
practically  the  same  for  structural  grade  and  hard  grade  steel  used 
for  reinforcing  when  the  stresses  do  not  exceed  two  thirds  of  the 
yield  point  value,  or  24,000  pounds  per  square  inch  for  structural 
grade,  and  34,000  pounds  per  square  inch  for  hard  grade,  (see  speci- 
fications). 

Ec,  the  modulus  of  elasticity  of  concrete  has  a  wide  range  de- 
pending on  the  aggregate  used,  the  age,  the  range  of  stresses  between 
which  it  is  considered,  and  other  conditions.  The  modulus  for 
computation  of  the  position  of  the  neutral  axes  and  for  the  resisting 
moment  of  beams  is  taken  as: 

(a)  One  fifteenth  of  that  of  steel,  when  the  strength  of  the 
concrete  is  taken  as  2200  lbs.  per  sq!  in.  or  less. 

(b)  One-twelfth  of  that  of  steel,  when  the  strength  of  the 
concrete  is  taken  as  greater  than  2200  lbs.  per  sq.  in  and  less  than 
2900  lbs.  per  sq.  in.,  and 

(c)  Otie-tenth  of  that  of  steel,  when  the  strength  of  the  con- 
crete is  taken  as  greater  than  2900  lbs.  per  sq.  in. 

10.  Solid  Hydraulic  Stress.  When  an  elementary  cube  or  prism 
is  subjected  to  stress  of  the  same  amount  in  three  directions  at  right 
angles  to  each  other,  it  is  said  to  be  subjected  to  solid  hydraulic 
stress  because  the  intensity  of  the  stress  is  then  the  same  in  all  direc- 
tions. 

Consid^re,  in  a  series  of  tests  on  the  compressive  strength  of  con- 
crete cylinders,  found  that  the  axial  or  endwise  compressive  resis- 
tance was  increased  by  the  application  of  sufficient  lateral  hydraulic 
pressure.  The  tests  were  carried  to  the  extent  of  increasing  the 
crushing  resistance  of  the  cylinders  four  to  five  fold.  The  increase 
in  strength  appeared  limited  only  by  the  amount  of  hydraulic  pres- 
sure applied  laterally. 


70 


RIGHT  SHEARING  STRESS 


Plane  Hydraulic  Stress  is  the  term  applied  in  the  discussion  to 
follow  to  the  condition  of  equal  stress  of  the  same  kind  in  two  direc- 
tions within  the  material  on  planes  normal  to  each  other. 

Pass  any  plane  whatever  through  the  Hne  of  intersection  of  the 
planes  at  right  angles.to  each  other  on  which  there  are  equal  normal 

stresses  then  the  stress  upon  such  a 
plane  is  normal  thereto,  and  the  in- 
tensity thereon  is  the  same  for  every 
such  plane  as  for  the  normal  planes. 
For  consider  a  rectangular  prism 
whose  length  is  one  unit  perpendicu- 
lar to  the  paper,  whose  height  and 
width  are  a  and  h  respectively,  sub- 
jected to  a  uniform  normal  stress  of 
intensity  S  on  a  and  6,  then  the  re- 
sultant of  the  horizontal  forces  Sa 

and  the  vertical  forces  S6  will  be  S  Va^ +  6^^=50,  acting  on  the  dia- 
gonal c,  in  a  direction  perpendicular  to  c,  and  with  an  intensity  =»  5 
pc**  unit  of  c. 

The  stress  is  evidently  the  same  in  all  directions  because  we  have 
assumed  no  fixed  ratio  between  the  length  a  and  b  and  whether  the 
prism  be  taken  as  wider  or  narrower  the  pressure  on  the  surface  c 
remains  at  S  per  unit  of  area,  just  as  on  a  and  h.  Therefore,  it  is 
the  same  in  all  directions  and  is  a  true  hydraulic  stress  in  a  plane. 

Under  plane  hydraulic  stress  radial  deformations  and  strains  are 
equal  in  all  directions,  and  circumferential  stresses  and  strains  like- 
wise. In  bending  of  plates  this  condition  becomes  a  major  element 
in  accounting  for  their  remarkable  carrying  capacity.  The  ultimate 
resistance  of  material  under  plane  hydraulic  stress  is  much  greater 
than  under  normal  stress  in  one  direction  only. 

II.  Right  Shearing  Stress.  In  Fig.  23,  representing  plane 
hydraulic  stress  due  to  equal  normal  stresses  of  the  same  kind  on 
planes  at  right  angles  to  each  other,  suppose  that  one  of  the  equal 
stresses  be  made  of  opposite  sign  from  the  other.  Then  one  of  the 
components,  say  the  horizontal  component,  is  of  opposite  sign  from 
that  in  hydrauUc  stress.  The  total  resultant  force,  acting  on  the 
diagonal  c  remains  unchanged  in  amount  and  intensity  but  no  longer 
acts  normal  to  c,  but  has  normal  and  tangential  components  whose 
amounts  depend  upon  the  direction  of  c,  Let  c  be  inclined  at  an 
angle  i  to  the  horizontal  then  the  resultant  stress  makes  an  angle  2t 
with  the  stress  normal  to  c.    When  a  =  6  the  cross  section  of  the 


UKE  AND  UNUKE  STRESSES  71 

prism  is  square  so  that  i=45^  and  the  plane  of  c  makes  an  angle  of 
_+45®  with  the  normal  stress,  the  normal  component  in  c  vanishes, 
and  the  stress  on  both  diagonals  is  entirely  tangential.  This  is  called 
a  right  shearing  stress.  (N.  B.  Every  possible  state  of  plane  stress 
may  be  resolved  into  a  hydraulic  stress  of  a  certain  intensity  super- 
posed on  a  right  shearing  stress  of  suitable  intensity).  A  state  of 
right  shearing  stress  at  a  point  may  therefore  be  defined  either  as 
consisting  of  a  combination  of  two  shears  of  equjal  and  opposite 
intensity  on  planes  at  right  angles  to  each  other,  or  as  a  combination 
of  a  tension  and  sT  compression  of  this  same  intensity  on  each  of  two 
planes  at  right  angles  to  each  other  making  angles  of  ±^S^  with  the 
two  shear  planes  first  mentioned. 

12.    Effect  of  Like  and  Unlike  Stresses,  Acting  at  Right  Angles. 

The  ultimate  resistance  of  material  under  plane  hydraulic  stress  is 
greater  than  under  direct  stress  of  the  same  magnitude  acting  in 
one  direction  only.  Hydraulic  stress  is  brought  about  by  stress  of 
equal  intensity  of  the  same  kind  acting  on  planes  at  right  angles  to 
each  other.  Each  stress  produces  an  axial  or  normal  strain  in  the 
direction  of  its  application  and  a  lateral  strain  of  opposite  kind 
normal  thereto.  Consequently,  two  normal  stresses  acting  on 
planes  at  right  angles  to  each  other  produce  strains,  which,  since 
they  tend  to  off-set  each  other  do  actually  each  diminish  the  other 
in  the  ratio  of  the  axial  strain  to  the  lateral  strain  characteristic  of 
the  material  under  consideration. 

But  on  the  contrary,  where  two  stresses  of  opposite  sign  act  on 
planes  normal  (at  90  degrees)  to  each  other,  their  coaction  serves  to 
increase  the  strains  which  either  acting  separately  would  produce. 
See  Art.  2  and  4. 

Because  of  this  increase  of  the  true  strains  over  those  computed 
to  occur  when  normal  strains  are  disregarded,  safety  requires  the 
precise  investigation  of  the  amount  of  the  increase  or  decrease  of 
these  stresses  by  lateral  deformation  in  case  of  stresses  of  opposite 
fflgn  on  normal  planes.  Further,  precise  translation  of  deformation 
into  true  stress  is  requisite  if  elastic  theory  is  to  be  checked  by  the 
measured  elastic  deflection  of  the  structure  under  load,  or  if  computed 
applied  stress  is  to  be  compared  with  extensometer  measiu'ement  of 
true  strain.  Without  such  precise  translation,  analysis  by  the  elastic 
theory  remains  unsubstantiated,  and  its  accuracy  or  inaccuracy  is 
a  matter  of  mere  opinion  rather  than  a  matter  of  fact  to  be  deter- 
mined beyond  dispute  by  scientific  test. 
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13.    On  The  Determination  of  True  Stresses  From  The  Measured 
Strains  by  Help  of  Elastic  Coefficients 

The  modulus  of  elasticity  E  as  just  defined  is  the  longitudinal 
unit  stress  p  acting  along  x  say,  divided  by  the  corresponding  longi- 
tudinal unit  strain  e,  in  the  same  direction,  viz.  E^p/e,  on  the 
express  condition  that  there  is  no  lateral  applied  stress  perpendicular 
thereto  along  either  y  or  z.  Hence  longitudinal  stresses  can  be 
correctly  calculated  as  the  product  of  the  observed  longitudinal 
strain  e  and  the  modulus  E  only  in  case  there  are  no  lateral  forces 
acting  along  either  y  or  z. 

In  this  case  of  simple  longitudinal  stress  there  is,  however,  a 
lateral  deformation  or  unit  strain  amounting  to  — Ke  along  both  y 
and  Zf  and  the  apparent  or  applied  stress  p  acting  along  z  produces 
not  only  the  longitudinal  strain  e  along  z  but  also  two  lateral  strains 
each  equal  to  — Ke  along  y  and  z  respectively. 

In  order  to  find  out  how  much  longitudinal  strain  the  stress  p 
would  produce  in  its  own  direction  x  were  it  not  also  employed  in 
producing  lateral  strain  along  i/,  let  us  superpose  on  the  body  a 
lateral  stress  of  intensity  -\-Kp  along  y  while  the  stress  along  z  re- 
mains unchanged  at  zero.  This  appUed  stress  of  -^Kp  along  y  when 
acting  alone  produces  a  lateral  strain  -\-Ke  along  y  and  — K^e  along 
z,  but  when  acting  in  conjunction  with  the  existing  lateral  strain 
— Ke  makes  the  resultant  deformation  along  y  vanish,  while  the  total 
strain  along  z  will  be  due  to  the  stress  p  along  z  and  to  Kp  along  y, 
and' hence  will  amount  to  — iiL(l  ■^K)p  along  z. 

This  deformation  -^-Ke  along  y  which  has  been  superposed  on 
the  body  is  necessarily  accompanied  by  a  superposed  strain  of 
— K^e  along  both  x  and  z. 

Hence  the  resultant  strain  along  x  due  to  the  longitudinal  stress 
p  when  lateral  strain  along  y  is  entirely  prevented  and  no  stress  is 
apphed  along  2,  amounts  to  (1 — K^)ej  and  the  true  stress  along  x  as 
indicated  by  extensometer  measurements  of  the  strain  will  be  pi  = 
(l—K^)p={l — K^)Ee,  which  is  the  intensity  of  that  part  of  the  total 
applied  stress  p  as  calculated  by  help  of  E  which  produces  strain  in 
its  own  direction  x.  The  rest  of  the  applied  stress  along  x,  viz. 
+K^p  is  held  in  equilibrium  by  resistance  to  lateral  flow  represented 
by  the  lateral  stress  — Kp. 

.  The  foregoing  calculation  of  true  stress  along  x  applies  to  all  cases 
where  the  intensity  of  the  lateral  stress  actually  applied  along  y  \a 
such  as  to  prevent  deformation  along  y,  while  that  along  z  is  neg- 
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ligible,  under  which  conditions  the  true  stress  tending  to  deform  the 
body  in  the  direction  of  z  does  not  exceed  (1 — K^)p  and  the  strain 
in  that  direction  does  not  exceed  (1 — K^)p/E.- 

These  conditions  are  approximately  fulfilled  in  a  homogeneous 
j9at  plate  or  slab  with/multiple  column  supports. 

Again,  take  the  case  of  an  applied  longitudinal  stress  of  intensity 
p  along  X  and  two  applied  lateral  stresses  along  y  and  z  of  intensity 
q  respectively.  The  resultant  deformations  will  be  those  due  to 
superposition  of  the  effects  of  the  separate  stresses,  viz. 


Stress 


p  along  X.  .  . 
q  along  y.  . 
q  along  z — 

Total  strain 

True  stress.. 


•    Strain  Alonj 

I 

X 

y 

z 

Kq/E 
Kq/E 

—Kq/E 

—Kp/e 

(iy-2Kq)E 

{q-Kip+q))/E 

{q-K(.p+q))/E 

p—2Kq 

q—K(p  +q) 

q—K{p  +q) 

The  foregoing  may  be  applied  to  the  case  of  hooped  columns, 
whenever  it  may  have  been  determined  either  what  is  the  absolute 
magnitude  of  the  hydraulic  stress  q  in  the  plane  y  z,  or  what  fraction 
q  the  lateral  stress  may  be  of  the  longitudinal  stress  p. 

The  foregoing  may  also  be  applied  to  the  case  where  q  is  of  oppo- 
site sign  from  p  by  changing  the  sign  of  K,  in  which  case  the  stresses 
and  strains  are  increased  instead  of  being  diminished  as  they  are  when 
p  and  q  have  like  signs. 

14.  Relations  Between  Elastic  Constants.  The  foregoing  inves- 
tigations give  rise  to  certain  relations  between  Ey  the  modulus  of 
direct  longitudinal  strain,  F  the  modulus  of  shearing  strain,  and  K  the 
coefficient  for  lateral  deformation  under  direct  stress.  As  already 
shown,  the  strain  along  the  diagonal  of  a  cubical  block  of  material 
subjected  to  a  state  of  right  shearing  stress  of  intensity  q  on  two 
planes  at  right  angles  is  ^  |,  which  may  be  replaced  by  ^  ~  where 

p  is  the  intensity  of  equal  and  opposite  stresses  normal  to  the  diagonal 
planes,  because  the  intensity  is  the  same  on  all  planes  passing-  thru 
the  line  of  intersection  of  the  shear  planes  as  already  shown  in  Sec.  12. 

The  resulting  direct  stress  p,  in  the  direction  of  one  diagonal  only 
would,  if  acting  alone,  cause  a  strain  |  in  the  direction  of  that  diag- 
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onal,  while  the  opposite  kind  of  direct  stress  in  the  direction  of  the 
other  diagonal  perpendicular  to  the  first,  would,  acting  alone,  cause 
a  similar  kind  of  strain  to  the  above,  amounting  to  iCX|  in   the 

direction  of  the  first  mentioned  diagonal.  But  each  of  these  direct 
strains  would  be  accompanied  by  a  lateral  strain  of  the  opposite 
sign  amounting  to  Kp/E,  It  is  to  be  noticed  that  the  two  strains 
Jt  Kj)/E  at  right  angles  to  the  plane  of  the  right  shearing  stress  annul 
each  other.     Hence  the  total  strain  along  either  diagonal  is 

^F    E 

from  which =  — (1  +K) 

2F      E 

E 

From  this  equation  we  may  deduce  approximate  values  of  F  when 
E  and  K  are  known : — 

For  Steel 
i?.=3(10)^  and  if =.3    Consequently,  F,  =  115(10)* 

For  Concrete — 
When  jE;,  =  2(10)*  and  ^=.15    Fe  =  87(10)* 
When  JBe=2.5(10)®  and  ii:=.2    Pc  =  104(10A 

The  value  of  K,  when  steel  and  concrete  are  working  together  in 
tension,  is  obviously  neither  that  of  the  concrete  nor  that  of  the  steel 
elements  considered  separately  because  the  modulus  of  rigidity  F 
of  the  mass  has  been  increased  by  the  embedment  of  the  steel. 

The  characteristics  of  the  coaction  of  the  steel  and  the  concrete 
in  the  composite  mass  which  are  analogous  to  the  coefficient  K  for  a 
homogeneous  material  will  be  discussed  later. 

15.  Mechanical  Work.  In  njechanics,  work  is  the  product  of 
the  magnitude  of  any  force  acting  multiplied  by  the  distance  through 
which  its  point  of  application  moves.  In  the  mechanics  of  engineer- 
ing materials  the  force  applied  per  square  inch  of  section  performs 
work  of  deformation  against  the  opposing  elastic  resistance  or  re- 
action of  the  material.  This  work  is  stored  in  the  material  which 
is  in  a  state  of  stress  by  reason  of  this  elastic  resistance.  On  removal 
of  the  applied  force  the  work  is  restored  by  the  elastic  reaction  acting 
as  a  distributed  force  thru  a  distance  that  reduces  the  deformation 
to  zero. 
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Internal  Work  of  Deformatioif,  therefore,  is  the  product  of  stress 
multiplied  by  the  distance  through  which  it  acts.  If  the  stress  in- 
creases from  zero  to  the  maximum  amount  which  produces  the  unit 
strain,  since  the  mean  force  is  half  the  maximum,  half  the  product  of 
the  increase  of  stress  multipled  by  the  unit  strain,  is  the  work  of  defor- 
mation per  cubic  unit  of  material.  The  total  work  of  deformation  is 
the  sum  total  of  the  work  done  in  deforming  the  several  parts  of  the 
material. 

It  is  to  be  observed  that  the  term  work  has  a  very  different 
significance  in  Mechanics  from  that  of  labor  or  exertion  in  the  com- 
mon usage  of  the  word.  A  laborer  for  example,  carries  a  pail  of 
water  horizontally  to  the  men  at  work.  In  the  horizontal  move- 
ment of  the  pail  which  he  carries  he  performs  labor  but  does  no 
mechanical  work  because  the  pail  of  water,  while  carried  horizontally, ' 
does  not  gain  or  lose  energy  of  position.  This  point  may  also  be 
illustrated  by  considering  a  water  tower.  It  requires  mechanical 
work  to  pmnp  the  water  to  any  height  and  when  so  pumped  up  it 
has  energy  of  position  and  is  capable  of  doing  work  as  it  runs  down  to 
a  lower  level. 

Theory  of  Work  in  Elastic  Structures.  If  a  load  be  gradually 
applied  to  a  floor  made  of  elastic  materials,  the  work  performed  by 
the  load  is  half  the  product  of  its  weight  by  the  deflection  or  down- 
ward motion  of  the  floor  at  the  point  at  which  the  load  is  applied. 
The  total  external  work  of  several  loads  on  a  floor  at  once  is  the  sum 
of  all  the  amounts  of  work  performed  by  these  loads  separately.  A 
beam,  for  example,  transfers  its  load  horizontally  by  help  of  the 
vertical  shears  set  up  in  the  material.  Now  so  far  as  horizontal 
transference  of  the  load  is  concerned  no  work  whatever  is  performed, 
but  the  vertical  shears  produce  bending  moments  with  horizontal 
compressions  and  tensions  which  cause  the  beam  to  deflect  down- 
ward under  the  load,  and  the  load  moves  to  a  lower  position  or  loses 
a  portion  of  its  potential  energy  or  energy  of  position,  and  the  amount 
of  this  last  is  the  external  work  of  the  load  as  it  is  considered  in  struc-  • 
tural  mechanics. 

According  to  the  law  of  the  concervation  of  energy  this  external 
work  is  equal  to  the  internal  work  of  deformation  performed  on  the 
material  of  the  floor  by  the  tensions,  compressions  and  shears  called 
into  play  by  the  load. 

The  above  relation  was  expressed  in  1866  in  the  theorem  of 
Clapeyron,  (S^  Lamd,  '^Lecons  sur  la  th^orie  mathematique  de 
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^lasticit^  des  corps  solides,"  deuxi^me  Edition  Paris,  1866)  and  is 

stated  as  follows: 

"The  exterior  force  applied,  multiplied  by  the  displacement 
of  its  point  of  application  in  the  direction  of  the  force,  equals 
the  sum  of  all  the  internal  work  of  a  body  elastically  deformed." 

This  law  is  expressed  in  Merriman's  Civil  Engineer's  Pocket 
Book,  in  the  following  statement : 

"If  the  system  of  bodies  neither  receives  nor  gives  out  energy, 
then  its  total  store  of  energy,  all  forms  included,  remains  constant. 
There  may  be  a  transfer  of  energy  from  one  part  of  the  system  to  the 
other,  but  the  total  gain  or  loss  in  one  part  Is  exactly  equivalent 
to  the  loss  or  gain  in  the  remainder.'' 

This  theorem  is  a  direct  corollary  of  the  fundamental  law  of 
conservation  of  energy. 

The  law  of  conservation  of  enei^  may  be  stated  as  follows: 
Energy  may  be  transformed  or  changed  in  form  but  it  cannot  be 
destroyed. 

Applied  to  the  floor  it  expresses  the  re)ation  that  the  loss  in 
energy  of  position  of  the  load  is  transformed  by  reason  of  elastic 
deflection  and  resistance  thereto  into  internal  work  of  deformation. 
This  principle  is  worked  out  in  great  detail  in  designing  bridge  struc- 
tures to  determine  the  deflections  by  work  done,  and  is  of  the  utmost 
value  to  the  engineer  in  its  various  applications,  some  of  which  will 
be  applied  to  concrete  floors  of  Classes  III  and  IV. 

Resilience  is  the  amount  of  work  which  may  be  stored  up  in  a 
body  under  stress  within  the  elastic  limit  and  it  will  be  given  out 
again  when  the  force  producing  the  stress  is  removed.  When  the 
force  has  been  apphed  so  gradually  that  no  energy  is  converted  into 
heat  then  acqording  to  the  law  of  conservation  of  energy  the  resiUence 
must  equal  the  external  work.  Resilience  may  also  be  defined  as 
the  measure  of  the  ability  of  elastic  material  to  restore  external 
work. 

Where  the  structure  is  not  perfectly  elastic  some  of  the  energy 
imparted  to  it  by  the  load  in  its  downward  motion  during  deflection 
.  is  transformed  into  heat  and  becomes  dissipated.  On  removal  of 
the  load  the  recovery  is  either  incomplete  or  the  member  returns  to 
its  original  form  slowly  without  abihty  to  give  back  the  full  amount 
of  energy  expended  in  deforming  it.  In  practical  construction  a 
floor  of  reinforced  concrete  exhibits  nearly  perfect  elasticity  after  it 
has  been  repeatedly  loaded.  Initial  loading,  however,  is  certain  to 
develop  noticeable  deviations  from  perfect  elasticity  because  of 
shrinkage  stresses  developed  in  the  hardening  of  the  cast  concrete. 
A  few  repetitions  of  loading  largely  eliminate  such  deviations,  so 
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that  the  theory  of  work  and  the  elastic  theory  of  deformations  be- 
comes apphcable  and  proves  a  practical  and  precise  method  of 
treatment. 

Dynamic  Effect  When  a  load  is  applied  instantaneously  but 
without  shock,  instead  of  gradually,  the  work  of  the  load  is  double 
that  which  it  would  have  been  had  the  same  load  been  appUed 
gradually.  The  efifect  of  such  instantaneous  application  accordingly, 
is  to  produce  deformation  or  elastic  strain  of  double  the  amount 
that  would  be  produced  by  the  same  load  appUed  gradually,  and  this 
is  followed  by  an  elastic  reaction  greater  than  the  load  and  a  vibra- 
tion of  the  material  up  and  down  until  it  comes  to  rest  finally  at  half 
of  the  maximum  deformation  or  deflection.  This  fact  forms  the 
logical  basis  of  the  theory  of  impact  which  makes  allowance  for 
moving  loads  on  bridge  floors  and  the  like. 

16.  Determinate  and  Indeterminate  Structures.  A  statically 
indeterminate  structure  may  be  defined  as  one  in  which  the  elastic 
properties  of  the  materials  must  be  brought  into  the  equ^itions  of 
equilibrium  in  order  to  determine  the  reactions,  and  from  the  re- 
actions so  determined  the  amount  of  stress  in  the  various  parts  or 
members. 

A  statically  indeterminate  structure  thus  differs  from  a  statically 
determinate  structiu^;  for  the  latter  the  reactions  at  the  sup- 
ports and  the  stresses  are  determined  by  the  law  of  gravitation  and  the 
simple  principle  of  the  lever.  For  example,  a  beam  which  has  only 
two  supports  and  is  freely  supported  thereon,  whether  it  over-hangs 
those  supports  or  only  reaches  from  support  to  support,  is  statically 
determinate  because  the  reactions  at  the  supports  may  be  deter- 
mined from  the  moments  of  the  loads  and  length  of  span  on  the 
principle  of  the  simple  lever.  Where,  however,  such  a  beam  has 
three  or  more  supports,  or  two  supports  and  restraint  at  these  sup- 
ports, so  that  for  example  the  tangent  to  the  elastic  curve  is  hori- 
zontal at  either  of  the  points  of  restraint  the  elasticity  of  the  material 
will  in  general  have  to  be  taken  into  consideration  in  order  to  de- 
tennine  the  reactions  where  the  loads  are  unsymmetrical. 

There  are  two  fundamental  propositions  which  aid  in  the  analysis 
of  indeterminate  structures.  These  propositions  are  known  as  the 
law  of  least  work  and  the  principle  of  rigidities. 

17.  The  Principle  of  Rigidities  and  the  Law  of  Least  Work. 

In  any  load-carrying  structure  there  are  two  principal  kinds  of 
stresses  to  be  resisted  by  the  structure  —  vertical  shears  and  hori- 
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zontal  tensions  and  compressions  that  hold  the  applied  moments  in 
equilibrium.  The  distribution  of  stresses  in  indeterminate  struc- 
tures due  to  the  shears  and  to  the  applied  bending  moments,  al- 
though they  cannot  be  determined  by  any  statical  considerations 
dependent  upon  the  law  of  gravitation  and  the  principle  of  the 
lever,  are  however,  fixed  by  another  law  of  nature  just  as  invariable 
in  character  as  either  of  these,  namely  by  one  which  takes  account 
of  the  relative  stiffness  of  the  several  parts  of  the  structure.  This 
law  is  the  law  of  rigidities  which  causes  the  load  in  its  travel  to  the 
support  to  divide  itself  between  the  several  possible  paths  into  parts 
strictly  in  proportion  to  the  rigidity  of  those  paths.  This  principle, 
therefore,  determines  the  predominant  action  of  the  structure  and  is 
susceptible  of  a  very  simple  illustration,  the  application  of  which 
establishes  certain  useful  relations  that  can  be  conclusively  demon- 
strated. To  illustrate  this  point,  let  a  load  be  hung  up  to  two  springs 
of  equal  length  side  by  side,  one  of  which  is  twice  as  stiff  or  rigid 

as  the  other. 
« 
If  W  is  the  amount  of  the  whole  load,  the  load  on  the  weakest 

W  2W 

spring  is  —  and  that  on  the  other  spring  would  be  — ■'     Under  this 

«5  o 

arrangement  the  more  rigid  spring  will  carry  the  larger  portion  of 
the  load,  two  pounds  to  each  pound  carried  by  the  other.  So  in 
any  structure  where  there  are  several  parts  of  the  structure,  each 
of  which  is  to  carry  some  part  of  the  load,  the  question  of  how  the 
load  is  to  be  divided  between  them  is  determined  by  their  relative 
rigidity  or  stiffness.  That  part  which  lacks  stiffness  and  yields  easily 
will  carry  little  of  the  load  and  will  leave  the  brunt  of  the  work  to 
those  parts  that  are  more  rigid  and  unyielding. 

Now  the  law  of  least  work  states  that  in  any  indeterminate 
elastic  structure,  i,  e.  one  in  which  the  internal  stresses  are  detre- 
mined  by  the  law  of  rigidities,  the  sum  total  of  the  internal  work 
stored  in  it  is  less  than  would  be  stored  by  the  same  applied  forces 
in  case  the  internal  stresses  were  distributed  according  to  some  other 
law  than  that  of  rigidities. 

Since  the  case  just  considered  is  one  where  the  rigidities  deter- 
mine the  stresses,  consider  this  a  case  where  the  law  of  least  work 
holds  true.  If  we  designate  the  deflection  as  D  and  the  stiffness  of 
the  weaker  spring  as  e,  that  of  the  other  will  be  26.  Then  D  =  W/3e 
and  the  work  expended  on  the  weaker  spring  when  the  load  is  applied 
gradually  is  the  product  of  the  deflection  D  by  the  mean  force  ap- 
plied which  is  one  half  the  final  load  Tr/3,  or  DW/6^Wyi8e. 
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Similarly  the  work  expended  on  the  other  spring  is  TfW/Z  =  W^/9« 
and  the  total  -^york  expended  on  both  together  is  \WD^Yf^/^, 
Now  if  we  suppose  the  weight  TT  to  be  in  the  form  of  a  long  hori- 
zontal rod  and  that  it  is  suspended  by  the  two  springs  one  situated 
at  each  end  of  the  rod,  then  the  system  is  statically  determinate 
and  each  spring  necessarily  carries  a  load  of  W/2  so  that  the  total 
weight  W  is  not  divided  between  the  springs  in  accordance  with  the 
principle  of  rigidities  but  instead  by  the  principle  of  statics.  The 
principle  of  least  work  would  require  that  with  this  new  arrange- 
ment more  work  should  be  done  upon  the  springs  than  in  the  pre- 
vious arrangement.  That  this  is  in  fact  the  case  may  be  readily 
shown  by  computation  as  follows: 

The  deflection  of  the  weaker  spring  is  I>x^\W/e  while  the  work 
of  the  weaker  spring  is  \WD\  —  W^/%e.  The  deflection  of  the 
stronger  spring  is  D2  =  \W/2e  while  the  work  of  the  stronger  spring 
is  iWD2  =  Wyi&e,  Total  work  SWyiQe,  which  is  larger  than  be- 
fore, as  it  should  be  according  to  the  principle  of  least  work. 

Any  other  arrangement  except  such  a  one  as  divides  the  load  in 
proportion  to  the  rigidities  will  likewise  make  the  expenditure  of 
work  exceed  that  first  found.  For  example,  let  the  weaker  spring 
carry  the  entire  weight  W  by  supporting  it  at  its  center  of  gravity 
while  the  other  spring  is  attached  to  the  end  of  the  rod  and  carries 
nothing.  Then  the .  deflection  of  the  spring  carrying  the  load  is 
W/e  and  the  total  work  W^/2ef  a  result  also  larger  than  that  first 
obtained.  Again,  if  the  stiffer  spring  is  used  to  support  the  total 
load  and  the  weaker  none  then  the  deflection  would  be  W/2e  and  the 
total  work  W^/^,  also  larger  than  the  first  result. 

It  thus  appears  that  the  relative  magnitude  of  the  results  is  in- 
dependent of  the  actual  stiffness  e  and  2e,  All  that  affects  the  re- 
lative amount  of  work  done  is  the  relative  rigidity  of  the  springs,  i.  e. 
the  fact  that  in  the  case  proposed  above  one  spring  is  twice  as  stiff 
as  the  other.  This  law  of  rigidities  is  to  be  applied  not  only  in  de- 
termining the  shears  or  reactions  at  the  supports  and  the  distribution 
of  internal  stress  in  a  slab,  but  also  the  distribution  of  moments  be- 
tween the  several  columns  and  floor  panels  under  unbalanced  loading. 

The  relation  of  shear  and  moments  as 
dependent  upon  the  rigidity  of  the  re-  , 

straint  at  the  supports  may  be  expressed  ^C^^^^^^^^^^ 
in  a  simple  manner  by  considering  a  sec-  ^Jfl^^^^^^^^T 
tion  of  a  continuous  or  restrained  beam         I    c^  '  J^  I 

of  length  CA=L,  having  a  moment  Mc 
and  a  shearing  reaction  Sq  just  at  the 


I 
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right  of  the  support  C.    Then  if  the  bending  moment  at  any  section 
0  be  Af  and  the  shear  jS,  we  have,  if  x  be  measured  from  0, 


{s-ip)x 


—  =-Sc—  ip=s 

dx  0 

Move  the  original  0  to  A  and  designate  the  moment  at  A  as  Jlf  a 
and  distances  from  A  by  a,  i.  e.  put  x=a,  then 

Therefore  Sc  the  shear  at  the  support  C,  is  the  algebraic  sum  of 
the  restraining  moments  at  the  supports,  plus  the  moments  of  the 
loads  about  the  other  support  divided  by  the  span  length.  Also 
because  the  moments  at  the  supports  depend  upon  the  relative 
rigidities  at  the  supports  the  reaction  Sq  and  so  the  shear  S  at  any 
point  0  as  also  the  moment  M  at  that  point  is  determined  by  the 

relative  rigidities.  Moreover,  since  -^  =  S,  we  see  that  at  points 
where  S  passes  through  zero,  M  has  a  greater  numerical  value  than  at 
any  nearby  points. 

18.  Predominant  Action:  Applied  mechanics  differ  from  theo- 
retical mechanics  since  no  mathematical  theory  can  take  into  con- 
sideration all  of  the  subsidiary  actions  which  are  involved  in  a  prac- 
tical structure.  It  is  necessary  to  determine  its  predominant  action 
or  mode  of  operation  and  the  precise  mathematical  stresses  are  then 
caliBulated  for  that  mode  of  operation  xmder  the  applied  forces  and 
the  determinations  so  made  are  applied  in  practice  with  such  modi- 
fications as  subsidiary  actions  may  demand. 

For  example,  consider  the  stringers  of  a  railroad  bridge:  They 
are  connected  to  the  floor  beams  by  angle  iron  connections  which  have 
a  certain  amount  of  rigidity  but  the  restraint  imposed  by  the  line  of 
rivets  connecting  the  stringer  to  the  beam  is  wholly  insufficient  to 
cause  the  stringer  to  act  as  a  continuous  beam  and  it  is  treated  as 
though  its  action  were  solely  that  of  a  simply  supported  beam,  the 
subsidiary  efifect  of  the  small  increase  in  strength  due  to  the  added 
rigidity  of  the  connection  being  wholly  disregarded. 

In  a  similar  way,  it  is  necessary  to  analyze  any  combination  of 
reinforced  concrete  and  metal.  Consider  for  example,  a  slab  of  con- 
crete of  imiform  thickness  supported  on  the  tops  of  parallel  spaced 
beams  with  one  percent  of  reinforcement  in  the  bottom  throughout. 
Were  the  material  homogeneous,  such  a  slab  would  be  computed  on 
the  continuous  beam  theory  but  because  of  the  lack  of  rigidity  of  the 
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concrete  in  tension  over  the  supports  compared  with  the  rigidity  of 
the  central  section  between  the  supports,  reinforced  and  made  rigid 
by  embedded  steel,  the  relative  rigidities  fix  the  predominant  action 
as  that  of  a  simply  supported  beam.  The  line  of  inflection  moves 
toward  the  support  as  the  relative  rigidity  of  the  central  section  in- 
creases over  the  rigidity  of  the  section  at  the  support  until  all  canti- 
lever action  becomes  negligible  and  the  operation  of  such  a  slab  is 
properly  treated  as  a  flat  arch  or  simple  beam. 

In  the  case  of  a  continuoi^s  line  of  interior  beams  rigidly  built  in 
between  columns  and  reinforced  for  continuous  beam  action,  there 
are  present  two  separate  and  distinct  kinds  of  action,  beam  action 
proper  and  arch  action.  In  the  beam  action,  horizontal  tensions  in 
the  steel  aref  balanced  by  horizontal  compressions  in  the  concrete  on 
the  opposite  side  of  the  neutral  plane.  Arch  action  is  brought  about 
by  the  rigidity  of  the  support  which  enables  it  to  take  horizontal 
thrust  at  the  bottom  balanced  by  horizontal  compression  or  thrust 
at  the  crown  or  central  top  portion  of  the  beam.  The  relative 
rigidity  of  the  *arch  action  increases  with  the  relative  increase  in 
depth  of  the  beam  and  decreases  rapidly  with  the  decrease  in  relative 
depth  of  the  beam  or  slab,  until  where  the  thickness  is  L/20  or  less, 
arch  action  is  practically  negligible.  As  the  percentage  of  steel  in- 
creases the  amoimt  of  arch  action  decreases  because  the  tension 
zones  are  rendered  relatively  more  rigid  by  the  increase  in  reinforce- 
ment. 

In  an  end  panel  where  the  wall  columns  are  long  and  light,  flexure 
of  the  colimms  will  destroy  the  lateral  rigidity  of  the  support  as  an 
abutment  and  practically  eliminate  such  action.  So  that  in  an  end 
panel  the  beam  normal  to  the  wall  coliunn  can  be  figured  from  the 
standpoint  of  beam  action  only  and  the  degree  of  restraint  at  the 
support  which  determines  whether  the  beam  is  to  be  treated  as  a 
restrained  beam  or  a  beam  partially  restrained  at  the  end  would 
again  be  determined  by  the  relative  rigidity  of  the  wall  column  and 
the  interior  column  by  the  application  of  the  law  of  rigidities. 

The  coaction  of  the  metal  and  concrete  and  the  internal  stresses 
of  bond  shear  are  to  be  investigated  further  by  this  same  law  as  also 
are  the  various  paths  through  a  slab  by  which  the  load  may  travel 

to  each  support  when  these  supports  exceed  two  in  number. 

•  ■  -      _ 

*ChM>ter  II,  page  51,  note  test  quoted  showing  percentage  of  load  moment 
and  steel  stresses  in  beams  and  girders  from  64%  to  80%.  The  difference  be- 
tween these  percentages  and  100,  less  the  negligible  effect  of  the  direct  tensile 
■trength  of  tne  concrete  represent  arch  action. 
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19.  Bending  in  Multiple  Directions.  Consider  a  uniform  hori- 
zontal fiat  plate  in  which  stresses  are  produced  by  loading.  At  any 
point  P  let  a  vertical  plane  of  section  be  regarded  as  dividing  the 
plate  into  two  parts.  Then  the  entire  action  experienced  by  either 
part  of  the  plate  per  unit  of  section  by  virture  of  the  internal  forces 
between  it  and  the  adjoining  part  may  be  called  a  stress  in  the  plate. 
This  stress  at  a  point  of  a  plate  will  consist  so  far  as  horizontal  forces 
are  concerned  of  tensions  on  one  side  of  the  neutral  surface  and  com- 
pressions on  the  other  side  of  it,  which  increase  uniformly  in  intensity 
with  their  distance  above  and.  below  that  surface  but  these  tensions 
and  compressions  may  make  any  equal  angles  with  the  normal  to 
the  plane  of  section.  As  this  plane  of  section  is  revolved  about  the 
vertical  the  horizontal  stresses  will  vary  in  tensity  and  direction, 
and  at  a  point  situated  at  any  assumed  depth  in  the  plate  we  shall 
have  a  state  of  horizontal  plane  stress  which  will  be  completely 
defined  by  knowing  the  direction  and  intensity  of  the  stre^  on  any 
two  vertical  sections.  The  only  variation  that  will  occur  in  the  state 
of  stress  at  points  at  different  depths  along  a  vertical  line  at  P  will 
be  a  variation  in  intensity  from  a  largest  positive  value  at  one  face 
of  the  plate  to  a  numerically  largest  negative  value  at  the  other  face. 
There  will  be  no  change  of  direction  of  the  stress  with  the  depth. 
Like  all  states  of  plane  stress  there  will  in  general  be  only  two  planes 
of  section  on  which  the  stresses  will  be  normal  and  these  planes  will 
be  at  right  angles  to  each  other.  On  all  other  planes  the  stresses 
will  not  be  normal  but  will  have  shearing  components. 

The  normal  components  being  of  opposite  signs  above  and  be- 
low the  neutral  surface  will  constitute  bending  moments  on  that 
section  or  about  that  section  while  the  shearing  components  being 
also  of  opposite  signs  above  and  below  will  constitute  twisting  mo- 
ments about  the  normal  to  that  section.  Consequently  the  stress 
at  any  point  P  of  a  plane  of  section  of  a  plate  will  be  resolved  into  a 
normal  component  that  gives  rise  to  a  bending  moment  about  an 
axis  parallel  to  the  section  and  a  tangential  or  shearing  component 
that  gives  rise  to  a  twisting  component  about  an  axis  at  right  angles 
to  the  section.  So  that  just  as  in  simple  stress  there  are  but  two 
vertical  planes  of  section  at  right  angles  to  each  other  on  which  the 
entire  stress  is  a  bending  moment.  These  are  caUed  principal  planes. 
All  others  have  a  twisting  component  about  the  normal  to  the  section. 

When  the  normal  components  on  one  side  of  the  neutral  surface 
are  all  of  one  sign  and  all  are  of  the  opposite  sign  on  the  other  side, 
the  surface  becomes  concave  on  the  side  where  the  compressions 
occur  and  convex  where  they  are  all  tensions.    The  curvature  is 
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then  said  to  be  synclastic  or  dish  shaped.  But  when  the  stresses 
have  opposite  signs  on  the  two  principal  planes  in  each  surface  of 
the  plate,  the  curvatiu'e  is  said  to  be  anticlastic  or  saddle  shaped, 
and  two  planes  of  section  may  then  be  found  on  which  the  entire 
action  is  a  twisting  moment,  because  in  revolving  the  plane  of  sec- 
tion from  the  position  of  a  principal  plane  where  the  total  action  is 
a  bending  moment  that  produces  compressions  at  the  top  of  the  plate 
to  the  position  of  the  other  principal  plane  where  the  total  action 
produces  tension  at  the  top  there  must  be  some  intermediate  posi- 
tion where  the  bending  component  vanishes. 

Where  the  state  of  bending  stress  at  a  point  P  in  a  plate  is  such 
that  the  principal  stresses  have  the  same  sign  and  are  equal  to  each 
other  then  the  intensity  is  the  same  on  every  vertical  plane  of  sec- 
tion at  P  and  a  state  of  simple  S3aiclastic  stress  is  said  to  exist  at  P. 
Simple  synclastic  stress  produces  spherical  curvatiu'e  in  a  uniformly 
flexible  plate.  When,  however,  the  principal  stresses  are  equal  in 
amount  but  of  opposite  signs,  the  intensity  of  the  stress  is  the  same 
on  every  vertical  plane  of  section,  and  the  two  planes  on  which  the 
stress  consists  of  twisting  moment  alone,  make  angles  of  45*^  with 
the  principal  planes.  Such  a  state  of  stress  in  a  plate  is  said  to  be 
a  simple  anticlastic  stress,  and  produces  anticlastic  flexure  in  a 
uniform  plate  such  that  the  curve  of' section  of  the  two  principal 
planes  are  alike  but  he  in  opposite  directions. 

Simple  S3aiclastic  stress  is  analogous  to  plane  hydraulic  stress  and 
simple  anticlastic  stress  is  analogous  to  plane  right  shearing  stress. 
As  previously  stated,  any  given  state  of  plane  stress  may  be  regarded 
as  made  up  of  a  hydraulic  stress  and  a  right  shearing  stress  of  such 
intensities  that  superposed  on  each  other  they  will  reproduce  the 
principal  intensities  of  the  given  stress  Unchanged.  In  the  same 
manner  any  given  state  of  stress  at  a  point  P  of  a  plate  may  be  re- 
garded as  made  up  of  a  simple  synclastic  stress,  and  a  simple  anticlas- 
tic stress  of  such  intensities  that  superposed  on  each  other  they  will 
reproduce  the  resultant  intensities  on  the  principal  planes  of  the  given 
state  of  stress. 

It  follows  that  at  any  given  point  P  of  a  uniform  plate  where 
the  principal  curvatiu'es  of  the  plate  do  not  vanish  and  are  unequal 
the  only  planes  on  which  the  twisting  moments  vanish  are  the  prin- 
cipal planes  at  right  angles  to  each  other.  The  stress  on  every  inter- 
mediate plan^  exerts  a  twisting  moment  about  a  normal  to  the  sec- 
tion.   Points  of  support,  and  panel  centers  are  in  general  the  only 
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points  where  spherical  curvature  exists,  and  are  consequently  the 
only  points  where  no  twisting  moments  occur  on  any  planes  of  sec- 
tion. Elsewhere  twisting  moments  occur  on  all  except  two  prin- 
cipal planes.  For  the  analytical  development  of  these  and  other 
principles  covering  the  stresses  in  flat  plates,  see  Thomson  and 
Tait's  Natural  Philosophy. 

m 

It  follows  from  these  universally  accepted  principles  that  in  flat 
plates  and  slabs  in  which  double  curvature  exists,  as  it  does  when 
they  rest  on  or  are  integral  with  separated  supports  or  beams  running 
from  support  to  support,  the  essential  phenomena  to  be  looked  for 
and  considered  in  every  vertical  section  are  the  intensity  and  dis- 
tribution both  of  the  bending  moments  and  the  twisting  moments. 
The  bending  moments  produce  stresses  normal  to  the  sections.  The 
applied  twisting  moments  are  resisted  by  horizontal  shears  in  the 
section  which  are  of  opposite  signs  above  and  below  the  neutral  sur- 
face, and  are  held  in  equihbrium  either  by  shears  of  equal  intensity 
in  vertical  planes  at  right  angles,  or  by  twisting  moments  on  hori- 
zontal planes,  as  will  be  explained  later. 

Any  attempt  to  apply  beam  strip  theory  which  depends  upon 
cylindrical  curvature  and  bending  moments  alone  to  cases  of  synclastic 
curvature  can  only  lead  to  a  fog  of  uncertainty  and  to  results  necess- 
arily incorrect  because  of  its  radical  divergence  from  the  immutable 
laws  of  statics  as  applied  to  states  of  stress. 

Cases  of  synclastic  or  double  curvature  which  are  concave  up- 
ward Uke  those  just  mentioned  are  produced  by  loads  upon  the  upper 
surface  of  a  panel  which  has  supports  around  it,  but  a  plate  supported 
at  its  center  having  synunetrical  loads  upon  its  upper  surface  will  not 
necessarily  undergo  synclastic  curvature  and  become  convex  upward. 
If  its  edges  are  free  it  is  almost  certain  to  bend  in  cylindrical  curvature 
about  whatever  axis  offers  the  least  moment  of  resistance  and  bend 
practically  none  at  all  about  an  axis  at  right  angles  to  this.  But  if 
its  edges  are  restrained  so  as  to  remain  practically  in  a  single  plane, 
as  they  are  foi*  example  where  the  convex  plate  considered  is  either 
a  portion  or  the  whole  of  one  panel  of  a  continuous  plate  of  several 
panels  then  this  continuity  furnishes  the  restraint  required  to  ensure 
double  curvature.  The  stresses  required  to  so,  restrain  the  plate  to 
a  state  of  double  curvature  and  prevent  it  from  assuming  single  cur- 
vature are  insignificant  in  amount  and  are  practically  negligible.     A 
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circular  plate  for  example  supported  at  its  center  and  unifonnly 
loaded,  were  its  edges  restrained  so  as  to  make  it  assume  convex  cur- 
vatiu-e  with  all  of  its  meridian  sections  alike  and  then  its  edges  were 
suddenly  set  free  would  be  in  a  state  of  unstable  equilibrium  as  to 
its  curvatures  which  would  not  persist  however,  for  the  greatest 
principle  curvature  would  immediately  become  cylindrical  about  its 
axis  of  least  resistance,  and  all  sections  perpendicular  to  this  axis 
would  become  parallel  straight  lines.  All  cantilever  plates  here- 
after treated  are  subject  to  these  conditions. 

20.  The  Applied  and  Resisting  Moments  Parallel  to  the  Sides 
of  Uniformly  Loaded  Square  Panels  Supported  on  all  Four  Sides: 

Let  AOBD  Fig.  25  be  one  quarter  of  a  square  panel  of  a  flat 
plate  of  which  0  is  the  panel  center  and  D  one  of  the  four  comers 
where  the  ends  of  the  stiff  side  beams  that  surround  the  panel  are 
supported,  so  that  A  and  B  are  the  middle  points  respectively  of 
the  two  side  beams  that  end  at  D. 

Let  W  be  the  total  uniform  panel  load  then  the  total  uniform 
load  on  AOBD  =  TF/4  and  so  far  as  statical  moments  are  concerned 
it  maj'  be  taken  to  act  at  the  center  of  AOBD,  This. load  has  a 
statical  moment  of  WL/I6  about  any  axis  parallel  to  either  side  when 
taken  with  the  equal  reaction  of  the  comer  support  in  case  L  is  the 
length  of  the  side,  and  each  of  these  two  independent  applied  mo- 
ments at  right  angles  to  each  other  must  be  independently  held  in 
equilibrium  by  resisting  n:oments  in  those  portions  of  the  beams  and 
slab  that  are  in  this  quarter  panel. 

In  order  to  find  out  just  what  these  resisting  moments  are  the 
distribution  of  the  load  upon  the  beams  as  well  as  the  shearing 
stresses  in  the  panel  must  be  considered.  The  load  upon  the  beams 
is  uniformly  distributed,  viz.,  W/S  upon  AD  and  BD  respectively, 
thus  producing  a  bending  moment  of  WL/S2  in  each  side  beam. 
Each  beam  consequently  resists  one  half  the  total  applied  moment 
in  that  direction  in  AOBD, 

Now  consider  the  manner  in  which  the  quarter  panel  of  the 
slab  transfers  the  load  to  the  beams  by  the  shears  and  moments 
produced  in  the  slab.  It  is  evident  by  sjonmetry  that  OA,  OB  and 
OD  are  lines  of  zero  vertical  shear  at  all  points.  In  fact,  every 
vertical  plane  through  0  cuts  the  slab  in  a  section  of  zero  vertical 
shear  at  all  points  in  case  the  side  beams  are  imiformly  loaded,  as 
they  must  be  provided  the  stiffness  of  the  slab  is  small  per  unit  of 
width  compared  with  that  of  the  beams. 


86 


SHEARS  IN  PANELS 


Subdivide  AD  and  BD  each  into  the  same  number  of  equal 
segments  and  join  these  points  of  subdivision  with  0,  Then  the 
elementary  triangles  so  formed  are  equal  to  each  other  in  area,  and 
if  any  line  as  PE  be  drawn  parallel  to  AD  the  vertical  shear  in  each 
of  the  segments  of  PE  is  equal  to  the  load  on  the  triangular  area  be- 
tween it  and  the  two  sides  radiating  from  0,  because  these  sides  be- 
ing lines  of  zero  shear,  the  whole  load  on  the  triangle  must  be  sup- 
ported by  the  shear  on  that  segment  of  PE  which  constitutes  the  base 
,of  the  triangle  in  which  alone  a  vertical  force  is  applied  in  the  form 
of  a  shear.  This  subdivision  into  elementary  triangles  consequently 
transfer^  the  total  load  W/8  which  is  situated  upon  the  triangle 
AOD  to  the  beam  AD  and  distributes  it  there  uniformly  along  AD 
and  in  so  doing  calls  into  play  a  moment  WL/4S  which  is  the  product 
of  the  load  W/S  by  the  distance  L/&  between  the  center  of  gravity 
of  this  triangular  load  and  the  beam  Al)  which  supports  it. 

In  order  to  consider  jnore  in  detail  this  transfer  of  the  load  W/S 
from  the  center  of  gravity  G  of  AOD  to  C  its  center  of  support  on 
AD  along  which  W/S  is  uniformly  distributed,  introduce  two  equal 
and  opposite  vertical  shears  ±  W/S  at  K  the  one  third  point  of  AD. 
Then  AC=L/4,  AK=L/6,  KC=L/l2,  and  GK=L/6. 

In  transferring  the  load  W/S  from  G  to  ADj  the  resultant  of  all 
the  vertical  shears  on  planes  like  PE  parallel  to  AD  is  a  vertical 
shear  =  ±  W/S  at  G,  and  the  resultant  of  all  the  vertical  supporting 
shears  at  the  edge  of  the  beam  AD  is  a  vertical  shear = — W/S  at  C. 
Now  introduce  at  K  the  equal  and  opposite  shears  =  ±  W^8  which 

are  in  equilibrium  with  each 
other  and  are  parallel  to  the  re- 
sultants at  G  and  C  These  two 
shears  so  introduced  at  K  will 
not  disturb  the  equilibrium  al- 
ready existing  and  may  be  con- 
sidered in.  combination  with  the 
forces  previously  enumerated. 

Take  the  couple  of  shears 
+W/S  at  G  and  —W/8  at  K. 
They  produce  a  moment  WL/^S 
about  any  axis  parallel  to  AD, 
which  is  a  bending  moment  be- 
cause the  shears  are  in  vertical 

planes  parallel  to  the  axis  of  moments.     This  is  the  bending  moment 

in  the  slab  which  has  been  already  obtained. 
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Again,  take  the  couple  of  vertical  shears  +TF/8  at  K  and  — TF/8 
at  Cy  a  couple  of  shears  both  of  which  act  in  the  vertical  plane  thru 
AD,  and  which  therefore  constitute  a  twisting  moment  about  an  axis 
perpendicular  to  AD  of  an  amount  equal  to  the  product  of  TF/8  by 
L/12  viz.  WL/96.  Hence  the. loads  upon  AOD  and  BOD  together 
produce  a  bending  moment  of  WL/4S  and  a  twisting  moment  of  ^ 
WL/96  or  a  total  of  WL/32  about  each  of  two  axes  parallel  respec- 
tively to  the  sides  AD  and  BD,  These  bending  and  twisting  mo- 
ments are  resisted  by  the  material  of  the  slab,  and  serve  to  transfer 
the  load  to  the  beams  so  that  of  the  total  applied  statical  moments 
TFL/I6  about  each  side,  one  half  is  resisted  by  bending  moments  in 
the  beams,  one  third  by  bending  moments  in  the  slab  and  one  sixth 
by  twisting  moments  in  the  slab. 

Since  every  element  of  load  on  a  plate  produces  some  twisting 
moment  it  appears  that  twisting  moment  is  an  essential  constituent 
of  *  Opiate  action''  as  distinguished  from  "beam  action". 

The  measure  of  the  twisting  moment  in  this  combination  of  beams 
and  slab  is  one  sixth  of  the  total  statical  appUed  moment  of  the  load 
or  one  third  of  the  total  statical  moment  applied  to  the  slab. 

Since  the  secret  of  slab  action  resides  in  the  twisting  moments  it 
is  desirable  to  further  consider  the  manner  in  which  these  moments 
arise:  In  order  so  to  do,  consider  first  the  twisting  of  a  bar  or  shaft 
of  rectangular  cross  section  subjected  to  a  uniform  twist  from  end 
to  end  by  the  application  of  equal  and  opposite  twisting  moments 
at  its  two  ends  respectively.  It  is  known  that  the  greatest  shearing 
stresses  in  the  right  cross  sections  of  such  a  shaft  are  found  at  the 
middle  of  the  longer  sides  and  that  they  act  parallel  to  those  sides, 
altho  at  first  sight  it  would  seem  as  if  the  greatest  intensity  of  shear 
would  occur  at  such  points  as  are  at  the  greatest  radial  distance  from 
the  axis  of  twisting.  Such,  however,  is  not  the  fact  because  it  is  the 
relative  rigidities  of  the  several  parts  of  the  rectangular  cross  section 
which  determine  the  distribution  of  the  resistance  to  twisting.  It  is 
evident  that  the  total  resistance  to  shearing  distortion  between  two 
neighboring  rectangular  right  sections  of  a  wide  bar.is  much  greater 
along  the  long  side  than  across  it,  for  any  shearing  distortion  can  be 
produced  in  the  thickness  of  the  bar  more  easily  than  in  its  breadth, 
whether  it  be  simple  shear  or  a  twist  about  the  axis.  Hence  it  appears 
that  the  intensity  of  the  distribution  of  the  shears  in  the  right  sec- 
tion of  a  rectangular  bar  is  really  controlled  by  the  relative  shearing 
rigidity  of  its  parts  and  not  by  the  relative  distance  of  these  parts 
from  the  axis  of  twist  as  might  at  first  be  supposed.    The  relative 


88  kibchhoff's  theorem 

intensity  of  these  maximum  shears  on  the 'long  sides  is  dependent 
upon  the  relative  length  and  breadth  of  the  rectangular  cross  section, 
being  larger  the  greater  the  relative  length  of  the  section  compared 
with  its  breadth. 

This  admitted  experimental  and  theoretical  result  is  intimately 
related  to  KirchhoflF's  theorem  as  to  the  conditions  of  equilibirum  at 
the  boimdary  of  a  plate  subjected  to  external  forces,  which  theorem 
states  that  when  a  twisting  moment  of  given  intensity  per  unit  of 
width  of  section  of  a  horizontal  plate  is  produced  by  vertical  shears 
in  that  section  or  boimding  surface  the  same  twisting  moments  may 
be  otherwise  produced  by  applying  instead  equal  and  opposite 
horizontal  shears  in  the  same  bounding  section,  and  any  difference 
in  effect  between  the  action  of  twisting  moments  of  equal  intensity 
produced  in  these  two  different  ways  will  not  extend  more  than  an 
infinitesimal  distance  from  the  section  into  the  plate. 

Now  let  a  vertical  plane  P'E'  parallel  to  AD  pass  close  to  PEy 
then  the  magnitude  of  the  total  twisting  moment  acting  between 
PE  and  P'E^  about  AO  is  the  product  of  the  total  vertical  shear  S 
across  PE  taken  as  acting  at  G  muliplied  by  the  distance  G'K'  by 
which  it  is  shifted  along  PE  in  being  transferred  to  G\  Since  the 
shift  parallel  to  AD  of  the  vertical  shear  on  opposite  faces  of  any 
one  of  the  elementary  parallelograms  that  make  up  the  area  PEE'P' 
increases  imiformly  from  E  to  P,  the  intensity  of  the  twisting  moment 
about  AO  applied  to  PE  increases  uniformly  along  EP  from  zero  at 
E  on  the  median  line  to  P  on  the  diagonal.  In  this  reasoning  the 
section  PE  which  is  employed  has  no  reference  to  the  center  of 
gravity  G,  but  is  a  section  drawn  parallel  to  AD  anywhere  between  0 
and  AD.  Moreover  the  total  twisting  moment  on  PE  increases  uni- 
formly with  its  distance  from  0,  i,  e,  is  proportional  to  the  length 
of  PE  itself. 

Now  the  application  of  the  facts  mentioned,  respecting  the  twist- 
ing of  rectangular  shafts  and  Earchhoff 's  theorem  on  boundary  con- 
ditions, to  fiat  plates  or  slabs  where  the  twists  are  produced  by  the 
shifting  laterally  of  vertical  shears  is  this: — 

In  a  vertical  rectangular  section  of  a  plate  in  which  the  thick- 
ness is  so  small  compared  with  the  breadth  as  it  is  in  a  fioor  or 
slab  all  the  shearing  resistance  to  a  twist  in  the  section  practically 
consists  of  horizontal  shears  of  opposite  sign  above  and  below  the 
neutral  surface  which  increase  from  zero  intensity  at  that  surface  to 
their  greatest  positive  and  negative  values  at  the  upper  and  lower 
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faces  of  the  slab,  and  this  notwithstanding  the  fact  that  these  twists 
are  produced  by  the  shifting  laterally  of  vertical  shears  between  this 
and  parallel  sections. 

Having  thus  discovered  the  distribution  of  the  twisting  moments 
in  their  action  upon  any  elementary  prism  of  the  strip  PEE'P'  whose 
horizontal  cross  section  is  PQQ'P'  for  example,  which  extends  ver- 
tically thru  the  thickness  of  the  plate  or  slab  let  us  consider  the  action 
upon  this  prism  of  the  applied  bending  moment  and  twisting  mo- 
ment somewhat  more  in  detail. 

Let  +H  and  — H  be  the  horizontal  shears  that  act  parallel  to 
AD  on  the  vertical  edges  of  a  horizontal 
lamina  PP'Q'Q  one  "unit  thick.  The 
intensity  of  these  stresses  ±H  depends 
upon  the  distance  of  this  lamina  above 
or  below  the  neutral  surface;  those 
above  the  neutral  plane  will  tend  to 
twist  the  prism  in  one  direction,  while 
those  below  it  will  tend  to  twist  it  in 
the  opposite  direction,  the  entire  sys- 
tem of  shears  being  held  in  equilibriimi 
by  the  twisting  resistance  of  the  prism 
about  its  vertical  axis.  There  are  no 
vertical  or  horizontal  shears  upon  the 
vertical  faces  PP'  and  QQ'  since  these 
lie  in  planes  of  zero  shear,  but  there  are 
opposite  normal  stresses  +T  and  — T 
upon  the  faces  PQ  and  P'Q'  of  different  signs  above  and  below  the 
neutral  axis  which  are  due  to  the  bending  moment.  Since  +7"  and 
— T  altho  parallel  are  not  along  the  same  straight  line,  those  acting 
on  every  lamina  above  the  neutral  plane  will  produce  a  twist  about 
a  vertical  axis  which  will  be  held  in  equilibrimn  by  an  equal  opposing 
twist  due  to  the  forces  acting  on  corresponding  lamina  below  the 
neutral  plane.  The  above  mentioned  twists  and  any  twists  due  to 
normal  stresses  on  the  vertical  faces  PP'  and  QQ'  are  resisted  by 
twisting  shears  in  the  neutral  plane  and  planes  parallel  to  it,  whose 
intensity  decreases  with  the  distance  of  the  plane  from  the  neutral 
surface  and  they  call  for  no  resistance  elsewhere. 

From  this  explanation  and  exposd  it  is  evident  that  the  horizontal 
shears  on  the  vertical  sides  of  a  prismatic  element  extending  thru  a 
plate  have  no  necessary  relation  to  the  horizontal  shears  on  vertical 
planes  at  right  angles  to  them  since  they  each  merely  produce  in- 
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HoriiODta]  Lamina  or  element  of 
vertical  rhomboidal  priam  ex- 
tending thru  the  plate. 
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dependent  self-contained  twists  in  the  prism,  and  the  proposition 
which  has  been  used  in  establishing  the  accepted  fundamental  dif- 
ferential equations  of  plates  to  the  effect  that  the  intensity  of  twist- 
ing moments  is  the  same  on  any  two  vertical  planes  that  cross  at 
right  angles  is  not  necessarily  true  since  it  is  based  on  incorrect 
assumptions  which  omit  to  consider  twists  about  the  vertical. 

21.    The  Applied  Bending  and  Twisting  Moments  About    the 
Diameter  of  a  Circular  Cantilever  Plate  Restrained  at  its  Center: 

(i)  Uniform  load  thnumt.  Let  AOBD  Fig.  27  represent  one 
quarter  of  a  imiform  circular  plate  of  radius = ft  restrained  at  0. 
Let  W  be  the  uniformly  distributed  load  upon  the  entire  plate,  then 
the  total  uniform  load  upon  AOBD  —  W/i:^  and  so  far  as  moments 
about  AO  or  BO  are  concerned,  this  load  may  be  taken  to  act  at  C 

the  center  of  gravity  of  this  quad- 
rant at  a  distance  4/2/3  t= 0.424 
R  from  AO  and  BO.  This  load 
when  taken  with  the  equal  re- 
action of  the  central  support  has 
a  statical  moment = WR/3  t  both 
about  AO  and  about  BO  inde- 
pendently. 

Each  of  these  applied  mo- 
ments must  be  held  in  ^quiUbrium 
by  resistmg  moments  in  the  ma- 
terial of  this  quarter  of  the  plate, 
and  in  order  to  determine  in  more 
detail  how  this  is  accomplished  it 
may  be  noted  that  all  diametral  sections  thru  0  cut  out  by  radial 
planes  are  sections  of  zero  shear  at  all  points  of  these  sections,  and 
that  the  load  is  transferred  by  vertical  shears  to  0  along  radial  lines 
only.  For  example,  the  load  upon  any  area  ADPE  is  carried  by  the 
vertical  shear  in  the  section  PE  between  it  and  0.  Now  let  D  be  the 
middle  point  of  the  quarter  circumference  Afi,  Then  the  load  W/S 
upon  the  octant  ADO  may  be  regarded  as  transferred  to  0  by  shear 
in  sections  of  ADO  parallel  to  BO  and  by  the  moments  that  these 
shears  produce.  Let  G  be  the  center  of  gravity  of  the  load  on  the 
octant  ADO,  then  OJ5=4  V2fi/3ir=0.6/e,  and  GE=OE  tan 
22^30' =0.2oft  nearly. 

The  resultant  of  all  the  shears  in  ADO  may  be  taken,  so  far  as 
the  moments  produced  by  them  is  concerned,  as  a  resultant  shear 
W/S  acting  at  G  the  center  of  gravity  of  ADO  in  the  section  PE 


Fig.  27 
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parallel  to  BO,  while  the  reaction  of  the  support  which  supports  this 
part  of  the  load  acts  either  at  0  or  near  by  at  some  section  JK  of 
the  column  cap  parallel  to  BO,  At  E  introduce  two  equal  and  op- 
posite vertical  shears,  J:W/S  in  the  plane  PE  which  will  in  no  way 
disturb  the  action  of  other  shears.  Then  the  vertical  shear — W/8 
at  Of  taken  with  +W/8  at  E  acting  parallel  to  BO  will  produce  a 
moment  about  OB  of  OEXW/S=0.6  R  W/8,  which  is  a  bending 
moment  because  the  shears  producing  it  act  on  planes  parallel  to 
the  axis  of  moments  OB. 

Again,  the  vertical  shear  — TF/8  at  E  and  +Tr/8  at  G  acting  in 
the  plane  PE  will  produce  a  moment  about  OA  of  amount  GEXW/S 
=0.25  R  W/S,  which  is  a  twisting  moment  about  AO,  because  the 
shears  producing  it  both  .act  in  the  plane  PE  at  right  angles  to  the 
axis  of  moments.  These  two  moments  and  the  shear  W/S  at  G 
parallel  to  OB  transfer  the  load  in  this  octant  to  0.  Likewise  the 
shear  W/S  in  BDO  acting  in  vertical  planes  parallel  to  AO  transfers 
the  load  on  the  octant  BDO  to  0  by  help  of  bending  moment  =0.6  R 
W  /8  about  AO,  and  a  twisting  moment  about  BO  =0.25  RW  /S, 

The  total  statical  moment  about  AO  or  BO  is  the  sum  of  the 
bending  and  twisting  moments  about  either  axis,  vi2. 

(0.6+  0.25)R  Tr/8=0.425  R  W/\ 

which  is  the  same  amount  as  was  obtained  when  the  quadrant  was 
treated  as  a  whole.  But  this  detailed  analysis  has  established  the 
fact  that  the  statical  moment  about  each  of  the  independent  axes 
AO  and  BO  at  right  angles  to  each  other,  viz.  0.424  R  W/^,  is  made 
up  of  two  parts,  only  one  of  which  is  a  bending  moment,  viz.  0.3  R 
Tr/4,  so  that  the  bending  moment  is  only  70%  of  the  total  statical 
moment,  while  the  twisting  moment  which  measures  the  slab  action 
amounts  to  30%  of  it,  in  case  the  reaction  of  the  support  is  con- 
centrated at  the  point  0.  But  in  case  the  reaction  of  the  support  is 
taken  to  be  imiformly  distributed  over  the  area  of  a  circular  cap  of 
radius =fio  the  bending  moment  about  a  diameter  will  be  only 
0.3(/i — R^W/A,  so  that  when  Rq  has  a  minimum  value  of  0.2/i  the 
bending  moment  is  only  0.24  R  Tr/4  or  less  than  51%  of  the  statical 
applied  moment. 

The  distribution  of  the  twisting  moment  along  any  section  PE 
depends  both  on  the  intensity  of  the  vertical  shear  along  PE  and  on 
the  shift  of  shear  between  any  segment  PQ  and  the  adjacent  parallel 
segment  P'Q'.    This  shift  is  zero  at  E  and  increases  continuously 
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^from  E  to  P  because  of  the  decreasing  angle  at  which  PE  intersects 
the  several  radii  between  AO  and  AD,  The  twisting  moment  along 
EP  reaches  its  maximiun  intensity  at  P  on  the  radius  that  makes  an 
angle  of  45°  with  PE,  and  total  twisting  moment  on  any  section  par- 
allel to  PE  becomes  greater  the  greater  its  distance  from  A  where  it 
is  zero.  It  is  evident  therefore  that  the  intensity  of  the  twisting 
moment  along  any  section  that  is  a  chord  of  a  circular  cantilever 
plate,  is  zero  at  the  middle  of  the  chord,  and  increases  along  the 
chord  to  the  point  where  it  intersects  a  radius  at  45°  with  it  after 
which  it  diminishes  to  zero  at  the  edge  of  the  plate. 

(^)  Umform  load  around  the  circumference:  Let  0  be  the  center 
of  the  plate  and  ADB  be  one  quarter  of  the  loaded  circumference 
which  carries  a  load  W/^,  whose  center  of  gravity  is  situated  at  a 
perpendicular  distance  of  2jB/ir= 0.6366/2  from  either  AO  or  BO,  so 
that  its  statical  moment  about  AO  or  BO  is  the  product  of  TF/4  by 
this  distance,  viz,  RW/2ir^0.&dQ6RW /^. 

Now  consider  the  separate  loads  W/S  upon  the  two  octants  AD 
and  BD,  The  center  of  gravity  of  a  uniform  load  on  AD  is  situated 
at  perpendicular  distance  of  2/2  V2/ir= 0.9/2  from  BO,  and  at  a  dis- 
tance of  0.9/2  tan  22^30' =0.373/2  from  AO  so  that  the  load 
W/8  upon  AD  has  a  moment =0.9/2Tr/8  about  BO  and  a  moment 
=0.373/2F/8  about  AO. 

The  first  of  these  moments  is  a  bending  moment  and  the  other  a 
twisting  moment.  Again,  when  we  consider  the  load  W/S  upon  the 
area  BD  it  produces  a  bending  moment  and  a  twisting  moment  about 
AO  and  BO  respectively  ot  the  same  magnitudes  as  those  just  com- 
puted; so  that  the  total  moment  about  either  AO  or  BO  =  (0.9  + 
0.373)/2Tr/8=0.636fiTr/4,  i.  e.  the  same  as  that  previously  cal- 
culated. This  twisting  moment  is  more  than  41%  as  lai^e  as  the 
bendmg  moment. 

It  is  easy  to  find  the  position  upon  ON  of  the  center  of  gravity  of 
a  composite  load  on  AOD  which  is  made  up  of  one  part  uniformly 
distributed  over  the  area  of  the  plate  and  another  part  uniformly 
distributed  around  its  circiunference  in  case  the  relative  magnitudes 
of  these  parts  are  known.  It  is  evident  that  the  magnitude  of  the 
twisting  moments  produced  by  such  a  composite  load  about  any 
radius  is  more  than  40%  of  the  bending  moment  about  that  axis, 
since  that  is  the  fact  respecting  each  of  the  component  loads  sep- 
arately. The  total  statical  moment  about  the  axis  is  the  sum  of  the 
twisting  and  bending  moments  taken  together. 
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It  willy  however,  conduce  to  simplicity  in  the  calculation  of  the 
total  shears  and  moments  if  they  be  calculated  for  each  of  these  two 
kinds  of  distributed  loads  independently,  when  their  combined  effect 
will  be  simply  the  sum  of  their  separate  effects. 

22.  Work  of  Deformation  in  Circular  Plates:  A  circular 
plate  bent  in  synclastic  curvatiu^  under  symmetrical  loading 
and  restrained  at  its  center  acts  as  a  circumferential  cantilever. 
The  radial  fibers  are  elongated  on  the  convex  side  of  the  neutral  sur- 
face and  are  shortened  or  compressed  on  the  concave  side  of  that 
surface  in  proportion  to  their  distances  above  or  below  it.  The 
circiunferential  fibers  also  suffer  corresponding  elongations  and  con- 
tractions depending  on  their  distance  from  the  center  of  this  area 
and  the  curvature  of  the  radial  fibers. 

Referring  to  Fig.  28 
the  position  of  the  plate 
bent  downward  at  and 
near  the  center  is  shown 
in  an  exaggerated  man- 
ner. The  elongation  of 
the  top  radial  fiber  of  the 
plate  as  compared  with 
the  corresponding  radius 
R  of  the  neutral  axis  is 
noted  as  AR.  The  plate 
may  be  regarded  as  made 
up  of  horizontal  thin 
sheets  or  laminas  each  of 
which  consists  of  flat 
rings  that  are  imiformly 
stretched  in  all  direc- 
tions. The  work 
stretching  may  be  inves- 
tigated in  the  following 
problem  in  which  R  is 
the  radius  of  the  circular 
sheet,  AR  the  amount  of 
the  radial  stretching  of  R, 
r  is  the  radius  of  any  ring 
of  the  sheet,  Ar  its  radial 


Fig.  28 


stretching  and  A  ^the  elementary  angle  between  two  consecutive  radii. 

Problem:    In  case  of  uniform  stretching  of  a  thin  flat  circular 
sheet  taken  as  one  imit  thick,  to  compute  the  radial  and  the  cir- 
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cumferential  work  against  the  elastic  forces  having  a  final  intensity 
of  /  per  square  unit  of  cross  section. 

Resilience  =  (mean  unit  stress)  X  (cross  section)  X  (elongation). 
Mean  unit  stress  during  deformation =|/. 

a.      Radial  Resilience:    By  definition  of  modulus  E, 

EAR 


R  :  AR  ::E  : /,  .\/= 


R 

Rd  e 


Mean  cross  section  of  elementary  sector  = 
Hence  the  radial  resilience  of  an  elementary  sector 

=   ^^  X  ^^    X  AR  =  iE{AR)'de. 
2R  2 

Total  radial  resilience  of  circular  plate 

^E^(ARf    .,^^^  ^    "^EiAR)' 
4  Jo  2 

b.     Circumferential  ResiHethce  of  elementary  ring  of  radius  r. 

By  geometry  2ir  r  :2  t  A  r  ::2  tR  :2  ir  A  R  ::  E  :f,  .'.  f^  E_AR 

R 

Hence  the  circumferential  resilience  of  elementary  ring 

X  dr  X  2  T  Ar,  but  Ar 

2R  R 

.'.  Total  circumferential  resilience  of  circular  plate 

.'.  Total  circumferential  resilience  =  total  radial  resilience. 

While  the  circumferential  deformations  are  coincident  with  and 
their  magnitudes  are  dependent  on  radial  deformations  it  is  the  radial 
deformations  or  extensions  and  compressions  along  meridian  lines 
which  determine  the  vertical  geometry  of  the  slab.  Since  half  of 
the  work  done  by  the  load  is  stored  in  the  plate  circumferentially 
in  a  manner  which  does  not  enter  into  the  determination  of  the  de- 
flection we  have  established  a  method  of  storage  of  energy  in  dish 
shaped  curvature  of  the  plate  different  from  that  in  beam  action. 
In  a  linear  cantilever  or  in  simple  beam  action  no  energy  can  be 
stored  circumferentially  because  there  is  no  elastic  lateral  deform- 
ation thru  which  to  store  energy  laterally. 
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Let  a  uniformly  distributed  load  Wi  when  gradually  applied  to 
a  rectangular  plate  of  length  =  25  and  width  —^r  in  the  form  of  a 
double  cantilever  or  wide  beam  which  is  supported  on  a  wall  across 
the  middle  of  its  length  perform  an  amount  of  work  =  Q  by  pro- 
ducing a  mean  deflection  Hi,  then  Q^iWiHi,  and  this  amount  of 
energy  is  stored  in  the  plate  in  elastic  deformations  produced  by  the 
bending  consisting  of  elongations  and  compressions  all  of  which  are 
lengthwise  of  the  plate. 

Again,  let  this  same  amount  of  work  Q  be  performed  upon  a  uniform 
circular  plate  of  radius = /?,  which  has  the  same  length  of  span,  the  same 
area,  the  same  thickness  and  the  same  amount  of  resistance  per  unit 
of  cross  section  as  the  rectangular  plate  and  is  restrained  at  its 
center.  Let  W2  be  the  load  required  to  do  this  and  let  H2  designate 
the  mean  deflection  produced.  Then  Q  =  iW2H2.  Now  since  one 
half  of  the  energy  of  the  tensions  and  compressions  in  the  circular 
plfLie  is  stored  circumferentially  and  one  half  radially  and  the  radial 
deformations  shown  by  the  bending  of  the  meridian  cross  sections 
of  the  plate  are  alone  operative  in  producing  the  deflection  H2,  we 
have  on  the  average  only  about  one  half  as  much  radial  deformation 
of  elongation  or  compression  at  a  given  distance  from  the  center  of 
the  circular  plate  as  occurs  at  that  same  distance  from  the  middle 
of  the  rectangular  plate.  Considering  the  fact  that  the  circular 
plate  will  on  this  account  have  a  mean  deflection  H2  which  is  approx- 
imately only  one  half  of  that  of  the  rectangular  plate,  we  have 
H2 = i-ff  1,  approximately.  But  since  in  that  case  Q = iWiHi  =  \W2fl29 
we  have  2Wi  =  'W2'  From  this  it  appears  that  we  can  store  approx- 
imately the  same  amount  of  energy  Q  in  a  circular  cantilever  plate 
of  radius  R  supported  at  its  center  as  in  a  double  simple  cantilever 
of  width  \irR  the  length  of  each  of  the  equal  arms  being  R  when  the 
cross  section  of  each  plate  is  the  same  per  unit  of  width  by  placing 
twice  as  much  total  uniform  load  upon  the  circular  plate  as  upon 
the  other  and  thereby  producing  half  as  great  a  mean  deflection. 

Now  for  purposes  of  more  exact  comparison  let  us  no  longer 
assume  that  the  energy  stored  in  the  rectangular  plate  and  in  the 
circular  plate  are  equal,  but  instead  let  the  mean  deflections  be 
equal.  Retaining  the  symbols  W2  =  2Wi,  and  H2  =  iHi,  with 
significations  with  which  they  have  been  already  employed  let 
W2  and  H2  be  the  load  and  deflection  in  case  the  deflection  of  the 
circular  plate  is  equal  to  that  of  the  rectangular,  t.  e,  H2  =  Hi=2H2- 
But  to  produce  a  deflection  2H2  will  require  twice  the  load  required  to 
produce  the  deflection  H2,  i.  e.  1^2=21^2  =  41^1.    And  furthermore, 
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since  with  equal  deflections  the  longitudinal  strains  are  practically 
equal  the  stresses  are  so  also.  Hence  it  requires  four  times  as  much 
load  upon  a  circular  plate  to  produce  given  stresses  as  upon  a  rec- 
tangular plate  of  equal  area  equal  span  2R  and  like  cross  section  per 
imit  of  width. 

The  foregoing  demonstration  omits  all  consideration  of  the  lateral 
strains  due  to  longitudinal  stress,  such  as  is  required  in  obtaining 
the  true  stresses.  Correcting  this  omission,  the  relative  resistance 
and  stiffness  of  the  circular  plate  of  homogeneous  material  as  com- 
pared with  the  plate  of  equal  area  and  unit  cross  section  bending  in 
beam  curvature  is  the  product  of  the  foregoing  relation  by  the  re- 
ciprocal of  1 — K^.  If  JRl  is  one  half,  the  circular  plate  would  be  five 
and  one  third  times  as  strong  and  five  and  one  third  times  as  stiff 
as  the  wide  beam  having  the  same  quantity  of  material. 

To  apply  this  deduction  to  floors  of  Type  IV,  we  may  consider 
the  column  supported  slab  as  divided  into  circles  having  a  diameter 
equal  to  half  the  column  spacing  diagonally.  These  circles  would 
then  represent  the  areas  of  inverted  dish  shaped  plates  concentric 
with  the  columns  and  a  suspended  circular  plate  concentric  with  the 
center  of  the  panel  concave  upward  with  saddle  shaped  areas  between 
them.  This  analysis  will  give  approximate  values  for  the  relative 
stiffness  and  stresses  because  so  far  as  the  stresses  and  strains  in  the 
concave  suspended  circle  at  the  middle  of  a  panel  is  concerned  the 
four  columns  at  the  comers  furnish  a  support  which  is  nearly  as  sym- 
metrical with  respect  to  it  as  would  be  furnished  by  a  circumferential 
support  at  the  same  distance,  and  a  similar  symmetry  exists  about 

each  column  supported  convex  can- 
tilever circle.  Such  an  arrange- 
ment, however,  does  not  present  a 
complete  theory  taking  into  con- 
sideration the  action  of  shears  and 
moments  thruout  the  whole  plate. 
The  presence  of  saddle  shaped 
areas  shows  that  the  resisting  mo- 
ment balancing  the  external  mo- 
ment of  the  applied  forces  com- 
prises a  combiaation  of  both  twist- 
ing and  bending  moments  which  are 
to  be  separated  from  each  other. 
Under  imiform  load  in  an  interior  panel  we  have  by  symmetry,  eight 
lines  of  zero  shear,  two  diagonal  lines,  fom*  lines  passing  thni  each 


Fig.  29 
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of  the  four  columns  supporting  the  panel  and  two  lines  parallel  with 
the  column  lines  at  right  angles  to  each  other  intersecting  at  the 
center.  The  panel  is  thus  divided  by  lines  of  zero  shear  into  eight 
parts  which  may  be  treated  independently  in  determining  the  appUed 
bending  and  twisting  moment  of  the  load  about  the  column  sup- 
ix)rts  as  will  now  be  shown. 

23.    Statical     Demonstration  of  the  magnitude  of  the  bending 
moment  parallel  to  each  edge  of  a  square  panel  of  a  column  supported 
flat  plate.    In  Fig.  26  let  0  be  at  the  middle  of  a  panel  and  D  at  the 
center  of  a  column  cap  of  which 
HJK  is  the  quarter  of  the  peri- 
meter lying  within  the  quarter 
panel  OADB, 

In  case  of  a  total  uniform  load 
of  W  poimds  per  panel  of  a  con- 
tinuous  uniform  plate  of  many 
panels,  since  by  reason  of  symme- 
try the  diagonal  OD  as  well  as  all 
four  sides  of  OADB  are  lines  of 
zero  vertical  shear  at  all  points, 
the  entire  load  S  resting  upon  the 
trapezoidal  area  OAHJ  is  wholly 
supported  by  the  vertical  shears 

at  the  edge  HJ  of  the  cap,  and  the  equal  load  S  on  the  area  OBKJ 
by  the  shear  at  the  edge  KJ, 

Similarly  the  vertical  shear  at  any  section  PE  parallel  to  OA  is 
equal  to  the  load  upon  the  area  OAEP  lying  between  PE  and  the 
median  line  OA, 

Let  G  be  the  center  of  gravity  of  the  area  OAHJ,  then  DG  bisects 
both  PE  and  OA  and  all  sections  parallel  thereto,  and  the  resultant 
shear  S  due  to  the  entire  load  Tr/4  upon  OAHJ  acts  at  G,  but  is 
transferred  from  G  and  appUed  to  HJ  by  help  of  the  statical  mo- 
ments produced  in  the  plate  by  this  transfer. 

In  order  to  determine  precisely  what  these  moments  are,  assume 
lengths  ST  and  ER  equal  and  parallel  to  HJ,  and  for  convenience 
let  the  resultant  shear  <S  at  G  be  uniformly  distributed  along  ST. 
Also  assume  that  two  equal  and  opposite  shears  equal  to  S  act  on 
ER.  They  will  in  no  way  disturb  the  equilibrium  already  existing 
because  they  themselves  constitute  a  system  in  equilibrium  and 
may  consequently  be  arbitrarily  introduced  into  the  system  pre- 
viously existing  for  the, purpose  of  demonstration,  if  so  desired, 
without  affecting  results  in  any  way. 


1 

j 

^^ 

/ 
/ 

f                    i 

P 

7 

'/        ''\ 

A- 

W^^' 

U 

3 

1 

Fig.  30 


98  SHEAR  IN  SQUARE  PANELS 

Now  designating  upward  shears  applied  to  OAHJ  as  negative 
and  downward  as  positive  the  shears  and  moments  acting  on  OAHJ 
may  be  enumerated  in  pairs,  as  follows: 

1st.  A  negative  shear  S  at  HJ  and  a  positive  shear  S  at  ER, 
these  together  transfer  the  reaction  S  of  the  support  from  I  to  L 
and  in'  doing  so  produce  a  bending  moment =SX/L  about  OA  or 
BD  or  some  other  axis  perpendicular  to  IL. 

2nd.  A  negative  shear  S  at  ER  and  a  positive  shear  S  at  ST, 
these  together  transfer  the  supporting  reaction  from  L  to  G  and  hold 
the  resultant  load  S  in  equiUbriima  at  G  and  in  so  doing  produce, 
(since  they  are  equal  and  opposite  shears  in  the  same  plane)  a  twist- 
ing moment  =  SXL(?  about  AD  or  OB  or  some  other  axis  perpen- 
dicular to  LG. 

Similarly  the  load  upon  OBKJ  produces  a  positive  resultant 
shear  S  at  C  the  center  of  gravity  of  this  load  at  the  mid  point  of  PF, 
and  this  witli  the  negative  shear  S  at  KJ  produces  a  bending  mo- 
ment =fi^XVf/  about  some  axis  as  AD,  perpendicular  to  VU  and  a 
twisting  moment  =  S  X  UC  about  some  axis  as  BD,  perpendicular  to  f/C 

But  LG  =  jyC/,  and  1}C^\IL,  Hence  the  twisting  moment 
about  either  axis  perpendicular  to  a  side  of  the  panel  is  one  half  as 
great  as  the  bending  moment  about  the  same  perpendicular,  and  the 
load  S  upon  each  of  the  trapezoidal  areas  OAHJ,  OBKJ  produces  a 
bending  moment  about  an  axis  parallel  to  one  side  of  the  panel  and 
a  twisting  moment  about  an  axis  perpendicular  to  that  side. 

In  case  the  colimm  cap  is  reduced  in  size  to  a  mere  point  at  D 
each  trapezoid  becomes  a  triangle  of  area  =  iL^,  and  LG=  VC—L/^y 
while  /L  =  y  f/  =  ^L.  Hence  the  bending  moment  Mx  reduces  in  this 
case  to  WL/2^  and  the  twisting  moment  to  TrL/48.  With  the 
ordinary  size  of  column  caps  the  moment  each  way  reduces  to  WL/\% 
and  sometimes  with  a  large  cap  to  as  low  as  WL/2Q  as  will  later  be 
developed.    Similar  results  hold  true  in  case  the  panel  is* not  square. 

Remarks:  The  total  statical  moment  about  a  side  for  the  entire 
load  on  a  half  panel  between  a  median  line  and  a  parallel  panel  edge 
is  twice  the  smn  of,  both  the  bending  moment  and  the  twisting  mo- 
ment for  a  quarter  panel.  This  sum  amoimts  to  IV'L/S,  which 
statical  moment  must  be  held  in  equiUbrium  by  the  resistance  of 
the  combined  bending  and  twisting  moments  that  act  in  the  material 
of  the  plate  about  the  side  in  question. 

It  has  been  heretofore  erroneously  assumed  without  proof  that 
the  entire  amount  of  both  of  the  statical  moments  about  x  and  y 
due  to  the  loading  must  be  all  expended  in  producing  bending  mo- 
ments alone  about  x  and  y  respectively  in  flat  plates  just  as  in  beams. 
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The  nature  of  this  error  may  perhaps  become  apparent  by  con- 
sidering a  square  flat  plate  of  dimensions  =10L;  on  each  side,  let  us 
say,  supported  by  a  series  of  parallel  walls  with  flat  tops  at  a  distance 
apart  of  L  along  x.  If  this  plate  be  uniformly  loaded  it  will  con- 
stitute a  wide  beam  of  ten  spans  along  x  subjected  to  bending  mo- 
ments Af,  determined  by  the  applied  statical  moments,  while  all 
moments  My  are  zero. 

If  now  the  walls  be  replaced  by  separated  supports  at  a  distance 
apart = L,  then  the  applied  statical  moments  along  x  will  be  unchanged 
but  statical  moments  along  y  of  equal  amoimt  will  also  be  introduced. 
Now  since  these  applied  statical  moments  in  this  case  produce  twist- 
ing moments  also,  such  as  did  not  exist  with  the  wall  supports,  the 
bending  moment  Afx  is  less  than  with  the  wall  supports,  while  My 
has  at  the  same  time  been  increased  from  zero  to  an  equality  with  M^» 

From  this  it  is  evident  that  while  the  total  bending  moment  about 
a  single  side  is  less  with  separated  supports*  than  with  wall  supports 
on  two  opposite  sides  of  the  panel,  yet  the  sum  total  of  the  moments, 
JIf „  and  My  in  two  directions,  which  are  together  effective  in  trans- 
ferring the  load  to  the  supports,  is  greater  than  is  the  case  with  walls 
where  3/y=zero. 

This  matter  has  been  so  commonly  misunderstood  that  the  Joint 
Committee  of  the  American  Society  et  al.  accepted  Mr.  NichoFs* 
erroneous  analysis  of  the  steel  stresses  in  flat  slabs  in  their  report. 
From  the  foregoing  demonstration  it  is  apparent  that  in  practice 
these  bending  moments  are  less  than  many  have  assumed  them  to 
be.    They  are  in  fact  less  than  half  of  TTL/S. 

24.  Equilibrium  of  an  Elementary  Vertical  Prism  Under  Bending 
Moment  and  Twisting  Moment.  If  in  Fig.  30.  on  a  previous  page, 
AO  be  divided  into  equal  parts  and  radial  lines  be  drawn  from 
the  point  of  support  D  to  each  of 
these  points  of  division  as  in  Fig. 
31,  each  pair  of  consecutive  rays 
will  boimd  a  triangular  area  such 
as  NiDAy  N2DN1J  etc.,  having 
a  common  height  and  base  and 
therefore  of  equal  area  though 
different  in  configuration. 

Each  of  the  radial  sections 
thru  D  is  a  section  of  zero 
shear  at  every  point  and  the 
load  upon  any  trapezoidal  area 

♦Trans.  Am.  Soc.  C.  E.  Vol.  LXXVII,  p.  1670  (1914). 
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such  as  that  between  ef  and  the  corresponding  segment  of  AO  pro- 
duces a  vertical  shear  at  ef  equal  to  that  load. 

Designate  its  amount  per  unit  length  of  ef  by  +«,  then  the  down- 
ward applied  vertical  force  exerted  on 
the  element  ejgh  at  ef  by  the  load  be- 
tween it  and  AO  differs  by  no  more 
than  an  infinitesimal  amount  from  the 
upward  supporting  force  — «  exerted 
on  it  at  gh  by  the  triangular  portion  of 
the  plate  between  gh  and  D,  These 
forces  are  vertical  shears  of  intensity 
is  which  are  imiformly  distributed 
along  ef  and  gh. 

It  is  to  be  observed  that  these  shears 
on  ef  and  gh  are  not  perpendicularly 
opposite  to  each  other,  but  on  account 
of  the  obliquity  of  the  rhombus  efgh 
one  shearing  force  is  shifted  laterally 
with  respect  to  the  other,  at  the  same 
time  that  it  is  shifted  perpendicularly  to  the  plane  on  which  it  acts. 
The  perpendicular  shift  produces  bending  moment,  and  the  lateral 
shift  twisting  moment  as  may  be  seen  from  Fig.  32,  where  the  ver- 
tical shearing  resistance  which  the  element  efgh  exerts  at  its  back 
face  e/y'e'  on  the  trapezoid  between  it  and  AO  is  taken  as  equal  and 
opposite  to  that  at  the  front  face  ghh'g'  on  the  triangle  Def.  In  this 
Fig.  32  it  does  not  appear  so  clearly  as  on  Fig.  31  that  these  forces 
are  not  directly  opposite  each  other,  but  that  may  nevertheless  be 
readily  understood. 

Vertical  shear  is  uniformly  distributed  along  any  section  PE 
parallel  to  AO  as  may  be  seen  from  the  fact  that  the  shears  on  equal 
segments  are  produced  by  equal  portions  of  the  load.  It  should  be 
further  noted  that  smce  the  twisting  moment  depends  upon  the 
lateral  shift  of  this  uniform  shear  it  increases  uniformly  from  zero 
at  E  to  its  greatest  value  at  P  at  the  diagonal  DO. 

Now  the  twisting  moment  produced  by  this  lateral  shift  of  the 
vertical  shears  between  front  and  back  faces  about  a  horizontal  axis 
Y  is  such  as  would  tend  to  cause  the  laminae  parallel  to  front  and 
back  faces  to  twist  around  on  each  other  about  Y.  But  the  couple 
furnished  by  horizontal  shears  ±H  on  the  back  face,  and  horizontal 
shears  +fl  on  the  front  face  will  cause  the  same  kind  of  twisting  about 
Y.    As  already  explained  these  horizontal  shears  in  vertical  planes 
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are  the  effective  resisting  shears  in  plates  so  far  as  twisting  moments 
about  horizontal  axes  are  concerned. 

It  will  be  observed  that  the  horizontal  shears  J:H  on  that  part 
of  the  front  and  the  back  face  that  is  above  the  neutral  surface 
furnish  a  twisting  moment  about  the  vertical  axis  Z  that  increases  in 
magnitude  from  the  top  surface  to  the  neutral  surface,  etc.,  and  fur- 
ther that  it  is  held  in  equilibrium  by  the  opposite  twisting  moment 
produced  by  -\-H  below  the  neutral  surface.  These  moments  tend  to 
make  the  prism  twist  about  the  axis  Z.  So  far  it  does  not  appear 
that  there  is  any  necessary  connection  between  these  horizontal  shears 
on  vertical  planes  and  the  vertical  shears  on  the  same  planes. 

When  the  intensities  of  the  shears  are  equal  on  vertical  planes  at 
right  angles  to  each  other  they  have  equal  and  opposite  twisting  mo- 
ments about  a  vertical  axis  and  neutralize  each  other.  But  this 
need  not  take  place.  As  already  seen  on  a  previous  page  twisting 
moments  about  a  vertical  axis  may  also  be  produced  otherwise  than 
by  these  shears,  viz.  by  the  lateral  shifting  of  the  longitudinal  bend- 
ing stress  T.  The  relative  amounts  of  resistance  to  the  resultant 
twisting  moment  about  a  vertical  axis  per  horizontal  unit  of  area  are 
adjusted  between  unequal  horizontal  shears  on  vertical  planes  at 
right  angles  and  the  twisting  shears  on  horizontal  planes  by  the  re- 
lative rigidities  of  these  two  kinds  of  resistance.  And  it  is  by  means 
of  this  adjustment  that  the  longitudinal  stresses  of  the  bending 
moments  are  differently  distributed  in  different  cases.  For  example 
in  the  crown  sheet  of  a  boiler  which  is  pierced  for  stay-bolts  at 
points  of  support  the  stresses  across  the  sides  of  the  panels  are  dif- 
ferent from  the  stresses  in  a  plate  not  so  pierced. 

It  is  to  be  noticed  that  the  preceding  discussion  does  not  require 
the  intensities  of  the  shearing  components  of  the  stresses  on  vertical 
planes  which  are  at  right  angles  to  each  other  to  be  equal,  because 
of  the  intensity  of  the  twisting  moments  that  may  exist  on  horizon- 
tal planes.  In  this  particular  the  equilibrium  of  a  rectangular 
elementary  prism  extending  from  top  to  bottom  of  a  flat  plane  differs 
from  that  of  c.  horizontal  prism  extending  thru  from  side  to  side  of  a 
beam,  which  last  is  so  symmetrically  situated  with  respect  to  the 
shearing  stresses  that  no  twisting  moments  can  occur  in  it  as  they 
can  occur  in  an  element  of  a  flat  plate.  For  this  reason,  vertical 
and  horizontal  shearing  stresses  have  equal  intensities  in  simple 
beams  but  horizontal  shears  on  vertical  planes  at  right  angles  need 
not  be  equal  in  flat  plates. 
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25.  Summary.  The  monolithic  nature  of  reinforced  concrete  has  been 
taken  advantage  of  by  the  practical  constructor,  but  it  presents  pro- 
blems that  from  the  theoretical  standpoint  are  so  different  from  those 
of  structures  made  up  of  independent  units  of  steel  or  timber  that 
the  theoretical  treatment  adapted  directly  from  that  of  unit  con- 
struction has  not  proven  to  be  in  accordance  with  practical  ex- 
perience. The  fundamental  errors  which  have  brought  this  result 
about  are  as  follows: 

1.  The  attempt  to  treat  the  external  moment  of  the  load,  which 
is  merely  an  applied  moment  in  the  abstract,  as  a  concrete  quantity, 
and  to  fix  its  status  by  calling  it  without  warrant  an  external  bend- 
ing moment,  meaning  thereby  that  it  must  necessarily  be  opposed 
by  bending  resistances  alone  regardless  of  the  presence  of  internal  re- 
sistances other  than  those  of  bending.  These  other  resistances  that 
take  part  in  holding  the  external  moment  of  the  load  in  equilibrium 
are  internal  twisting  resistances  which  latter  combined  with  the 
internal  bending  resistances  together  furnish  internal  resisting  mo- 
ments that  hold  the  external  applied  moment  in  equilibrium. 

2.  Treatment  of  shear  as  though  it  were  not  a  directed  quantity 
with  a  definite  relation  to  the  moment  which  is  produced  by  it  as  a  by- 
product, or  an  effect  of  the  shear. 

3.  Treatment  of  moments  in  the  column  supported  panel  as  tho 
the  load  were  carried  by  beam  action  alone  regardless  of  the  coaction 
of  radial  and  circumferential  resistance. 

It  is  to  be  regretted  that  the  foregoing  errors  vitiate  the  con- 
clusions respecting  flat  plate  floors  reached  by  the  Joint  Committee 
on  Concrete  and  Reinforced  Concrete  in  their  final  report. 
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CHAPTER  IV. 

MECHANICS  OF  PERMANENT  DEFORMATION  AND 
STRAIN  BEYOND  THE  LIMITS  OF  ELASTICITY 

I.  Where  an  elastic  body  is  subjected  to  stress,  and  the  strains 
it  undergoes  do  not  pass  beyond  the  limits  of  the  true  elasticity  of 
the  materials,  the  work  expended  in  straining  the  body  is  restored 
by  its  resilience  as  the  stress  is  removed.  But  when  the  strains  ex- 
ceed these  limits,  work  is  expended  upon  the  material  that  is  not  so 
restored.  The  energy  so  expended  beyond  the  elastic  resilience  of 
the  body  is  dissipated  through  the  evolution  of  heat,  and  the  body  is 
not  able  to  restore  the  energy  imparted  to  it  by  work  performed 
beyond  true  elastic  limits. 

This  work  done  upon  the  material  tends  to  change  its  properties. 
When  a  piece  of  mild  steel  is  gradually  loaded  in  simple  tension  to 
between  five-eighths  and  two  thirds  of  its  ultimate  strength,  a  point 
is  reached  where  a  large  plastic  deformation  occurs  with  very  little 
increase  in  the  applied  load.  This  is  called  the  yield  point,  or 
conmiercial  elastic  limit,  and  is  determined  by  the  drop  of  the  beam 
in  testing.  When  the  load  is  carried  to  a  point  somewhat  beyond 
this  primitive  yield  point  and  the  load  is  then  removed,  on  subse- 
quent testing  of  the  same  piece  it  will  be  found  to  have  developed  a 
new  yield  point  at  a  somewhat  higher  load  than  that  previously 
found,  while  the  limit  of  proportionality  between  stress  and  strain 
has  at  the  same  time"  been  reduced  below  the  value  previously  found. 
If,  after  being  considerably  over  strained  the  specimen  be  allowed  to 
rest  for  a  certain  interval  of  time  before  being  reloaded,  it  then  ex- 
hibits greater  hardness  than  does  a  similar  specimen  similarly  treated 
and  reloaded  immediately.  Its  jdeld  point  is  further  raised  by  such 
a  period  of  rest  and  its  elongation  at  fracture  is  also  thereby  reduced. 

The  apparent  limit  of  proportionality  also  rises  during  this 
period  of  rest  from  that  position  to  which  it  was  lowered  by  the 
over-strain.  When  a  piece  of  steel  is  strained  beyond  the  limit  of 
true  proportionality  and  is  nevertheless  within  the  yield  point  value, 
a  temporary  strain  is  observed  after  the  removal  of  the  load.  The 
disappearance  of  the  temporary  strain  which  occurs  by  a  slow  creep- 
ing back  of  the  material  is  called  elastic  after-working  and  the  lag 
or  slow  increase  of  deformation  imder  stress  is  called  hysteresis. 
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When  a  bar  of  steel  is  loaded  a  number  of  times  alternately  in 
tension  and  compression  to  a  point  a  little  beyond  the  yield  point 
value,  the  yield  point  values  for  tension  and  compression  are  thereby 
both  reduced  to  about  .6  their  original  value,  called  by  Bauschinger 
the  Natural  Elastic  limits  of  the  material. 

2.  Apparent  Elastic  Fatigue.  Experiments  on  the  torsional 
vibration  of  wires  detailed  by  Kelvin  in  his  article  on  plasticity  in 
the  Encyclopedia  Britannica,  indicate  elastic  fatigue  for  a  con- 
siderable range  of  stresses  through  which  the  (Bxp)eriments  were 
conducted,  this  range  being  within  the  Umit  of  elasticity  of  shape. 
The  experiments  were  as  follows: 

About  April  26th,  two  equal  and  similar  lead  weights  or  vibrators 
were  hung  up  by  equal  and  similar  copper  wires,  the  upper  and  lower 
ends  of  the  two  wires  being  similarly  fixed  by  soldering.  Wire  No. 
2  was  kept  vibrating  as  continuously  as  possible  from  day  to  day, 
and  the  other  kept  at  rest  except  when  vibrated  once  a  day  in  an 
experiment  to  test  the  comparative  vicosity  of  the  wires,  but  no 
exact  comparison  was  made  until  May  15.  Then  No.  1  in  97  vibra- 
tions Subsided  from  an  initial  range  of  20  to  a  range  of  10,  while  No. 
2  gave  the  same  subsidence  in  98  vibrations.  During  the  greater 
part  of  May  16  and  17,  No.  2,  was  kept  vibrating  and  No.  1  quiet 
and  experiments  made,  with  the  result  that  No.  1  subsided  from  an 
initial  range  of  20  to  10  in  98  to  99  vibrations  of  2.4  seconds  each, 
while  No.  2  gave  the  same  subsidence  in  frpm  57  to  60  vibrations  of 
2.4  seconds  each. 

It  was  supposed  from  these  experiments  that  true  elastic  fatigue 
occurred  for  all  stresses  within  the  limit  of  elasticity  of  shape  until 
a  similar  and  more  extensive  series  of  experiments  conducted  by  H. 
Thomlinson  (Phil.  Trans.  Royal  Soc.  1886)  showed  that  no  such 
fatigue  of  elasticity  is  felt  in  steel,  iron  or  copper  provided  the  stress 
does  not  exceed  a  certain  well  defined  limit. 

3.  Rupture  by  Fatigue.  The  behavior  of  iron  and  steel  under 
fluctuating  or  repeated  stresses  was  the  subject  of  long  research 
by  *W6hler  and  later  by  Bauschinger.  The  results  of  these  ex- 
periments show: 

1.  That  resistance  to  fracture  under  stresses  fluctuating  within 
certain  limits  depends  upon  the  difference  between  the  maximum  and 
minimum  applied  stresses  rather  than  upon  the  maximum  stress  alone. 
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2.  And  that  reversed  stresses,  tensile  and  compressive,  much 
below  the  static  breaking  stress,  are  sufficient  to  cause  fracture  if 
repeated  a  great  number  of  times. 

Experiments  upon  axle  iron  made  by  the  Phoenix  Company, 
having  an  ultimate  strength  in  tension  of  23  tons  with  an  elongation 
of  about  20  percent,  gave  limiting  maximum  stresses  under  limited 
ranges  as  follows: 


Stress  in  tons  per  square  inch 

Kind  of  Repeated  Load 

Limiting 
Maximum 

Limiting 
Range 

ComDletelv  reversed 

7.6 
15.28 
21.01 

15.2 

From  MaxiTnuin  to  ^ro .-.---.--.-.-,-,--.-. 

15.28 

Frnn>  MRximiim  t^  Hftlf  TiTiaH 

about  10 

Now  the  ultimate  strength  of  the  material  was  23  tons  and  its 
primitive  yield  point  was  in  the  neighborhood  of  12  to  13  tons. 

The  limiting  maximum  stress  of  21  tons  for  repetitions  of  half 
load  in  the  above  Table  is  therefore  8  tons  above  the  primitive  yield 
point,  and  since  whenever  the  primitive  yield  point  is  exceeded  a 
large  deformation  results,  the  manner  in  which  these  repeated  stresses 
were  applied  is  of  interest. 

To  avoid  the  large  deformation  which  would  have  been  produced 
when  the  primitive  yield  point  is  exceeded,  the  stresses  first  applied 
in  these  experiments,  were  less  than  the  primitive  yield  point  and 
this  point  was  thus  gradually  raised  until  its  ultimate  position  was 
above  the  maximum  stress  considered  in  the  range  noted  as  the 
limiting  range. ' 

In  a  practical  structure  the  conditions  of  loading  are  not  such 
as  to  raise  the  yield  point  value  of  the  material  and  so  increase  its 
resistance,  as  was  done  in  these  experiments. 

Consequently  the  limiting  range  of  intensity  of  stress  which  the 
practical  structure  can  withstand  cannot  be  deduced  from  experi- 
mental results  where  such  artificial  assistance  is  extended  to  the 
resistance  of  the  material. 

The  number  of  repetitions  of  stress  upon  the  specimen,  still  un- 
broken, from  which  these  limiting  ranges  were  determined,  ran  into 
the  millions.  The  specimens  unbroken  at  an  alternating  stress  of 
7.6  tons  were  subjected  to  132,000,000  repetitions  without  breaking. 
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« 

This  limiting  range  which  allows  nothing  for  dynamic  effect  is  nearly 
.6  of  the  primitive  yield  point  value  of  the  material,  and  if  the 
dynamic  effect  of  the  rapidity  of  repetition  of  stress  amounts  to 
15%  the  limiting  range  would  be  in  the  neighborhood  of  .7  of  the 
primitive  yield  point. 

4.  Dynamic  Theory  of  Fatigue.  It  is  well  known  that  the  effect 
of  a  suddenly  appUed  load  in  producing  deflection  is  greater  than  that 
due  to  the  same  load  at  rest  and  that  were  the  load  imposed  with 
complete  suddenness  without  shock  its  effect  would  be  to  produce  a 
momentary  deflection  and  strain  twice  that  of  the  same  load  at  rest. 
Mr.  Fidler  in  his  treatise  on  bridge  construction  advances  the  view 
that  it  is  permissible  to  doubt  whether  the  apparatus  used  by  Wohler 
did  in  fact  limit  the  internal  stresses  to  the  calculated  amount  with- 
out exceeding  it,  and  whether  the  bars  were  not  subjected  to  action 
of  dynamic  stresses  every  time  the  load  was  appUed  which  took  place 
about  four  times  a  minute.  That  this  was  the  case  to  some  extent 
can  hardly  be  doubted,  but  what  the  Umit  of  that  effect  was  is  the 
question  to  be  decided  if  Wohler's  results  may  be  interpreted  on  this 
basis. 

A  study  of  the  Wohler  machines  would  lead  the  engineer  to  select 
the  one  for  repeated  bending  as  most  likely  to  cause  the  maximum 
dynamic  stress  and  perhaps  his  estimate  of  this  effect  in  view  of  the 
slow  speed  of  the  machine,  four  revolutions  per  minute,  would  be 
20  to  25  percent  added  load  on  the  cantilever  end  of  the  specimen. 
Mr.  Fidler*s  estimate  for  this  would  be  six  to  ten  times  that  suggested 
by  considering  it  possible  that  the  elastic  vibrations  induced  might 
bring  the  internal  stress  to  the  maximum  effect  of  a  suddenly  applied 
load  which  in  this  case  would  be  three  times  the  load,  since  the  range 
of  stress  is  twice  the  load.  The  following  is  his  table  for  the  maxi- 
mum breaking  load  a,  by  the  dynmaic  theory  put  forward  by  him: 

1.  Steady  load,  no  variation a^i 

2.  Load  varjring  from  0  to  w a  =  u^t/2 

3.  Load  varying  from  — v  to   +t> a^v^i/3 

If  a  bar  be  subjected  to  a  suddenly  applied  load,  the  external 
work  of  the  load  is  its  weight  times  the  deformation  of  the  bar,  which 
must  be  balanced  by  the  internal  work,  which  is  the  product  of  the 
mean  stress  times  the  elastic  deformation:  Hence,  the  deflection,  or 
deformation,  for  the  suddenly  applied  load,  will  be  twice  that  caused 
by  the  same  load  at  rest,  since  the  mean  internal  stress  is  only  half 
the  maximum.  If,  however,  this  dynamic  stress  exceeds  the  jrield 
point,  part  of  the  internal  work  will  be  performed  in  plastic  deforma- 
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txon,  resulting  in  raising  the  yield  point,  just  as  with  a  steadily  applied 
load.  Hence,  in  ductile  material,  a  suddenly  applied  load  greater 
than  half  the  ultimate  strength  would  have  to  be  applied  a  number 
of  times  to  produce  rupture,  and  on  this  basis  Mr.  Fidler  imdertakes 
to  account  for  the  endurance  of  specimens  in  the  Wohler  experiments 
where  the  dynamic  stresses  would  (if  figured  on  his  proposed  basis) 
be  considerably  greater  than  the  nominal  strength  of  the  material. 

Now  the  yield  point  in  mild  steel  is  approximately  60%  of  the 
ultimate  strength,  and  if  we  limit  the  range,  plus  and  minus,  of  the 
alternate  stresses,  in  the  Wohler  machine  to  something  less  than  one- 
.third  of  the  ultimate  strength,  the  endurance  of  the  piece  seems 
practically  unlimited,  and  the  yield  point  has  not  been  raised,  as  no 
plastic  deformation  occurs,  although  the  d3mamic  stresses  by  Mr. 
Fidler's  method  of  computation  have  exceeded  the  yield  pbint  by 
between  40  and  50  percent.  Since  the  conditions  of  application  of 
the  load  have  been  the  same  for  the  lower  and  higher  intensities  of 
stress,  the  same  line  of  reasoning  advanced  to  support  the  probable 
accuracy  of  the  dynamic  theory  may  be  used  with  far  better  advan- 
tage to  prove  its  improbability. 

It  has  been  argued  that,  in  a  short  test  piece  under  direct  stress, 
the  amplitude  of  the  elastic  vibrations  under  these  dynamic  stresses 
would  be  so  small  as  to  escape  observation.  This  argument  would 
indeed  have  some  weight  were  the  stresses  direct  and  the  test  piece 
short,  but  as  similar  fatigue  occurs  under  bending,  where  the  length 
of  the  specimen  would  insure  so  considerable  an  amplitude  of  vibra- 
tion as  to  render  their  detection  certain  if  these  stresses  were  of  any- 
thing like  the  magnitude  supposed,  the  argument  would  seem  to  be 
invalid. 

While  the  dynamic  effect  of  a  load  imposed  instantaneously  and 
without  shock  in  producing  deflection  and  stress  may  be  shown  mathe- 
matically to  be  momentarily  twice  that  of  the  same  load  at  rest,  it  is 
not  possible  to  demonstrate  such  a  relation  at  all  if  the  time  of  ap- 
plication is  extended  through  an  interval  of  fifteen  seconds.  In  fact 
this  difficulty  is  so  unavoidable  as  to  render  the  theory  plainly 
untenable. 

Further  experiments  have  shown  that  the  number  of  repetitions 
required  to  produce  rupture  remains  substantially  constant  whether 
the  speed  of  application  of  the  fluctuating  stresses  is  decreased  to 
half  that  in  the  Wohler  experiments  or  doubled.  The  dynamic 
theory  therefore  fails  entirely  to  account  for  the  phenomena  in 
question. 


108  WORK  OF  RUPTURE 

5.  Micro  Flaw  Theory  of  Fatigue.  Johnson,  in  his  "Materials 
of  Construction*'  attempts  to  account  for  fatigue  by  micro-flaws  in 
the  material.  If  they  are  the  usual  cause  of  ultimate  fracture  in 
fatigue  tests,  we  should  look  for  their  influence  in  the  elastic  fatigue 
of  Thomson's  experiments,  but  since  in  these  the  elastic  fatigue 
observed  depended  on  the  molecular  condition  inunediately  pre- 
ceding the  observation  whether  of  quiescence  or  recurring  changes 
in  shape,  it  cannot  be  accounted  for  by  micro-flaws  which  are  neces- 
sarily permanent  And  not  temporary. 

6.  Work  of  Rupture  in  SteeL  When  a  bar  of  steel  is  ruptured 
by  a  single  application  of  load  gradually  increasing  from  zero  to  its 
ultimate  resistance,  but  a  small  portion  of  the  deformation  is  elastic, 
viz.,  that  part  which  occurs  before  the  yield  point  is  exceeded.  Per- 
manent stretching  then  commences  and  continues  until  the  bar  may 
have  elongated  as  much  as  20  percent  of  its  length.  The  mean  stress 
causing  the  plastic  deformation  would  be  a  mean  between  the  yield 
point  and  its  approximate  ultimate  value  which  for  mild  steel  would 
be  the  mean  between  38,000  to  40,000  and  60,000  to  62,000  or  about 
50,000  pounds  per  square  inch.  Consequently,  the  work  absorbed 
by  the  material  per  cubic  inch  before  reaching  the  approximate  point 
of  rupture,  disregarding  the  elastic  work  which  is  relatively  negligible, 
would  be  50,000  pounds  X  .2,  or  10,000  inch  pounds  of  work  or 
833  ft.  pounds  =  1.07  of  the  heat  required  to  raise  a  pound  of  water 
one  degree  F. 

But  this  amount  of  heat  is  sufiicient  to  raise  the  temperature  of 
the  cubic  inch  of  steel  something  like  33  degrees  F.,  an  amount  which 
is  readily  appreciated  by  the  sense  of  touch  and  is  always  noticeable 
to  the  close  observer  even  though  part  of  it  be  dissipated  by  conduc- 
tion and  radiation. 

When  rupture  occurs  accompanied  by  nearly  negligible  ultimate 
deformation  under  repeated  stresses  of  intensity  lower  than  the 
ultimate  carr3dng  strength  of  the  material,  there  appears  to  be  no 
good  reason  to  suppose  that  the  total  of  the  energy  transformed  into 
heat  in  small  amounts  under  successive  repetitions  of  the  load  in  an 
endurance  test  producing  rupture  is  any  less  than  where  this  deforma- 
tion is  as  large  as  it  is  in  the  case  of  a  single  application  of  a  load 
which  develops  the  maximum  carrying  strength  of  the  specimen. 

In  fact,  the  general  validity  of  the  law  of  conservation  of  energy 
would  seem  to  indicates  conclusively  that  the  same  amount  of  energy 
must  be  expended  to  produce  rupture  of  the  same  area  of  a  given 
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kind  of  material,  whether  it  is  expended  in  small  quantities  at  dif- 
ferent times  or  at  one  single  application. 

Since  this  transformation  of  energy  in  fatigue  tests  takes  place 
in  small  increments  and  with  inconsiderable  deformation,  the  only 
way  of  determining  experimentally  the  true  elastic  Ifanit  appears  to 
be  by  following  experimentally  the  energy  expended  in  work  on  the 
material  which  makes  its  appearance  in  the  form  of  heat. 

The  observations  of  Bauschinger  that  specimens  of  steel  so  far 
from  being  injured  by  repetitions  of  stress  from  tension  to  compres- 
sion appear  instead  to  be  improved  in  elasticity,  ductility  and  tenacity 
when  the  stresses  are  within  the  natural  elastic  Umits,  indicates  not 
only  that  such  limits  of  elasticity  exist  but  also  that  they  are  lower 
than  has  been  heretofore  supposed  from  mere  experimental  deter- 
mination of  the  apparent,  limit  of  proportionaUty  and  yield  point 
of  the  material. 

If  we  regard  fatigue  as  a  molecular  phenomenon  it  is  evidently 
desirable  to  have  some  apparatus  for  the  measurement  of  such  minute 
changes  which  is  far  more  sensitive  than  the  extensometer.  For- 
tunately, suitable  instruments  for  the  purpose  are  to  be  found  in 
any  well  equipped  physical  laboratory,  that  are  20,000  times  as 
sensitive  as  the  extensometer. 

The  fact  that  when  the  elastic  limits  are  exceeded,  work  as  done 
upon  the  body  in  permanently  affecting  its  internal  condition  and 
that  energy  is  then  transformed  into  heat  and  dissipated  by  radia- 
tion leads  at  once  to  the  consideration  of  the  thermo  dynamic  rela- 
tions of  stress,  strain  and  temperature. 

7.  The  Mathematical  Theory  of  the  Thermo-Elastic  Proper- 
ties of  Matter  has  been  developed  by  Kelvin,  (Quarterly  Mathema- 
tical Journal,  April  1855)  and  the  following  formula  which  is  ap- 
plicable to  a  metal  bar  is  there  demonstrated: 

JSW 

where  fl^^  thermal  change  in  degrees  Centigrade; 

<  =  temperature.  Centigrade,  from  absolute  zero; 
/=the  mechanical  equivalent  of  the  thermal  unit,  =  1400  ft. 

lbs.  per  degree  Centigrade; 
p^pressiu'e  apphed,  in  poimds,  positive  if  compression  and 

negative  if  tension; 
e=the  longitudinal  expansion  per  degree  Centigrade; 
S=the  specific  heat; 
and     TT^the  weight,  in  pounds  per  foot  of  length  of  bar. 
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This  change  in  temperature,  as  would  be  inferred  from  the  mechan- 
ical theory  of  heat,  takes  place  instantaneously,  with  the  application 
of  the  pressure,  or  load,  p,  and  is  subject  to  the  usual  laws  of  radiation. 
Since  the  temperature  change  is  very  small,  Newton's  Law  of  Cooling 
may  be  taken  to  apply  exactly,  namely;  The  amount  of  heat  gained 
or  lost  by  a  body  in  a  given  time  is  ph)portional  to  the  difference  in 
temperature  between  the  body  and  the  surrounding  medium.  Hence 
if  two  loads,  of  different  magnitudes,  are  gradually  applied  in  equal 
periods  of  time,  the  temperature  changes  in  the  bar  for  the  respec- 
tive loads  will  be  strictly  in  proportion  to  the  loads,  notwithstanding 
the  radiation  going  on  while  the  loads  are  being  applied. 

The  formula  ' 

~  T  ^W  ^  '■^ff'^ly  exact  for  any  solid  only  for  an  infinitesimal 

increment  in  p;  but  with  steel,  any  variation  from  it  within  elastic 
limits  would  be  extremely  small,  and  may  be  taken  as  exactly  pro- 
portional to  the  pressure  or  load  applied,  and,  as  we  are  interested 
only  in  relative  measurements,  no  error  is  involved. 

As  H  depends  on  ty  the  temperature  of  the  bar  at  the  time  the 
load  is  applied,  this  temperature  should  be  noted,  if  readings*  taken 
at  different  temperatm^s  are  to  be  compared.  Thus,  if  the  value 
of  absolute  zero  be  taken  at  — 276.7°  Cent.,  and  one  set  of  measure- 
ments is  taken  at  23.3°  Cent.,  and  another  at  24.3°  Cent.,  the  latter, 
for  the  same  loads,  should  be  l/3  of  1%  greater j  if  no  error  has  been 
made  in  the  determination.  As  t  would  probably  not  vary  greatly, 
this  percentage  per  degree  Centigrade  is  sufficiently  accurate  for 
most  purposes. 

The  magnitude  of  the  temperature  change,  H,  may  be  best 
illustrated  by  a  few  figures.  Take  the  temperature  of  a  bar  at  19.3° 
Cent.,  p  at  1  lb.,  and  the  area  of  the  bar  at  1  sq.  in.,  and  we  have, 
for  mild  steel, 

^^(276.7X19.3)X10X.00001142  ^^ 00000623  Cent,  the  tem- 
1400X0.116X3.34 
perature  change  for  a  change  in  stress  of  1  lb.  per  square  inch. 

Such  minute  temperature  changes  as  those  resulting  from  the 
application  of  a  load  of  even  one  quarter  ounce  per  square  inch  may 
be  measured  by  thermo  electric  means  and  it  is  therefore  possible  to 
determine  the  range  of  true  elasticity  of  such  a  homogeneous  material 
as  steel  by  this  method  with  a  high  degree  of  precision.    Such  mea- 
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surements  and  the  apparatus  employed  have  been  described  by, 
Turner,  (Trans.  Am.  Soc.  C.  E.,  August  1902).  The  apparatus  used 
was  an  antimony-bismuth  thermopile,  insulated  from  and  applied  to 
the  polished  surface  of  the  specimen,  in  circuit  with  a  D^Arsonval 
type  of  galvanometer  with  the  usual  scale  and  reading  telescope  for 
determination  of  the  relative  intensity  of  the  current  produced  by 
different  loads. 

Suitable  insulation  of  the  thermo-pile  from  the  animal  heat  of  the 
observer,  from  radiant  heat  of  electric  light,  and  disturbing  air  cur- 
rents is  essential  as  well  as  the  insulation  of  the  pile  to  prevent  any 
short  circuit  from  contact  with  the  polished'  surface  of  the  bar; 
Material  for  the  latter  insulation  was  the  subject  of  much  study, 
rubber  cement  proving  the  most  available  material  since  it  gave  an 
exceedingly  thin  coat  which  did  not  interfere  with  the  transmission 
of  heat  and  effectually  prevented  short  circuit. 

It  was  found  necessary  to  vibrate  the  scale  beam  of  the  testing 
machine  in  order  that  the  weighing  of  the  load  should  correspond 
with  the  degree  of  accuracy  of  the  electrical  measurements.  From 
these  experiments  Turner  shows  that  the  limit  of  thermal  propor- 
tionality in  mild  and  medium  steel  is  approximately  five  eighths  of  the 
yield  point  value  of  the  metal.  The  bar  was  found  to  grow  gradually 
cooler  under  increased  loading  until  this  limit  was  reached  when  the 
heat  generated  by  internal  molecular  friction  off-set  the  increment  of 
reduced  temperature  and  the  thermal  curve  deviated  from  a  straight 
line  more  and  more  until  the  3deld  point  value  was  reached  when  the 
sudden  evolution  of  heat  would  make  the  reading  fall  beyond  the 
scale. 

So  in  compression  tests.  The  readings  were  found  to  be  propor- 
tional up  to  approximately  a  similar  limit  when  the  increase  in  tem- 
perature of  the  bar  would  no  longer  follow  the  right  line  changes  but 
would  increase  more  and  more  rapidly  as  the  yield  point  was  ap- 
proached but  at  that  point  the  reading  would  be  too  great  to  fall 
within  the  limits  of  the  spale. 

8.    Irrational  Nature  of  Maximum  and  Minimum  Formulas. 

If  all  the  different  phenomena  presented  by  the  rupture  of  material 
under  repeated  stress  can  be  accounted  for  on  the  basis  of  the  theory 
that  such  rupture  is  only  brought  about  by  stresses  beyond  the  true 
limits  of  elasticity  then  the  formulas  of  Launhardt,  Weyrauch, 
Johnson  and  Merriman,  et  al,  for  rupture  under  repeated  stresses 
are  all  mere  algebraic  misconceptions,  wasteful  in  their  demands  for 
excessive  section  under  ranges  of  stress  which  should  improve  rather 
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than  injure  the  material  when  applied  without  shock,  and  dangerous 
where  the  range  of  stress  is  small,  leading  to  the  use  of  stresses 
so  high  that  no  margin  of  safety  remains  within  the  limits  of  true 
elasticity. 

Before  the  view  advanced  above  becomes  acceptable  its  implica- 
tions and  applications  must  accord  with  all  known  phenomena. 
The  energy  expended  in  rupture  is  greater  for  soft  steel  than  for  hard 
steel  because  of  the  greater  plastic  deformation  in  the  soft  steel. 
Consequently  the  theory  indicates  a  more  rapid  destruction  of  hard 
steel  than  soft  steel  under  all  stresses  exceeding  the  true  elastic  limits 
of  the  material,  and  this  inference  is  substantiated  by  the  experiments 
of  Wohler,  Bauschinger,  and  others. 

Again,  because  the  true  limits  of  elasticity  are  higher  with  hard 
steel  than  with  soft  steel  the  limiting  range  of  indefinite  endurance 
under  fluctuating  stresses  from  tension  to  compression  should  be 
higher  with  hard  steel  than  with  soft  steel  just  as  the  experiments 
show  the  case  to  be. 

Again,  because  no  work  could  be  done  on  the  material  when  the 
range  of  stress  does  not  exceed  the  true  elastic  limits,  indefinite  or 
unlimited  endurance  should  be  found  under  alternating  stresses  from 
tension  or  compression  which  are  well  within  these  limits.  This 
accords  with  Bauschinger's  conclusion  that  so  far  from  being  injured 
the  material  is  improved  in  elasticity,  ductility  and  tenacity  under 
such  range  of  stresses  unless  there  are  apparent  flaws  or  defects  in 
the  specimen. 

The  range  of  thermal  proportionality  like  the  limit  of  proportion- 
ality of  shape  is  decreased  by  any  loading  which  exceeds  the  yield 
point  value  and  it  may  be  questioned  whether  it  rises  as  readily 
during  the  period  of  rest  as  does  the  apparent  limit  of  proportionality 
of  shape.  The  fact  that  this  thermal  limit  is  reduced  by  loading 
which  goes  beyond  the  primitive  yield  point  of  the  metal  accounts 
for  the  more  rapid  destruction  of  the  piece  under  stresses  that  alter- 
nate from  tension  to  compression  and  exceed  the  yield  points. 

In  order  to  account  for  the  more  rapid  rupture  of  the  material 
where  the  stresses  range  from  tension  to  compression  than  where  the 
range  of  stress  is  of  one  kind  only,  it  is  necessary  in  addition  to  the 
foregoing  developments  to  consider  the  kind  of  effect  produced  by 
over  strain  upon  the  material  and  whether  this  effect  is  the  same  when 
brought  about  by  tension  as  by  compression. 
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Thomson  found  that  the  thermo-electric  property  of  iron  bars 
hardened  by  longitudinal  compression  is  the  reverse  of  that  discovered 
by  Magnus  in  bars  hardened  by  drawing,  and  that  iron  under  lateral 
compression  manifests  the  same  thermo-electric  property  that  occurs 
in  an  iron  wire  under  a  longitudinal  stretching  force.  As  temporary 
strain  changes  the  thermo-electric  quality  of  the  material  so  also 
does  the  permanent  strain  or  set,  but  the  residual  effect  of  the  per- 
manent strain  is  the  reverse  of  that  which  subsists  as  long  as  the 
restraining  force  is  kept  applied. 

When  the  repetition  of  severe  stresses  are  of  one  kind  only  it  may 
be  conceived  that  each  repetition  produces  a  change  with  the  ultimate 
result  that  the  Ufe  of  the  piece  would  be  long  under  Wohler  treatment. 
But  on  the  other  hand,  where  the  range  of  stress  is  from  tension  to 
compression,  since  the  residual  effects  of  the  two  kinds  of  severe 
stress  are  of  opposite  kinds,  a  correspondingly  shorter  life,  due  to  the 
lack  of  similarity  in  the  change  in  structure  by  the  two  kinds  of 
severe  stress  would  be  expected,  as  was  in  fact  found  in  the  tests  of 
Wohler,  and  others. 

It  has  been  observed  that  the  temporary  effect  of  elastic  strain  is 
to  alter  the  thermo-electric  property  of  the  metal  and  this  has  been 
attributed  to  an  unequal  distribution  of  inter-molecular  forces  op- 
posing the  external  forces.  Arguing,  then,  that  similar  effects  are 
produced  by  similar  causes,  these  residual  effects  may  perhaps  be 
attributed  to  a  condition  of  permanent  internal  strain  along  certain 
lines  or  axes,  the  natural  result  of  which  would  be  to  enable  it  more 
readily  to  resist  stress  of  the  kind  which  produced  this  condition, 
while  at  the  same  time  it  is  rendered  weaker  in  other  directions,  or 
in  other  words,  less  elastic  or  resilient  and  more  likely  to  be  fractured 
by  shock  or  sudden  loading. 

The  temporary  alteration  in  thermo-electric  properties  of  a  given 
bar  by  elastic  stress  makes  it  possible  with  sufficiently  delicate  ap- 
paratus to  measure  the  amount  of  dead  stress  in  a  piece  of  steel  by 
comparing  it  with  a  sample  of  the  same  material  unstrained,  by 
forming  a  junction  between  the  strained  and  unstrained  metal  which 
may  be  heated  or  increased  in  temperature  a  given  amount,  thereby 
producing  a  thermo-electric  current  when  connected  in  circuit,  and 
the  intensity  of  this  current  may  be  measured  with  the  usual  ap- 
paratus. A  galvanometer  with  very  low  resistance,  however,  is 
required  in  order  to  make  such  measurements  possible. 
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Any  sound  theory  of  fatigue  of  material  must  be  in  full  accord 
with  all  known  phenomena.  The  dynamic  theory,  the  theory  of 
micro^flaws  and  the  fatigue  formula  all  fail  alike  to  measure  up  to 
this  standard.  Consequently  the  rational  treatment  of  range  of 
stress  applied  to  buildings  or  bridges  should  not  be  based  up)on  such 
reasoning  but  upon  a  consistent  theory  of  structural  vibration  which 
will  be  postponed  for  the  present. 

9.  Equilibrium  of  Residual  Strains.  Residual  strains  are  of  two 
kinds  temporary,  which  di0appear  with  time,  and  permanent  which 
do  not  disappear  except  when  the  state  of  strain  is  altered  by  ex- 
ternal force  or  some  other  change  of  external  conditions.  True  or 
elastic  strain  merges  into  temporary  strain  as  the  limit  of  propor- 
tionality of  shape  is  approached  and  exceeded  and  temporary  strain 
merges  into  permanent  strain  as  the  stress  producing  the  temporary 
strain  is  increased  more  and  more.  Temporary  strain  is  a  state  of 
imperfect  equilibrium  and  because  of  the  imperfect  balance  of  the 
internal  stresses  therein,  progressive  changes  of  shape  occur,  and 
elastic  after-working  proceeds  until  equilbrium  is  restored. 

Permanent  strain  is  a  state  of  internal  stress  in  equilibrium  from 
which  no  change  in  shape  results  unless  this  state  of  equilibrium  is 
disturbed  by  the  action  of  forces  whicli  supply  energy  from  without. 
This  energy  which  disturbs  or  changes  the  internal  state  of  equilibrium 
may  be  introduced  as  follows: 

1.  By  a  change  of  temperatiu^e. 

2.  By  an  applied  force. 

3.  By  cutting  away  a  portion  of  the  symmetrically  strained  body. 

Such  removal  or  cutting  away  of  sjmnmetrical  portions  of  an  over- 
strained elastic  material  permits  the  permanent  strains  not  in  equili- 
briiun  to  reassert  themselves  and  change  the  form  of  the  body  in  a 
manner  comparable  to  applied  external  force. 

Thus  in  a  piece  of  cold  rolled  shafting  the  surface  has  been  symme- 
trically strained  by  the  work  expended  upon  it.  The  removal  of  the 
material  from  a  key  way  cut  along  the  length  of  the  shaft  destroys  the 
S3anmetry  and  equilibrium  of  the  state  of  permanent  internal  strain 
and  permits  the  permanent  strains  on  the  side  opposite  the  key  way 
to  reassert  themselves  in  a  manner  comparable  to  external  forces, 
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resulting  in  a  longitudinal  curvature  or  bending  of  the  shaft  until 
equilibrium  is  re-established. 

In  like  manner*,  where  a  reinforcing  bar  has  been  bent  cold,  a  state 
of  permanent  strain  has  been  induced  in  the  bar  by  permanent  ten^ 
sion  strains  on  one  side  and  compression  strains  on  the  opposite  side. 

When  a  section  of  the  fibers  permanently  strained  in  tension  by 
such  bending  of  the  bar  tire  cut  away,  the  permanent  compressive 
strains  reassert  themselves  on  the  opposite  side  of  the  bar  and  tend 
to  increase  the  curvature  of  the  bar.  Likewise,  where  a  section  is 
cut  away  on  the  opposite  side  of  the  bar,  removing  the  reaction  of  the 
fibers  which  have  received  the  greatest  permanent  strain  under  com- 
pression, the  permanent  tensile  strains  reassert  themselves  and  like- 
wise increase  the  curvature  of  the  bar. 

The  fact  that  residual  strains  are  opposite  in  character  to  elastic 
strains  was  demonstrated  by  simple  experiment,  as  follows:  Several 
I"  square,  mild  steel  bars  were  bent  cold  to  a  6"  diameter  as  shown 
in  Fig.  33  so  that  the  spread  of  the  ends  was  approximately  5|".  The 
convex  surface  of  one  bar  was  scored  with  a  saw  with,  kerfs  about 
I"  spacing  on  the  outside  and  to  the  depth  of  3/l6".  The  distance 
between  the  ends  of  the  curved  bar  decreased  I/I6  of  an  inch  by  this 
process. 

An  equal  and  similar  specimen  bent  in  the  same  way  was  then 
treated  by  sawing  kerfs  on  the  inside  of  the  bend.  The  curvature 
then  changed  a  full  3/64  inch  in  the  same  direction. 

Another  and  similar  specimen  was  treated  by  sawing  kerfs  on  the 
outside  and  inside  i"  deep  only  and  of  similar  spacing.  The  change 
in  curvature  produced  by  these  cuts  was  in  the  opposite  direction 
from  that  of  the  single  set  on  one  side  and  amounted  to  7/64"  de- 
crease in  curvature  or  spread  of  the  ends  of  the  horseshoe  bar  instead 
of  increase  in  curvature.  Now  the  residual  strains  in  a  bai*  bent 
cold  in  this  form  would  present  the  greatest  intensity  at  the  outer- 
most fibers  and  in  the  center  would  be  an  area  where  true  elastic 
strain  would  still  subsist.  The  elastic  strain  being  the  reverse  in 
kind  and  character  to  that  of  the  residual  strain  its  effect  is  to  straight- 
en the  bar  out  and  reduce  its  ciurature,  whereas  the  residual  strain 
tends  to  increase  its  curvatmre  when  thrown  out  of  equilibrium. 

This  kind  of  operation  is  demonstrated  by  the  reduction  of  curva- 
ture and  the  bending  outward  of  the  ends  of  the  horseshoe  7/64"  by 
the  elastic  strain  at  the  middle  of  the  bar. 
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Gre"  Before  Cutting 
6i"  After  Cutting 


Before  Cutting 
6gf' '  After  Cutting 


63-J"  Before  Cutting 


6H"  After  Cutting 


Fi«.  33.      Ezperimenta  With  Cold  Beat  Ban. 
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Examining  the  change  in  form  of  the  bar  brought  about  by  cold 
bending  the  convex  outside  face  was  reduced  in  width  .017";  the 
inside  was  increased  .010".  Consequently  it  is  apparent  that  the 
neutral  surface  of  the  residual  strain  was  thrown  toward  the  com- 
pression side  and  therefore  the  increase  in  curvature  of  the  bar  was 
larger  in  amount  when  the  saw  kerfs  were  cut  on  the  outside  of 
the  curve  than  when  they  were  cut  on  the  inside  of  the  curve. 

The  active  nature  of  residual  strain  thus  manifested  affords  a 
clearer  insight  into  the  phenomena  of  rupture  under  Wohler  treat- 
ment and  of  final  rupture  under  loads  of  a  small  fraction  only  of 
ihose  repeatedly  borne  thru  the  accumulation  of  residual  strains 
of  opposing  nature.  The  relief  of  residual  tensile  or  compressive 
strains  by  the  saw  kerfs  cause  curvature  in  the  same  direction  be- 
cause each  tends  to  produce  rotation  in  the  same  direction  about  the 
neutral  axis. 

10.  Equilibrium  of  Axial  Stress  Superposed  Upon  a  Bal- 
anced State  of  Residual  Transverse  Strain.  Suppose  a  bar  by  cold 
bending  is  brought  into  a  state  of  balanced  residual  strain  similar  to 
that  of  the  specimens  discussed.  Because  the  Poisson  effect  in  plastic 
deformation  is  to  expand  the  compressed  area  and  contract  the  area 
comprising  the  fibers  that  are  stretched  the  neutral  plane  shifts  from 
the  center  of  gravity  of  the  section,  and  the  extreme  fibers  in  tension 
are  stretched  more  than  those  in  compression  are  shortened,  hence 
when  an  axial  stress  is  brought  upon  the  bar  a  state  of  unbalanced 
equilibrium  is  at  once  produced  with  the  reasserted  action  of  the 
residual  strains  accompanied  by  a  deformation  conmionly  mistaken 
for  elastic  strain  in  extensometer  tests.  Any  local  bending  in  a  bar 
induces  transverse  strains  that  may  cause  a  measurement  which  is 
made  on  one  side  to  differ  materially  from  the  average  of  the  measure- 
ments from  opposite  sides,  which  last  represents  the  axial  stress. 

It  therefore  appears  that  when  a  concrete  floor  is  initially  loaded, 
and  extensometer  measurements  are  made  upon  bars  which  have  been 
bent  cold  and  are  in  a  state  of  permanent  strain  resulting  therefrom, 
the  measurements  show  the  effect  of  both  the  elastic  strain  and  the 
reaction  of  permanent  strain  combined  therewith. 

The  applied  force  of  the  loads  by  changing  the  form  of  the  bar 
disturbs  the  primitive  state  of  equilibrium  of  permanent  strains 
within  the  bar,  with  a  corresponding  modification  of  strain-gage 
readings  which  are  commonly  mistaken  for  true  elastic  readings. 
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These  two  effects  must  therefore  be  separated  from  each  other 
before  the  measurements  can  be  regarded  as  possessing  definite  value 
from  the  standpoint  of  scientific  precision. 

1 1.  Modulus  of  Rupture  and  Theory  of  Elastic  Failure.  Where 
a  material,  such  as  concrete  or  cast  iron,  whose  tensile  resistance  is 
inferior  to  its  compressive  resistance,  is  subjected  to  gradual  increased 
bending  stress,  sufficient  to  cause  rupture,  the  phenomena  of  over- 
strain are  accompanied  by  a  shifting  of  the  neutral  surface.  This 
change  in  position  of  the  neutral  plane  from  the  center  of  gavity  of 
the  section  (its  fixed  position  for  elastic  deportment)  results  in 
more  severe  stresses  being  imposed  upon  the  fibers  in  compression  and 
relatively  less  stress  upon  the  fibers  opposing  tensile  deformation, 
1.  e,y  since  for  equilibrium  the  siun  of  the  horizontal  compressions  must 
equal  the  sum  of  the  horizontal  tensions,  shifting  the  neutral  plane 
increases  the  maximum  fiber  stress  on  the  side  toward  which  it  is 
shifted. 

The  intensity  of  the  computed  extreme  fiber  stress  which  would 
support  the  load  at  rupture  when  operating  according  to  elastic 
theory,  is  called  the  modulus  of  rupture.  The  magnitude  of  this 
computed  fiber  stress  is  found  to  be  approximately  a  geometrical 
mean*  between  the  ultimate  compressive  and  tensile  resistance  of 
the  material  considered,  under  bending  stress  produced  by  uniform 

loading,  t 

But  the  ultimate  Jresistance  of  concrete  tmder  restrained  shear 
stresis  (punching  shear)  is  also  a  geometrical  mean  between  the  ulti- 
mate tensile  and  compressive  resistance  of  the  material.  Apparently 
this  identity  of  relation  between  the  modulus  of  rupture  and  the 
ultimate  resistance  to  rupture  by  shear  suggests  an  explanation  of 
the  varied  phenomena  of  rupture,  upon  the  theory  that  elastic  failure 
is  brought  about  by  a  certain  maximum  shearing  stress,  this  being 
proportional  to  the  greatest  diflference  between  the  principal  stresses. 

The  wide  divergence  in  the  location  of  initio  cracks  in  reinforced 
concrete  beams,  which  occur  toward  the  end  of  the  deep  concrete 


*A  geometrical  mean  between  two  quantities  vs  the  square  root  of  their  product. 

fThe  moduli  of  rupture.  Tests  of  Concrete  Beams,  U.  S.  Geological  Survey, 
Bulletin  334,  are  less  than  the  geometrical  mean  of  the  tensile  and  compres- 
sive  stresses  because  the  loads  were  applied  at  the  third  points  producing 
sharper  bending  and  reducing  this  normal  value. 

tSee  Concrete  Steel  Construction  by  Morsch,  Eng.  News,  Ed.  p.  34,  35. 


8HEAR  FAILURE  119 

beam  and  toward  the  center  of  the  shallow  concrete  beam,  with  the 
same  percentage  of  reinforcement,  points  to  the  foregoing  explana* 
tion  rather  than  to  that  of  the  magnitude  of  the  maximum  principal 
strain.  Experiments  bearing  on  this  question  have  been  published 
by  J.  J.  Guest,  and  others,  (Phil.  Mag.  July  1900;  Proceedings  Phy- 
sical Soc.  May  1900).     Morley,  Strength  of  Materials,  page  57  sajrs: 

'"The  theory  has  been  advanced  that  all  fractures  under  tensile 
stress  are  ultimately  fractures  by  shearing  under  the  tangential  com- 
ponent stress,  but  this  conclusion  seems  difficult  to  accept  in  the 
case  of  hard  steel  which  does  not  show  any  trace  of  oblique  fracture." 

In  soft  steel  we  have  the  necking  down  or  drawing  in  accompanied 
by  reduction  of  area  as  compared  to  fracture  without  such  reduction 
in  harder  steel.  The  tenacity  of  the  material  figured  on  the  cross 
sectional  area  at  the  moment  of  rupture,  appears  however  to  remain 
nearly  constant.  Hence,  if  the  material  be  regarded  as  made  up  of 
molecular  groups  or  crystals  cemented  together  in  a  matrix  the  effect 
of  the  increase  in  carbon  appears  to  be  that  of  hardening  the  matrix 
which  prevents  the  sliding  shear  distortion.  This  conception  of  the 
matter  is  not  inconsistent  with  the  idea  of  shear  failure  in  the  hard 
steel,  since  such  failure  might  be  conceived  as  taking  place  along  the 
faces  of  the  minute  crystals  which  because  of  the  added  rigidity  of 
the  matrix,  are  prevented  from  sliding,  but  not  from  pure  shear  de- 
formation. 

In  investigation  of  the  behavior  of  reinforced  concrete  when  under- 
going tensile  deformation  on  the  under  side  of  the  beam  the  experi- 
ments of  Considdre  have  been  put  forward  as  indicating  that  the 
concrete  when  reinforced  elongates  more  before  final  rupture  than 
when  not  reinforced  and  that  the  resistance  of  the  concrete  is  nearly 
constant  at  its  maximum  value  for  some  time  previous  to  rupture. 
The  known  phenomena  of  static  fatigue,  however,  indicate  that  such 
resistance  other  than  that  of  the  steel  is  in  fact  temporary  and  tends 
to  disappear  with  continued  application  of  the  load. 

In  experiments  of  this  sort  it  is  of  course  difiicult  to  determine 
when  the  concrete  commences  to  crack  because  there  is  some  plastic 
yielding  and  moreover  the  steel  forces  it  to  elongate  with  greater 
uniformity  than  when  unreinforced,  so  that  not  only  do  the  cracks 
open  up  more  slowly  because  of  this  uniformity  of  distribution  of 
elongation  but  their  initial  inception  is  also  more  difficult  to  detect. 

The  experiments  by  the  Bureau  of  Standards  and  other  published 
tests  of  reinforced  concrete  beams  show  that  cracks,  appeared  in 
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the  concrete  of  beams  having  the  particular  ratio  of  depth  to  span 
adopted  in  these  tests.at  an  elongation  corresponding  to  five  to  six 
thousand  pounds  per  square  inch  stress  in  the  steel. 

The  method  was  adopted  of  detecting  these  cracks  by  water 
marks  as  first  used  at  Wisconsin  University.  Beams  cured  in 
water  were  only  partially  dried  before  testing.  When  tested,  pre- 
ceding the  appearance  of  the  crack  a  dark  wet  line  appeared  across 
the  beam.  The  condition  of  the  partially  dried  out  beam  would  not 
be  strictly  comparable  to  a  thoroughly  cured  specimen.  Nevertheless 
there  does  not  appear  to  be  as  great  discrepancy  in  the  results-  from 
this  cause  as  might  be  expected  from  the  effect  of  partial  drying  and 
the  shrinkage  therefrom. 

Now  beams  are  usually  continuous  in  the  practical  structure  and 
are  relatively  stiflfer  and  in  general  of  greater  depth  in  proportion  to 
the  length  of  the  span  than  these  experimental  beams. 

Accordingly  in  drawing  any  conclusions  from  these  experimental 
beams  and  applying  the  conclusions  to  beams  in  practical  building 
the  difference  in  the  stiffness  due  to  continuity  and  greater  rela- 
tive depth  of  the  section  must  be  considered  because  cracking  is 
brought  about  by  a  certain  limiting  shearing  strain  instead  of  by  a 
limiting  principal  strain  represented  by  the  | elongation  itself.  On 
this  basis  the  fact  that  cracking  occurs  in  the  test  specimen  at  an 
elongation  corresponding  to  five  or  six  thousand  pounds  tensile  stress 
on  the  steel  while  in  the  continuous  beam  in  the  ordinary  building, 
having  a  depth  of  one  tenth  of  the  span  length  and  a  positive  curva- 
ture extending  part  of  the  length  only,  because  of  the  great  difference 
in  the  radius  of  curvature,  the  shear  deformation  is  relatively  much 
smaller  in  the  practical  beam  than  in  the  test  specimen. 

Consequently  at  the  point  where  cracking  commences  from 
flexure  the  elongation  is  several  times  greater  than  in  the  test  beam. 

In  discussing  modulus  of  rupture,  we  have  noted  that  under 
uniform  load  its  value  is  greater  than  under  load  concentrated  at  the 
third  points.  The  sharpness  of  curvature  under  concentrated  load 
brings  about  the  marked  effect  noted,  again  demonstrating  the 
fact  that  rupture  depends  on  a  certain  limiting  shearing  stress 
rather  than  upon  a  limiting  principal  strain. 

In  order  to  bring  out  clearly  the  tendency  of  different  lengths  of 
radii  of  curvature  to  produce  limiting  shearing  strains  in  cases 
where  the  extreme  elongations  are  identical,  consider  a  beam  of 
uniform  section  freely  supported  at  its  ends  and  loaded  at  the  third 
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points  with  equal  loads.  In  the  center  third  the  vertical  shear 
is  zero.  There  is  uniform  bending  and  the  curvature  is  a  circular 
arc,  the  moment  of  inertia  being  constant. 

Consider  two  such  beams,  one  half  as  deep  as  the  other.  Suppose 
the  elongation  of  the  extreme  fiber  in  tension  to  be  the  same  in  each. 
Then  the  rate  of  increase  of  this  elongation  brought  about  by  hori- 
zontal shearing  stress  is  twice  as  rapid  in  the  shallow  beam  as  it  is  in 
the  beam  of  double  depth  and  the  maximum  horizontal  shearing 
strain  between  any  two  consecutive  horizontal  layers  is  twice  as  great 
in  the  shallow  beam  as  it  is  in  the  deeper  beam.  Therefore  if  cracking 
of  the  concrete  occurs  at  a  certain  limiting  shearing  strain  instead 
of  at  a  limiting  principal  strain  we  should  have  the  cracking  of 
the  concrete  in  the  shallower  beam  under  an  elongation  much  less 
than  would  occur  in  the  deeper  and  stiffer  beam,  as  experience  proves 
the  case  to  be.  This  matter  wiU  be  discussed  more  at  length  in  the 
mathematical  theory  to  follow,  see  Fig.  86,  Chapter  VIII. 

12.  Static  Fatigue.  If  we  suppose  a  definite  stress  applied  to  a 
piece  of  steel  or  a  certain  weight  placed  on  the  middle  of  a  steel  beam 
simply  supported,  and  applied  and  removed  a  great  many  times  with 
the  result  that  after  each  application  and  removal  of  the  load  the 
specimen  comes  to  rest  in  exactly  the  same  configuration  as  it  had 
previous  to  the  application  of  the  load  and  if  the  specimen  be  left  to 
itself  with  stress  removed  and  it  be  found  to  remain  in  the  same 
configuration  for  days  or  years  after  removal  of  the  stress  a  part  of 
the  definition  of  perfect  elasticity  is  fulfilled. 

Or  again,  if  the  stress  be  applied  and  kept  applied,  and  the  speci- 
men remains  peimanently  in  constant  configuration  another  condi- 
tion of  the  .definition  of  perfect  elasticity  is  fulfilled. 

In  many  specimens  of  mild  steel,  instruments  of  great  precision 
reveal  slight  permanent  extensions  resulting  from  very  low  stresses, 
particularly  where  these  specimens  have  never  before  been  subjected 
to  such  tensile  stresses.  From  the  disclosure  of  such  permanent  set 
under  low  stresses  the  erroneous  conclusions  might  be  reached  that 
the  limits  of  nearly  perfect  elasticity  of  the  material  were  no  greater 
than  that  at  which  these  small  sets  occurred,  but  our  present  know- 
ledge of  the  operation  of  residual  strain  accounts  for  this  phenomenon 
on  the  ground  that  the  set  represents  the  relief  of  primitive  residual 
strain  induced  by  cold  bending  or  other  work  done  upon  the  material 
previously.  After  the  relief  of  such  residual  strain  a  sound  specimen 
of  homogeneous  steel  or  of  good  wrought  iron  exhibits  nearly  f)erfect 
elasticity  of  shape  and  configuration  up  to  approximately  eight- 
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tenths  of  the  jdeld  point  value,  after  which  noticeable  hysteresis  or 
lag  occurs  in  4ihe  development  of  the  final  deformation  under  a  given 
carrying  load.  This  slowly  increased  deformation  beyond  the  limit 
of  proportionaUty  grows  less  and  less  as  the  time  is  increased  by 
hours  or  days  and  the  time  stress  ciure  becomes  asymptotic  in  a 
relatively  short  period  of  time. 

Experiments  beyond  the  yield  point  show  similar  phenomena,  and 
it  seems  highly  probable  that  a  perfectly  quiescent  load  exceeding 
the  primitive  yield  point  might  be  applied  for  an  almost  indefinite 
period  without  producing  ultimate  rupture  in  sound  metal.  The 
product  of  the  faggot  mill  which  is  mere  muck  bar  and  steel  scrap 
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Fig.  34. 
Deformation  Per  Unit  of  Lencth  Deformation  Per  Unit  of  Length 

Characteristic  compreanioD-streas  deformation        Characteristic  oompreesion-strdss   deformation 
diagrams,  granite  concrete  of  medium  con-  diagrams,  limestone  concrete  of  medium  con- 

sistency; ages  4.  13,  and  26  weeks.  sistency;  ages  4,  13,  and  26  weeks. 

rolled  together  will  frequently  exhibit  increasing  deformation  under 
constant  load  of  intensity  of  half  the  yield  point  .value  of  the  metal 
for  a  considerable  period  of  time.  Such  metal  is  most  undesirable 
as  a  reinforcing  material  and  the  same  statement  can  be  made  re- 
grading  the  poorer  qualities  of  rerolled  stock  or  any  metal  which 
has  been  subjected  to  improper  heat  treatment. 
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The  phenomenon  of  static  fatigue  of  resistance  under  constant 
intensity  of  loading  at  such  low  values  as  half  or  less  than  half  the 
ultimate  strength  of  the  material  thus  appears  as  a  phenomenon 
closely  related  to  the  relief  of  primitive  or  preinduced  residual 
strains  in  the  specimen. 

Conc^te,  because  of  the  nature  of  it«  curing  and  its  shrinkage  in 
hardening,  is  a  material  in  which  internal  residual  strain  of  more  or 
less  intensity  is  invariably  present  and  as  a  result  of  this  condition 
apparent  static  fatigue  of  resistance  is  manifested  durmg  any  continued 
initial  application  of  constant  compressive  force  at  even  relatively  low 
intensities*.  With  the  continued  agmg  and  curing  of  the  specimen 
a  marked  change  of  its  resistance  occurs  as  is  clearly  illustrated  by 
Fig.  34,  which  presents  the  stress  strain  curve  of  specimens  from 
Bulletin  No.  344  U.  S.  Bureau  of  Standards. 

True  static  fatigue  of  a  lean  mixture  of  concrete  in  a  floor  struc- 
ture has  been  discussed,  Art.  6,  Chapter  1,  and  such  mixtures  should 
be  avoided.  The  most  economical  kind  of  concrete  in  reinforced 
work  is  a  rich  concrete  which  approaches  true  elasticity  and  which 
while  it  may  exhibit  apparent  fatigue,  like  steel,  is  free  from  elastic 
fatigue  under  ranges  of  stress  which  do  not  exceed  the  intensity  of 
reasonable  and  safe  working  stress. 

Static  fatigue  of  the  direct  tensile  resistance  of  concrete  in  beams 
is  illustrated  by  the  endurance  test  published*  by  tHatt,  Proc.  Am. 
Soc.  Testing  Materials,  1907,  page  425: 


DeflectioDs 

Figured  Steel 
Stress  of 

Beam  No. 

April  11 

May  3 

Sept.  18 

3000 

22 

.04 

.08 

.12 

3000  ' 

23 

.04 

.07 

.15 

8000 

26 

.10 

.13 

.25 

8000 

21 

.11 

.11 

.18 

It  will  be  noted  that  where  the  figured  stress  was  but  3000  pounds 
per  inch  for  a  ratio  of  /a/Zc  =  15  there  would  be  200  pounds  per  inch 
on  the  concrete  under  common  assumptions.  For  8000  pounds  on 
the  same  with  the  same  ratio  the  stress  in  parallel  on  the  concrete 


•See  article  by  Moore  A  Fuller  Proceedings  of  the  Am.  Cone.  Inst.  Vol.  XII,  1916. 
fThe  scientific  accuracy  of  tests  bv  Hatt  above  quoted  could  not  be  accepted  by 
the  authors  had  they  not  independently  confirmed  them,  particularly  in  the  light 
of  the  doubt  cast  upon  them  in  Hatt's  commercial  testimony  that  there  was  but  a 
slight  increase  in  these  deflections  as  disclosed  by  experiments  noted.  (Hatt 
RDQ  325  Turner  v.  Lauter  Rec,  Third  C.  C.  A.) 
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would  be  approximately  600  pounds.  Even  under  the  low  stress  of 
200  pounds,  the  increase  in  deflection  was  200  percent  between  April 
11  and  September  18. 

These  experiments  verified  by  less  extensive  investigation  by  the 
authors,  fully  justify  the  total  disregard  of  the  direct  tensile  resis- 
tance of  concrete  by  the  practical  builder  because  it  so  completely 
vanishes  in  a  relatively  short  period  in  the  time  stress  curve  deter- 
mined by  these  observations. 

Change  in  configuration  indicating  apparent  but  not  true  static 
fatigue  occiu's  not  only  in  independent  specimens  but  to  a  more 
marked  degree  in  monolithic  reinforced  concrete  columns  and 
floor  construction.  Unlike  a  mere  sample,  such  structures  have 
induced  in  them  both  elastic  and  residual  strains  from  the  shrinkage 
and  flow  of  the  concrete  into  place  which  are  localized  to  a  consider- 
able intensity  at  certain  points. 

It  is  customary  to  cast  the  columns  and  floor  continuously,  to 
secure  the  advantages  of  a  true  monolith.  After  pouring  a  column 
the  excess  water  in  the  mix  leaks  away  from  the  forms  accompanied 
by  the  settlement  of  the  semi-plastic  mass  in  the  column  shaft  and 
the  drawing  of  the  semi  plastic  mass  downward  from  the  floor  or 
slab  toward  and  into  the  column  shaft  or  cap.  Such  action  produces 
tensile  shrinkage  stresses  of  considerable  intensity  in  the  immediate 
vicinity  of  the  junction  points  and  the  relief  of  these  strains  in  the 
floor  or  beam  under  initial  loading  becomes  quite  apparent  if  mea- 
sured by  the  extensometer. 

Such  reUef  of  residual  shrinkage  strains  does  not  represent  elas- 
tic resistance  nor  is  it  related  thereto.  Such  settlement  of  the  semi- 
plastic  matrix  in  the  column  shaft  imder  the  conditions  noted  gives 
rise  not  only  to  residual  shrinkage  strains  at  the  underside  of  the  floor 
next  to  the  junction  of  the  column  but  actual  cracks  in  the  top  take 
place  before  the  matrix  has  acquired  much  more  than  a  seminsolid 
consistency.  The  concrete  being  in  its  original  form,  cement,  sand 
and  mud,  as  the  water  dries  out  it  presents  characteristics  comparable 
with  that  of  the  mud  in  a  slough  bottom  drj'-mg  out,  cracking  and 
opening  up.  Such  cracks,  however,  as  those  that  occur  about  the 
column  are  usually  filled  with  the  drip  from  the  succeeding  or  fol- 


ERRORS  OF  STRESS  MEASUREMENT  125 

lowing  floor  and  are  rarely  discovered  by  a  research  student  until 
after  a  test  load  is  applied  to  the  floor.  When  thus  discovered  they 
are  apt  to  be  incorrectly  regarded  as  cracks  brought  about  by  the 
application  of  the  load  rather  than  as  cracks  that  existed  before  its 
application. 

The  value  of  published  extensometer  tests  of  flat  slab  floors  re- 
sides in  their  interpretation  and  use  in  checking  sound  theory.  To 
make  interpretation  of  all  readings  as  tho  they  were  the  result  of 
elastic  phenomena  atone  without  any  attempt  to  separate  elastic 
from  inelastic  deformations  or  from  the  rehef  of  residual  strains,  as 
may  be  readily  done  by  noting  the  elastic  recovery  on  removal  of  the 
load,  is  an  error  that  has  largely  vitiated  the  conclusiveness  of  pub- 
lished deductions  from  such  tests.  Such  omissions  and  oversights 
render  reported  extensometer  measurements  of  initial  loading  of 
concrete  floors  lacking  as  scientific  indications  of  all  the  concrete 
stresses.    They  have  some  value,  however,  in  the  general  average  of 

steel  deformations  although  in  the  case  of  individual  measurements 

• 

on  bars  which  have  been  bent  cold  they  are  without  scientific  value 
imless  the  elastic  recovery  on  removal  of  the  load  is  noted  and 
deductions  made  therefrom  instead  of  from  the  initial  gage  readings. 

In  the  Ught  of  known  existence  of  residual  strains  from  shrinkage 
and  the  known  nature  of  these  strains,  the  error  of  undertaking  to 
interpret  extensometer  measurements  of  deformations  produced  in 
the  course  of  a  week  or  ten  days  in  concrete  specimens  under  test  load 
without  aUowing  for  the  time  effect  of  apparent  static  fatigue  through 
more  than  the  short  space  of  forty  minutes  or  an  hour  as  against  a 
week  in  a  test  structure,  is  too  illogical  to  require  criticism  further 
than  calling  pointed  attention  thereto. 

The  magnitude  of  the  error  involved  when  the  localization  of 
shrinkage  stresses  in  the  practical  structure  is  not  considered  fre- 
quently amounts  to  35  to  40  percent,  of  the  amoimt  of  the  erroneously 
interpreted  concrete  stress.  The  concentration  of  residual  shrinkage 
strain  and  its  relief  under  initial  loading  causes  a  corresponding  error 
in  all  steel  stresses  measured  immediately  above  the  edge  of  the 
column  cap.  A' short  hend  in  the  steel  at  the  top  is  produced  under 
load  by  the  rehef  of  shrinkage  strain  in  the  concrete  at  the  bottom 
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of  the  slab  at  the  edge  of  the  cap  and  at  times  an  unbalancing  of  resi* 
dual  strain  induced  by  cold  bending  occurs  when  the  steel  is  bent  at 
that  point.  The  error  from  this  cause,  Uke  that  in  the  measurement 
of  the  deformation  of  the  concrete,  can  be  eliminated  by  check 
measurement  of  the  elastic  recovery  on  removal  of  the  load,  thus 
determining  its  amount. 

• 

13.  Concrete  Under  Repeated  Loading.  We  have  shown  in  the 
discussion  of  residual  strains  that  materials  may  be  gradually  re- 
lieved from  their  injurious  effect  by  change  of  .temperature  and  like- 
wise by  applied  force  changing  the  form  repeatedly,  if  the  force  does 
not  exceed  certain  well  defined  limits.  As  in  the  case  of  steel  speci- 
mens, the  elimination  of  residual  strain  occurs  under  fluctuating  load 
stresses  so  in  concrete  specimens  appUcations  of  moderate  loads 
cause  the  material  to  deport  itself  more  and  more  nearly  in  accord 
with  the  laws  of  perfect  elasticity  by  the  ehmination  of  residual 
shrinkage  strains. 

When  the  load  is  applied  gradually,  the  shortening  of  the  specimen 
which  is  at  first  small,  increases  more  and  more  rapidly  as  the  load 

increases  as  shown  in  the  concave 
curve  OY  Fig  35,  plotted  with  the  ap- 
plied loads  as  ordihates  and  the  de- 
formation as  abscissas.  As  the  loading 
is  gradually  removed  the  curve  YO' 
takes  a  convex  form  and  shows  a  per- 
manent set  00'  on  a  horizontal  axis, 
"h  < — '     !/  I    n^\    I — I — I — I    On  again  applying  the  same  load,  the 

8  r —  A    t  /iM — r  ' — I    new  stress  strain  curve  starting  from  the 

new  origin  0'  is  still  of  concave  form 
looked  at  from  the  right  just  as  the  origi- 
nal curve  OY  was,  but  to  a  lesser  degree 
and  for  the  same  load  as  at  7  the 
Def^rm€if/oo  point  Y*  shows  a  smaller  relative  set 

Fig.  35.  stress  Strain  Curves  in  Com-   than  the  Set  00' ,    'Ou  Unloading  again 

pression  of  Concrete  under  Re-         .1  ...  j       i*    1  xi        x        r\n 

peated  Loading.  the   origiu   IS   movcd    slightly   to    O  . 

With  several  successive  applications  and 
removals  of  the  same  load,  the  origin  is  continually  removed  sUghtly 
to  the  right,  but  the  movement  becomes  less  and  less  until  there  is  no 
additional  permanent  set.  The  permanent  set  of  concrete  appears 
then  to  be  in  a  great  measure  reached  under  the  first  loading  and  for 
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subsequent  applications  of  the  same  load  the  concrete  acts  more  and 
more  nearly  as  a  perfectly  elastic  material. 

The  increase  of  permanent  set  after  initial  loading  not  only  be- 
comes rapidly  smaller  with  increased  number  of  repetitions  of  the 
applied  load  but  it  decreases  greatly  with  the  increase  in  hardness  at- 
tendent  upon  the  increase  in  age  of  the  specimen.  The  fact  that  re- 
peated loading  of  a  rich  concrete  such  as  is  required  for  reinforced  con- 
crete structural  work  causes  the  material  to  deport  itself  more  and 
more  nearly  in  accord  with  the  laws  of  perfect  elasticity  renders  its 
deviation  from  true  elastic  deportment  in  initial  stages  just  after  cur- 
ing quite  unimportant  as  the  small  deformations  which  relieve  tlie  re- 
sidual shrinkage  strains  do  not  injuriously  affect  a  practical  structure 
properly  proportioned  and  after  these  initial  deformations  have  taken 
place  under  load  the  fact  that  no  further  or  at  least  negligible  deforma- 
tions continue  to  take  place  renders  the  life  of  the  concrete  building 
under  proper  working  stresses  without  known  limit  from  the  stand- 
point of  deterioration  and  service. 

14.  Direct  Tensile  Stress  in  Concrete  Across  Reinforcing  Bars 
Combined  with  the  Shrinkage  Stresses  About  Them.  Shrinkage 
strains  may  be  either  elastic  or  residual.  Elastic  shrinkage  strains 
which  alone  are  here  considered  have  reactions  and  properties  in  any 
material  the  opposite  of  residual  strains  as  was  shown  previously  in 
the  case  of  bent  steel  bars. 

The  effect  of  cross  embedment  in  flexure  is  not  merely  to  reduce 
the  section  of  the  concrete  normal  to  the  bar,  but  also  to  weaken  the 
ultimate  direct  tensile  resistance  of  the  concrete  developed  during  the 
hardening  or  curing  of  the  concrete  by  the  amount  of  the  elastic 
shrinkage  strain  about  the  bar.  The  simple  experiments  noted, 
Chapter  I,  last  part  of  Article  9,  show  that  the  adhesion  proper  of  the 
concrete  in  a  direction  normal  to  the  surface  of  the  steel  is  practically 
nil,  and  that  the  rigidity  of  the  embedment  along  the  bar  depends 
upon  tensile  stresses  developed  in  the  concrete  by  the  shrinkage  of 
the  concrete  around  the  bar  in  curing.  The  longitudinal  tensile  re-  » 
sistance  of  the  matrix  across  the  bar  is  accordingly  reduced  by  the 
full  amount  of  these  stresses  acting  upon  a  diametral  plane  thru  the 
bar.  ( 

To  investigate  experimentally  the  effect  of  cross  embedment, 
four  5"X12''  slabs  of  concrete,  six  feet  long,  were  made,  two  plain 
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and  two  reinforced  crosswise  with  J"  bars,  six  inches  centers,  J"  from 
the  bottom.    See  Fig.  36. 

The  calculated  reduction  in  the  moment  of  inertia  of  the  section 
by  reason  of  the  5"  bar  is  approximately  two  tenths,  while  the  reduc- 
tion in  the  modulus  of  rupture  in  the  average  of  two  tests  was  about 
five  tenths  below  that  of  the  plain  concrete  slab  of  the  same  mix  and 
age,  cured  under  the  same  conditions  and  tested  in  the  same  manner. 
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fig.  36. 

Now  in  the  origin^d  Mushroom  type  slabs  near  the  column  there 
are  areas  of  two,  three  and  four  layers  of  bars,  one,  two  or  three  of 
which  reduce  the  section  and  resistance  of  the  concrete  matrix  in  any 
given  direction. 

To  investigate  this  effect  still  further  experiments  were  made 
upon  concrete  slabs  or  wide  beams  like  those  already  described,  and 
also  upon  other  slabs  of  the  same  dimensions,  but  having  a  cross 
embedment  of  rods  at  an  angle  of  45°  with  each  other  and  at  67^° 
with  the  axis  of  the  beam.  Because  of  this  obliquity  of  the  reinforc- 
ing rods  the  moment  of  inertia  of  the  slab  was  probably  not  made 
less  but  its  modulus  of  rupture  appears  to  have  been  reduced  by  the 
rods  to  a  value  between  25  and  35%  of  that  of  the  plain  slab. 

From  the  foregoing,  the  attempt  in  the  Proc.  Am.  Soc.  C.  E., 
January  1918,  p.  246,  to  attribute  the  enormously  greater  carrying 
capacity  of  column  supported  flat  slabs  to  a  more  persistent  opera- 
tion of  the  direct  tensile  stress  in  the  concrete  than  can  occur  in 
beams  appears  futile.  Since  the  cross  embedment  in  slabs  (which  is 
generally  absent  in  beams)  reduces  the  modulus  of  rupture  in  beam  ac- 
tion by  the  percentage  above  demonstrated,  were  the  action  of  the 
column  supported  slab  in  fact  similar  to  beam  action  we  could  readily 
double  its  strength  by  leaving  the  steel  out  entirely,  since  the  latter 
on  beam  theory  accounts  for  but  twenty  to  twenty  five  percent  of 
the  applied  moment.     (See  Table  Chapter  II,  Art.  12). 

The  erroneous  nature  of  the  premise  from  which  this  conclusion 
is  unavoidably  reached  will  be  further  evident  from  a  consideration 
of  the  phenomena  of  rupture  by  direct  stress  combined  with  tempera- 
ture strains  as  follows: 
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15.  Temperature  Strains  Combined  With  Direct  Tensile  Re- 
sistance of  Concrete  in  Flexure.  There  are  sound  theoretical  con- 
siderations as  well  as  practical  reasons,  heretofore  adduced,  which 
justify  building  code  regulations  requiring  that  the  direct  tensile  re- 
sistance of  the  concrete  be  entirely  ignored  in  determining  the  strength 
of  reinforced  concrete  floors. 

Actual  fracture  of  concrete  floors  in  buildings  occasionally  takes 
place  from  temperature  stresses,  combined  with  working  strain,  par- 
ticularly where  there  is  an  abrupt  change  in  the  cross  section  such  as 
occurs  where  an  elevator  shaft  cuts  through  a  floor  and  largely  re- 
duces the  section.  A  ground  floor  cast  on  walls  having  a  rigid  found- 
ation on  rock,  is  comparatively  unyielding  and  checks  under  these 
conditions  frequently  occur.  The  case  of  floors  higher  up  in  a  build- 
ing, where  the  coliunns  and  walls  may  bend  in  and  out,  at;commodat- 
ing  themselves  to  the  expansion  and  contraction  of  the  floor  structiffe, 
presents  more  favorable  conditions  and  corresponding  freedom  from 
temperature  checks.  The  fact  that  ordinary  floor  slabs  checked 
from  temperature  or  shrinkage  stresses  continue  to  carry  their 
working  load  and  demonstrate ^their  strength  under  test  of  more,  than 
double  the  working  load  is  such  a  well  known  fact  that  the  surprising 
degree  of  resistance  of  floor  structm^s  of  Types  III  and  IV  can  be 
accounted  for  only  on  the  ground  of  a  difference  in  mode  of  operation 
mechanically  from  mere  beam  action. 

The  coeflScient  of  expansion  of  concrete  is  .0000065.  If  the  con- 
crete floor  is  cast  and  cured  at  a  given  uniform  temperature  and  if 
the  modulus  of  elasticity  of  the  concrete  in  tension  is  2,000,000,  when 
a  drop  of  25®  in  temperature  occurs,  assuming  the  supports  of  the 
floor  to  be  immovable,  a  temperature  stress  in  the  concrete  equal  to 
2,000,000 X 25 X. 0000065,  or  325  pounds  per  square  inch  will  be 
developed^  which  approaches  the  ultimate  resistance  of  plain  con- 
crete in  tension. 

■»•«■■■* 

It  thus  appeirs  that  if  the  floor  were  rigidly  restrained  at  the 
ends,  a  drop -of  25*^  below  the  temperatxH^  pf  curihg  might  cause 
cracking  cf  the  concrete,  unless  inelastic  elongation  qccurs  with 
correspbndmg:  redtictibn  in  the  value  of  E  figyred  uppil; 

All  experiment  made  on  a  slab  2 1'-O"  square  5'- thick  well  illus- 
trates this  point.  The  slab  was  supported  on  four  sides  by  walls, 
and  by  a  pier  in  the  middle.  Strips  of  poultry  netting  24"  wide 
were  run  in  four  directions  across  the  pier  from  wall  to  wall,  but  this 
section  of  metal  was  insufficient  to  increase  the  strength  of  the  slab 
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materially  over  that  of  plain  concrete.  The  slab  was  loaded  with 
concrete  barrels,  and  withstood  the  load  without  sign  of  distress  when 
first  applied.  The  barrels  were  filled  two  thirds  full  of  water  and  the 
total  wagbt  was  7^  tons.  A  drop  in  the  temperature  of  23°  caused 
the  complete  collapse  of  the  slab  under  this  load. 


Fig.  38.    VIEW 
Load  when  first  applied  carried  lai^Iy  by  tendle  strength  of 
concrete  without  distress. 


Fig.  39.    VIEW 
After  two  weeks  future  of  tensile  strength  of  concrete  occurred 
due  to  drop  of  23°  Fahr.  in  temperature. 
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The  error  of  the  suppoeition  that  the  direct  tensile  strength  of 
concrete  pla3rs  any  considerable  part  in  the  flexural  resistance  of 
practical  flat  slab  floors  will  be  evident  on  consideration  of  the  fact 
that  a  similar  slab  well  reinforced  would  carry  without  failure  a  load 
fifty  times  greater  than  that  under  which  this  collapse  occurred. 

How  little  in  fact  the  tensile  resistance  of  the  concrete  has  to  do 
with  the  performance  of  Type  IV  slabs  may  be  illustrated  by  a  mis- 
hap which  occurred  in  putting  up  a  Milwaukee  building  some  ten 
years  ago.  A  scale  pit  was  to  be  simk  in  the  floor  slab  the  plans  re- 
quiring the  forming  as  in  Fig.  37. 

Aa  required  by  drawings.  Fig.  37  As  built. 

The  change  as  shown  was  made  by  the  owners'  inspector  without 
consisting  the  Engineer.  A  full  panel  test  of  600  pounds  per  sq.  ft. 
twice  the  live  load,  was  then  applied  next  to  the  pit.  As  the  last  of  the 
load  was  applied  the  rods  kinked  down,  at  the  side  of  the  pit,  pulled 
straight  letting  the  slab  bag  six  inches,  but  still  carrying  the  hundred 
ton  test  load.  The  owner's  attention  was  called  to  the  fact  that  his  in- 
spector had,  without  permission,  altered  the  design  and  he  agreed  im- 
mediately to  pay  the  expense  of  repairs  if  the  balance  of  the  floor  tested 
out.  The  sand  used  for  the  test  was  shifted  to  a  similar  panel  the  op- 
posite side  of  the  building  but  adjacent  to  the  damaged  panel  and  that 
test  of  course  was  satisfactory.  No  supports  were  placed  under  the 
damagied  panel  as  it  was  of  ample  strength  to  support  the  test  load 
through  the  bond  shear  resistance  to  sliding  of  the  steel  within  the 
separated  segments.  Some  of  these  segments  were  separated  a 
quarter  inch  at  the  bottom  but  were  squeezed  together  at  the  top  thus 
resisting  circular  and  radial  compressions  very  effectively.  About  a 
third  only  of  the  resistance  could  be  accoimted  for  by  tension  in  the 
steel  operating  by  catenary  action,  hence  the  three  elements  of 
resistance  were: 

1.  Compressive  resistance  radially  and  circularly  of  the  cracked 
segments  against  each  other. 

2.  The  tension  in  the  steel. 

3.  The  bond  about  the  steel  preventing  it  from  sliding  laterally 
in  the  cracked  segments. 

The   impossibility   of   utilizing   the   direct   tensile   strength   of 
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the  concrete,  even  in  beams  with  no  cross  embedment,  is  thus  set 
forth  in  Reinforced  Concrete  by  Tumeaure  and  Maurer,  1911: 

"42  Tensile  Strength  and  Elongation  of  Concrete  when  Rein- 
forced:— We  have  seen  that  plain  concrete  has  an  ultimate  tensile 
strength  of  about  200  lbs/in'^  and  a  total  elongation  of  perhaps  1/1000 
part,  corresponding  to  a  value  of  2,000,000  for  £c.  Ste^l  stretches 
this  amount  under  a  stress  of  30,000,000/1000  —  3000  lbs/in^. 
Again  the  safe  working  tensile  stress  of  concrete  is  about  50  lbs/in^ 
and  if  we  use  a  Value  of  E  /Ec  =  15,  the  corresponding  stress  in  the 
steel  will  be  but  750  lbs/in^.  From  these  relations  it  is  evident  that 
in  reinforced  tension  members  we  must  either  use  very  low  and 
uneconomical  working  stresses  for  steel,  or  else  expect  the  concrete 
to  be  of  no  assistance  in  carrying  stress." 

Even  low  stresses  such  as  50  lbs.  sq.  in.  on  the  concrete  are  safe 
only  in  isolated  masses  such  as  footings,  which  could  not  be  injur- 
iously affected  by  temperature  stresses. 

Where  the  ratio  of  thickness  to  span  length  is  sufficiently  great 
and  end  restraint  is  present  permitting  arch  action,  safe  construction 
is  possible  but  not  economical  or  conmiercially  feasible  because  of 
the  excessive  thickness  required.  Stability  under  these  conditions  is 
secured  by  arched  compressive  stresses  in  the  concrete,  the  direct 
tensile  resistance  pla3ing  no  essential  part  in  the  operation  of  sup- 
porting the  load  under  varying  temperatures. 

16.  True  and  Nominal  Factor  of  Safety.  A  popular  misconcep- 
tion regarding  the  nieaning  of  .the  term  factor  of  safety  as  applied 
to  steel  construction  has  exerted  an  influence  from  the  economic 
standpoint  adverse  to  the  rapid  introduction  of  concrete  construction. 

Many  have  the  mistaken  idea  that  the  factor  of  safety  of  four 
in  steel  construction  means  that  the  construction  may  be  safely 
loaded  to  ioui:  times  the  rated  working  capacity;  but  thi?  is  Aot  the 
case,  since  the  yield  point  of  steel  i^  only  about  tynce  the  working 
load;  hence  the  actual  factor  of  safety  is  practically  two  against 
the  nominal  factor  of  four. 

In  other  words,  the  nominal  factor  of  safety  of  four  in  structural 
steel  work  is  based  on  the  ultimate  carrying  strength  in  tension  of 
the  metal  which  is  about  four  times  the  working  load,  but  after 
the  load  has  reached  a  little  more  than  double  the  working  load  the 
yield  point  value  of  the  steel  has  been  nearly  or  quite  reached  and  it 
commences  to  stretch,  pulling  out  in  case  of  mild  steel  before  break- 
ing sometimes  as  much  as  twenty  percent  or  more  of  its  total  length. 
Evidently  when  this  plastic  distortion  commences  in  a  beam  or 
column  the  member  is  soon  so  deformed  that  we  cannot  figure  its 
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strength  in  the  frame,  thus  luniting  the  ultimate  strength  to  practical- 
ly a  little  more  than  twice  the  working  load  for  this  nominal  factor 
of  four. 

In  properly  designed  concrete  construction  the  concrete  is  made 
stronger  than  the  steel,  for  one  reason  because  it  }a  generally  econom- 
ical so  to  do,  and  hence  the  strength  of  the  steel  is  the  strength  of 
the  reinforced  concrete  construction  and  it  would  not  be  reasonable 
to  expect  to  subject  the  steel  to  higher  ^tresses  in  the  case  of  concrete 
construction  than  is  permissible  in  structural  work;  hence  twice 
the  working  load  is  a  fair  test  for  this  type  of  work.  In  reality,  in 
view  of  the,  fact  that  the  cement  improves  with  age,  if  it  will  stand 
this  test  at  an  age  of  from  three  to  four  months  the  owner  can  rest 
assured  that  the  factor  of  safety  is  greater  than  with  structural 
steel  construction. 

Excessive  test  loads  are  not  to  be  recommended  since  permanent 
strain  is  induced  thereby  and  weakening  of  the  structure  may  result 
therefrom.  In  case  a  test  load  of  one  and  three  quarters  times  the 
working  load  shows  results  in  practical  accord  with  elastic  theory  no 
greater  loading  is  needed.  The  yield  point  of  the  steel  in  a  structure 
is  a  critical  point  that  determines  what  may  be  regarded  as  the  prac- 
tical ultimate  strength  of  that  structure.  The  nominal  factor  of 
safety  is  not  in  any  wise  related  to  the  ultimate  strength  of  the 
structiu'e  and  is  equally  unrelated  to  the  true  limits  of  elasticity  of 
the  material;  in  fact  it  is  nothing  more  than  an  irrational  factor  of 
ignorance  originating  before  the  advent  of  scientific  analysis  of  con- 
struction. Before  the  statical  analysis  of  the  frame  was  developed 
the  primitive  idea  of  ultimate  strength  was  that  of  a  simple  carrying 
rod  and  the  idea  was  that  the  working  strength  should  be  a  certain  ratio 
to  the  ultimate  tenacity  of  the  material  and  this  ratio  was  called  the 
factorof  safety  which  ratio  is  wholly  inapplicable  to  a  frame  structure 
in  which  the  elongation  to  develop  the  tenacity  of  the  tension  member 
would  destroy  the  triangulation  of  the  frame  work.  The  advanced 
thinker  in  the  engineering  field  today  appreciates  this  so  thoroughly 
that  he  avoids  this  term  in  his  specifications  and  technical  papers. 

17.  Working  Stresses.  Safe  and  practical  working  stresses 
must  not  exceed  such  limiting  values  that  the  working  stress  under 
loading  repeated  many  times  will  not  produce  progressive  change  in 
the  configuration  of  the  structure  on  the  one  hand,  nor  a  progressive 
accumulation  of  ;*epidual  strains  in  any  of  its  parts.  Therefor^,  the 
working  stress  must  be  within  the  true  limits  of  elasticity  of  the 
material  by  such  a  margin  as  will  reasoi^ably  provide  for  additional 
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subsidiary  actions  disregarded  in  the  theory  of  predominant  action 
from  possible  over-load  and  the  effect  of  flaws  in  the  material  as  well 
as  the  temperature  strains  that  are  incident  to  its  configuration  and 
exposure. 

If  we  take  the  working  stress  as  six  tenths  of  the  limit  of  elasticity 
of  the  material,  that  leaves  a  reasonable  margin  to  provide  for  the 
above  mentioned  contingencies.  The  true  elastic  limit  of  soft  steel 
(ultimate  strength  55,000  to  60,000)  may  be  taken  at  about  22,000 
pounds  per  square  inch.  For  steel  of  structural  grade,  (65,000  to 
75,000  pounds)  the  elastic  limit  is  about  26,000  pounds  per  square 
inch,  and  that  of  hard  grade  steel  is  about  30,000  pounds  per  square 
inch,  permitting  the  following  safe  working  stresses: 

13,000  pounds  per  square  inch  for  soft  steel, 
16,000  pounds  per  square  inch  for  structural  grade, 
18,000  {X)unds  per  square  inch  for  hard  grade  steel. 

Concrete  in  Compression.  The  limit  of  elasticity  in  compression 
of  a  rich  concrete  such  as  a  mixture  of  one  cement  to  two  sand,  with 
four  aggregate,  or  richer,  may  be  taken  at  approximately  four  tenths 
of  the  ultimate  compressive  strength.  In  a  leaner  mixture,  such  as 
a  1  cement,  to  3  sand  to  4^  or  5  aggregagte,  the  approxmate  limit 
of  elasticity  is  in  the  neighborhood  of  35  percent  of  the  ultimate 
compressive  strength,  while  in  a  still  leaner  mortar  of  one  cement  to 
3^  sand  the  limit  of  elasticity  is  more  nearly  25  per  cent  of  the  ulti- 
mate strength. 

Working  stress 
720  Ibe.  sq.  in. 
420  lbs.  aq.  in. 
270  lbs.  sq.  in. 

Wherever  in  practice  the  limit  of  elasticity  of  the  concrete  is  ex- 
ceeded, progressive  static  fatigue  occurs  under  constant  stress  or 
load.  Repeated  stresses  then  tend  to  induce  residual  strain  and 
ultimately  wear  out  the  material. 

From  the  above  relations  it  is  evident  that  a  rich  concrete  is  the 
cheaper  and  more  practical  material  to  use,  and  less  of  it  can  be 
employed  with  added  certainty.  Since  the  rich  mixture  is  more  de- 
pendable and  varies  less  in  its  ultimate  strength  and  is  more  uniform, 
tough  and  dependable  it  is  obviously  the  grade  of  material  most 
suitable  for  use  in  reinforced  concrete  construction. 

Working  stresses  for  concrete  in  tension  are  to  be  treated  on  the 
same  basis.  The  ultimate  strength  of  a  good  1:3:5  concrete  in 
tension  is  probably  in  the  neighborhood  of  250  to  300  pounds. 


(Mix) 

Elastic  Limit 

1  :2  :4 

1200  lbs. 

1:3:6 

760  lbs. 

1 :3J :7 

450  lbs. 
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Thirty  five  percent  of  this  would  bring  the  elastic  limit  in  tension 
down  to  approximately  100  pounds  per  square  inch  and  six  tenths 
of  that  will  be  about  60  pounds.  But  60  pounds  per  square  inch  in 
tension  is  so  much  below  the  ordinary  temperature  stress  to  which 
the  concrete  is  subjected  in  the  building  that  no  safe  working  stress 
can  be  imposed  upon  the  concrete  in  tension  except  in  the  case  of 
independent  footings  where  t^nperature  strains  are  quite  small. 
There  40  to  50  pounds  per  square  inch  on  the  concrete  will  give 
dependable  results. 

18.  Concluding  Remarks.  From  the  foregoing  discussion  of 
elai^ic  and  plastic  phenomena  of  deformation  the  following  con- 
clusions may  be  drawn: 

Fluctuating  stresses  imposed  without  shock  upon  material  with- 
in the  limits  of  elasticity  tend  to  render  the  material  more  perfectly 
elastic,  tougher  and  more  resilient.  Stresses  beyond  the  true  limits  of 
elasticity  produce  the  opposite  effect,  cause  brittleness,  and  by  accum- 
ulation of  residual  strdns  may  ultimately  produce  rupture  at  a  stress 
below  the  iiltimate  resistance  of  the  material  under  a  load  gradually 
increased  and  continuously  applied. 

The  ultimate  strength  in  compression  of  a  sample  of  concrete  be- 
cause of  hysteresis  or  lag  in  the  progress  of  deformation  becomes 
greater  the  more  rapidly  the  load  is  applied  in  the  testing  machine 
and  decreases  considerably  with  a  sufficiently  slow  application.  Also, 
after  a  few  repetitions  of  load  within  the  limits  of  elasticity  a  specimen 
retains  a  nearly  constant  configuration  with  continuance  of  load,  but 
beyond  this  limit  there  is  a  time  curve  of  deformation  which  shows 
how  the  progressive  shortening  of  the  material  under  compressive 
stress  continues  at  a  less  and  less  rapid  rate  until  after  a  longer  or 
shorter  period  of  time  the  curve  becomes  asymptotic. 

In  order  to  make  a  scientific  comparison  of  the  results  of  different 
tests  of  the  ultimate  compressive  strength  of  concrete  it  is  not  only 
necessary  to  adopt  some  standard  form  and  dimensions  for  test 
specimens  but  also  a  prescribed  uniformity  of  speed  in  applying  the  load. 

In  extensometer  tests  in  which  the  strain  is  carried  beyond  the 
limits  of  nearly  perfect  elasticity  of  the  concrete,  allowance  should' 
be  made  for  the  time  stress  curve,  preferably  by  noting  gage  point 
readings  after  removal  of  the  load  since  by  this  means  correction  for 
effect  of  locaUzed  shrinkage  stress  is  also  effected. 

Another  question  presented  by  the  preceding  discussion  is  how 
sharp  a  bend  may  a  reinforcing  rod  receive  without  undue  injury  in  the 
body  of  the  bar  as  a  tension  element. 
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This  question  involves  a  double  complexity — the  effect  of  a  sharp 
bend  on  the  concrete  in  accentuating  the  strains  therein  and  the 
damage  done  the  bar  itself  by  too  sharp  bending.  A  radius  of  bend 
6i  to  7  inches  should  preferably  be  adopted  rather  than  the  sharp 
bend  conunorily  made  with  many  bending  machines  now  on  the 
market.  Bends  of  such  easy  curvature  avoid  concentration  of  strain 
upon  the  matrix  and  prevent  excessive  residual  strain  in  hard  grade 
steel  of  good  quaUty  up  to  1"  orlf"  diameter.  When  the  bars  are 
larger  than  this  it  is  preferable  to  increase  the  radius. 
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CHAPTER  V. 

THE  CHEMICAL  AND  MECHANICAL  ENERGY  OF  HARD- 
ENING OF  PORTLAND  CEMENT  CONCRETE  AND 
WORK   PERFORMED   BY   IT   AND    RELATED 

PHENOMENA. 

1.  The  hardening  of  concrete  is  a  chemical  action.  No  chemical 
change  takes  place  without  either  hberation  or  absorption  of  heat 
and  the  rapidity  of  the  change  is  in  some  measure  dependent  on  the 
temperature  at  which  it  occurs.  At  very  low  temperatures  all  chem- 
ical action  ceases. 

Thus  the  hardening  of  concrete  proceeds  rapidly  when  the  ma- 
terials are  heated  to  begin  with  and  kept  warm  or  when  the  tem- 
perature when  casting  is  that  of  summer,  but  it  proceeds  with 
extreme  slowness  when  the  temperature  falls  to  about  40  degrees 
Fahr.,  and  ceases  entirely  at  slightly  lower  temperatiures  when  the 
water  with  which  the  concrete  was  mixed  was  only  a  little  above 
the  freezing  point  and  the  sand  and  stone  also  cold.  The  first  day 
or  two  after  pouring  the  chemical  action  of  hardening  responds 
quickly  to  increase  of  external  temperature.  Where  the  concrete 
has  been  kept  at  a  low  temperature  for  a  month,  there  is  very  little 
response  to  external  increase  of  temperature  unless  it  continues 
for  a  long  time.  Therefore,  in  winter  work  it  is  important  that 
the  materials  be  heated  for  the  purpose  of  accelerating  the  hardening 
and  that  heat  be  appUed  for  one  or  two  days  after  casting  since  it  is 
economical  to  keep  the  concrete  from  even  getting  chilled. 

Mr.  W.  A.  Hoyt,  Engineering  Record,  January  18,  1913,  published 
his  determination  of  the  daily  increments  of  compressive  strength 
in  pounds  per  square  inch  of  cylinders,  of  a  1-2-4  gravel  concrete 
kept  at  different  temperature^,  as  shown  in  the  accompanying  table : 
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INCH  1:2:4  CONCRETE 


Mean 
Daily 
Temp. 


32 

34 

36 

OO •      •    •  t 

40 

42 

44 

46 

48 

60 

62 

64 

56 

68 

60 

62 

64 

66 

68 

70 

72 


Age  of  Concrete  in  Days 


1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

0 

0 

0 

12 

12 

10 

7 

6 

4 

3 

3 

2 

2 

2 

2 

2 

26 

26 

20 

16 

10 

8 

7 

6 

6 

4 

3 

3 

3 

37 

37 

30 

22 

16 

12 

10 

9 

7 

6 

4 

4 

4 

60 

60 

40 

30 

20 

16 

14 

12 

10 

8 

6 

6 

6 

62 

62 

60 

37 

26 

20 

17 

16 

12 

10 

7 

7 

7 

76 

76 

60 

46 

30 

24 

21 

18 

15 

12 

9 

9 

9 

87 

87 

70 

62 

36 

28 

24 

21 

17 

14 

10 

10 

10 

100 

100 

80 

60 

40 

32 

28 

24 

20 

16 

12 

12 

12 

112 

112 

90 

67 

46 

36 

31 

27 

22 

18 

13 

13 

13 

126 

126 

100 

76 

60 

40 

36 

30 

26 

20 

16 

16 

16 
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110 

82 

66 

44 

38 

33 

27 

22 

16 

16 

16 

160 

150 

120 

90 

60 

48 

42 

36 

30 

24 

18 

18 

18 

162 

162 

130 

97 

66 

62 

45 

39 

32 

26 

19 

19 

19 

176 

176 

140 
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70 

66 

49 

42 

36 

28 

21 

21 

21 
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187 

160 
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76 

60 

62 

46 

38 

30 

22 

22 

22 

200 

200 

160 

120 

80 

64 

66 

48 

40 

32 

24 

24 

24 

212 

212 

170 
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86 

68 

60 

61 

42 

34 

26 

26 

26 
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225 

180 
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90 

72 

63 

64 

46 

36 

27 

27 

27 
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96 

76 

67 

67 

47 

38 

28 

28 

28 

260 

260 

200 

160 

100 

80 

70 

60 

60 

40 

30 

30 

30 

14 


1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

20 


His  results  agree  with  the  author's  experience  in  years  of  winter 
work  in  casting  thin  reinforced  concrete  slabs  in  building  construc- 
tion. Economy  demands  the  application  of  heat  and  its  continua- 
tion during  the  early  stages  of  curing.  Otherwise,  much  needless 
expense  is  involved  in  heating  the  uncured  floors  since  at  too  late 
a  stage  in  the  curing  a  given  amount  of  heat  has  a  relatively  in- 
significant effect. 

2.    Cold  Weather  Work. 

At  all  temperatures  below  45  degrees  Fahr.,  it  is  best  to  warm 
the  water  to  wake  the  cement  up,  otherwise  it  is  liable  to  set  too 
slowly  to  enable  the  forms  to  be  safely  removed  at  the  usual  intervals 
common  in  warm  weather. 

The  water  may  be  heated  to  160  or  180  degrees  and  the  sand 
and  stone  mixed  with  water  in  the  machine  before  adding  the  cement. 
The  water  will  thus  warm  up  the  stone  and  when  the  cement  is  dump- 
ed into  the  mixer  the  temperature  will  probably  be  in  the  neighbor- 
hood of  120  degrees. 

When  the  temperature  is  below  zero,  boiling  hot  water  is  some- 
times used.  The  sand  and  stone  are  first  placed  in  the  mixer,  then 
the  boiling  water  is  added  to  warm  up  the  sand  and  stone,  and 


finally  the  cement,  when  the  sand  and  stone  has  been  warmed  up 
and  the  water  has  been  cooled  down  to  a  temperature  of  not  more 
then  120°.  This  method  of  proceedure  is  necessary  in  order  to  not 
than  120".  This  method  of  procedure  is  necessary  in  order  to  not 
kill  the  cement  by  the  boiling  water. 

At  low  temperatures  salt  may  be  advantageously  used.  The 
proportion  of  salt  which  it  is  desirable  to  use  for  temperatures  between 
zero  and  25  above  zero  is  a  pint  and  one-half  of  salt  to  each  batch 
containing  two  bags  of  cement.  Below  sero,  a  little  more  than 
a  pint  per  sack,  and  extra  care  is  to  be  taken  in  heating  the  materials 
and  seeing  that  the  concrete  gets  into  place  hot. 

For  these  very  low  temperatures  it  is  much  better  to  heat  the 
stone  and  sand  over  a  coil  of  steam  pipe  if  such  is  available. 

In  large  masses  such  as  thick  walls,  thick  slabs,  and  the  like, 
the  cement  generates  heat  in  setting,  sufficient  to  keep  the  body  of 
the  material  warm,  whereas  in  thin  slabs  this  is  not  always  the  case 
and  the  concrete  may  and  frequently  does  freeze. 

It  comes  then  to  a  question  as  to  how  to  handle  the  concrete  in 
the  best  and  most  practical  manner.  In  a  building  having  exterior 
bearing  waits  the  walls  are  built  up,  then  the  slab  is  cast  and  artificial 
heat  should  be  promptly  applied  on  the  under  side  of  the  sl^  to 
sweat  out  the  concrete  and  enable  it  to  harden  up  promptly. 
Window  openings  may  be  readily  closed  with  canvas  or  light  cloth. 
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Where  the  building  is  a  skeleton  concrete  frame  it  should  be  pro- 
tected in  winter  from  outside  temperatures  by  help  of  canvas  curtains 
in  lieu  of  the  walls  as  shown  in  Fig.  40.  Then  the  concrete  may  be 
artifically  heated  and  hardened. 

.  In  a  large  piece  of  work  the  most  economical  method  of  heating 
is  to  put  in  a  small  fan  with  the  usual  steam  coil,  and  heat  the  building 
by  blowing  in  heated  air  in  the  usual  manner.  In  a  small  building 
this  is  too  expensive  and  the  resort  is  had  to  salamanders  and  coke  for 
heating. 

Attention  is  called  pointedly  to  the  necessity  of  melting  snow  and 
ice  on  old  work  and  on  forms  before  casting  concrete  and  it  remains 
to  call  attention  to  the  necessity  of  special  care  in  splicing  the  work. 

The  old  concrete  may  be  frozen  and  not  hardened.  It  will  be 
killed  or  disintegrated  by  heating  with  hot  water  as  some  thought- 
less foremen  have  tried  to  do.  Splices  in  the  work  should  be  made 
with  great  care  and  in  a  vertical  plane  both  for  beams  and  slabs. 
The  old  concrete  should  be  cleaned  of  snow  and  ice  with  a  steam  hose, 
but  no  hot  water  used,  then  the  new  concrete  may  be  cast  against 
it  and  the  moderate  temperature  of  the  new  concrete  will  gradually 
soften  the  old  work  if  frozen  and  the  result  will  be  a  satisfactory  bond 
between  the  two.  It  is  preferable  where  practicable  to  continue 
casting  until  a  whole  floor  is  complete  unless  the  work  is  of  too  great 
magnitude. 

Inclined  splices  and  irregular  joints  are  very  decided  sources  of 
weakness  in  work  cast  in  cold  weather,  in  fact,  they  can  hardly  be 
made  good  unless  by  digging  out  some  of  the  concrete  and  thoroly 
grouting  the  joint  after  the  work  has  hardened. 

The  foreman  should  be  cautioned  against  killing  cement  by 
mixing  with  boiling  hot  water.  Mixing  the  sand  and  stone  first 
with  boiUng  water  will  take  the  frost  out  of  the  stone  and  sand  and 
warm  it  up  and  reduce  the  temperature  of  the  mix  down  to  120  or 
130  degrees  which  will  not  injure  the  cement.  If  there  is  ample 
salt  this  temperature  may  be  even  ten  or  fifteen  degrees  higher 
for  a  few  minutes  and  not  materially  damage  the  mix. 

We  have  known  of  cases  where  the  concrete  was  placed  in  Decem- 
ber, mixed  with  cold  water,  frozen  as  fast  as  placed,  and  when  this 
same  material  thawed  out  in  March  it  was  as  soft  as  the  day  when 
first  cast.  After  the  concrete  had  been  kept  thoroly  wet  for 
two  and  one-half  weeks  and  then  allowed  to  dry  out,  a  good  hard 
concrete  was  secured  which  after  eight  months  stood  an  exceptionally 
satisfactory'  test. 
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Concrete  unless  promptly  thawed  out  after  it  has  been  frozen, 
sets  so  slowly  that  its  hardening. may  be  condemned  as  altogether 
too  slow  for  practical  purposes  if  it  is  expected  to  clean  up  the  work 
and  get  it  finished  within  a  reasonable  time,  and  for  this  reason 
it  pays  the  constructor  well  to  heat  the  materials  so  that  the  centers 
may  be  removed  promptly  and  the  work  finished  up  nearly,  if  not 
quite,  as  rapidly  as  it  is  ordinarily  done  in  the  summer. 

Too  great  care,  however,  cannot  be  exercised  in  handling  work 
during  the  winter  season  since  frozen  or  partly  frozen  concrete  may 
stand  well  when  the  forms  are  first  removed  and  then  as  soon  as  it 
commences  to  thaw  it  will  begin  to  get  out  of  shape  and  look  badly 
if  it  does  not  entirely  collapse. 

Many  mistakes  in  judgment?  are  made  in  handling  work  in  the 
cold  season  of  the  year,  although  by  the  exercise  of  care  and  good 
judgment  there  is  no  reason  why  the  work  cannot  be  executed  in 
a  thoroly  first  class  and  satisfactory  manner. 

3.  Caution  Regarding  Removal  of  Forms.  A  word  of 
caution  to  the  builder  may  not  be  amiss  under  this  heading. 
The. rapidity  of  the  setting  of  concrete  and  hence  the  time  at 
which  it  is  safe  to  remove  the  forms  varies  materially,  depend- 
ing on  the  humidity  of  the  atmosphere.  In  damp,  rainy,  wet, 
chilly  weAther,  concrete  is  liable  to  set  very  slowly  indeed.  In  dry 
weather,  and  particularly  in  high  altitudes  the  concrete  sets  much 
more  rapidly.  In  central  Minnesota  for  example,  imder  usual 
conditions,  concrete  may  be  counted  upon  to  set  more  rapidly  at 
temperatures  ten  or  fifteen  degrees  lower  than  in  situations  close 
to  the  Great  Lakes  or  in  the  South  where  the  average  humidity  is 
much  greater.  The  experienced  superintendent  soon  becomes 
familiar  with  these  conditions  for  a  given  locality,  but  if  he  moves 
about  it  is  well  to  bear  these  general  facts  in  mind  since  he  will  find 
a  marked  difference  in  different  sections  even  with  the  same  cement. 

As  to  the  time  of  removal  of  the  forms,  the  builder  should  bear 
the  fact  clearly  in  mind  that  it  is  not  the  number  of  days  time  that 
the  concrete  has  been  in  place  or  has  stood  upon  the  forms  that 
determines  whether  it  is  safe  to  remove  the  forms,  but  the  degree 
of  hardness  that  has  been  attained  during  that  period.  Concrete 
may  remain  on  the  forms  for.  four  months  in  a  northern  climate, 
freeze  and  thaw  out  in  spring  and  be  as  soft  as  the  day  on  which  it 
was  placed,  if  the  foreman  has  been  so  lacking  in  judgment  as  to 
use  cold  water  to  mix  the  concrete  and  then  allow  the  material 
to  freeze  after  it  has  been  placed. 
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In  the  chilly  weather  of  the  spring  or  fall,  if  the  concrete  has  been 
mixed  with  cold  water  and  subsequently  chilled  by  frost  before  it 
has  had  time  to  set  appreciably  it  may  be  very  slow  in  curing.  It  is 
exceedingly  difficult  under  such  circumstances  for  the  most  expert 
to  tell  when  the  false  work  may  be  removed  and  no  undesirable 
results  follow.  The  concrete  may  after  such  treatment,  (improper 
mixing  with  cold  water  at  a  time  when  the  weather  is  chilly  and 
frosty)  apparently  be  hard  and  subsequently  sweat  and  soften  during 
the  continued  hardening  process  and  the  work  get  out  of  shape. 
That  is,  the  slab  or  beam  may  deflect  permanently  i  or  f ".  Such 
deflection,  while  it  will  not  result  in  permanent  weakness  after  the 
concrete  has  finally  hardened,  will  cause  the  owner  to  question  its 
strength.  It  may  cause  partitions,  which  were  built  upon  it  at  its 
original  elevation,  to  be  left  unsupported  and  a  year  or  a  year  and 
one  half  after  the  inelastic  sag  has  occurred,  the  partitions  will 
commence  to  crack  and  come  down  to  a  bearing.  The  owner  will 
feel  certain  that  the  concrete  work  is  weak,  although  it  has  hardened 
up  and  is  of  ample  stiength,  tho  not  in  the  position  in  which  it 
was  left  when  the  forms  were  removed.  These  troubles  are  entirely 
obviated  by  the  proper  treatment  of  the  materials  in  mixing,  as  we 
have  explained  heretofore. 

The  danger  of  accident  with  half-hardened  concrete  is  compara- 
tively remote  with  multiple  way  systems,  as  this  type  of  construction 
will  almost  invariably  give  the  workman  ample  time  to  note  its 
jrielding  and  to  prop  it  up  before  excessive  deflection  has  occurred. 
Unfortunately,  this  is  not  the  case  with  one-way  reinforcement. 
When  it  once  starts  yielding  as  a  rule  the  whole  construction  goes  by 
the  run,  and  hence  from  the  standpoint  of  safety  to  workmen,  the 
superintendent  should  exercise  extreme  care  with  this  type  of  con- 
struction. 

The  question  of  determining  the  hardness  of  the  concrete  and 
whether  it  is  safe  to  remove  the  forms  is  one  which  the  builder 
must  decide.  As  a  rough  test  the  concrete  should  be  so  hard  that 
a  twenty  penny  nail  will  double  over  and  cannot  be  driven  into 
it  more  than  three-quarters  of  an  inch.  A  good  idea  can  be  obtained 
as  to  its  hardness  by  trying  it  with  a  hammer  and  seeing  how  readily 
it  can  be  indented,  as  well  as  by  driving  a  nail  into  it  and  finduig 
out  its  condition  under  the  surface.  Examining  the  concrete  around 
openings,  etc.,  will  enable  the  experienced  foreman  to  form  a  correct 
judgment  as  to  whether  it  is  safe  to  remove  the  centering.  In  any 
case,  these  rough  tests  are  sufficient  to  determine  whether  the  removal 
of  the  forms  is  safe  for  the  workmen. 
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In  long  span  slabs  or  beams  there  may  be  some  sag  owing  to 
compression  of  the  concrete  if  it  has  not  set  sufficiently  hard  altho 
no  accident  may  result.  Such  deflection  or  sagging  tends  to  destroy 
the  owner's  jconfidence  in  the  work  altho  it  may  have  no  material 
effect  from  the  standpoint  of  strength.  In  fact,  where  a  long  span 
slab  or  beam  has  sagged  a  moderate  amount  before  the  concrete  is 
thoroly  hard  there  is  generally  little  loss  of  strength. 

In  the  case  of  a  slab,  if  it  is  afterwards  leveled  up  with  additional 
concrete,  it  is  stronger  than  that  portion  of  the  work  which  has 
kept  its  shape.  The  owner  considers  this  an  evidence  of  weakness. 
The  builder  knows  that  if  he  has  filled  up  the  depression  in  a  panel 
which  has  sagged  slightly  it  is  probably  the  strongest  slab  in  the 
building  and  a  test  of  it  will  give  exceptionally  fine  results. 

The  time  during  which  the  centering  should  rem^  in  place  varies 
for  different  spans.  With  a  slab  sixteen  or  seventeen  feet  square  and 
seven  inches  thick  under  favorable  drying  conditions,  it  should  be 
possible  to  remove  the  forms  in  eight  or  ten  days.  Where  the  span 
is  longer,  say  twenty  or  twenty-five  feet,  two  to  three  weeks  at  least 
should  be  allowed  unless  the  slab  is  extra  thick.  For  example,  a 
slab  eight  inches  in  thickness  and  twenty-five  feet  in  .span  should  be 
allowed  three  weeks  under  the  most  favorable  conditions  to 
thoroly  harden  if  it  is  to  keep  its  shape  inunediately  after  removal 
of  the  supporting  forms.  Whereas  a  span  of  the  same  length, 
thirteen  inches  thick  would  only  need  practically  the  same  time  as 
the  shorter  span  on  account  of  the  additional  thickness.  These  are 
practical  points  which  it  is  well  to  bear  in  mind  as  upon  them  conm[ier- 
cial  success  in  a  measure  depends. 

The  superintendent  should  bear  in  mind,  in  freezing  weather, 
that  concrete  is  as  readily  stiffened  up  by  frost  as  by  the  true  chemical 
action  of  hardening  and  that  when  thus  hardened  by  frost  it  only 
remains  for  a  rise  in  temperature  to  occur  for  the  work  to  get  out  of 
shape,  if  it  does  not  actually  collapse.  The  test  in  freezing  weather 
to  determine  whether  the  concrete  has  been  merely  stiffened  up  by 
cold  or  is  actually  cured,  is  to  dig  out  a  small  sample  and  place  it  upon 
a  hot  stove,  then  if  it  sweats  and  softens  the  forms  must  remain  in 
place.  If,  on  the  other  hand,  it  remains  hard  and  rigid  and  does 
not  sweat  and  soften  up  then  the  concrete  may  be  depended  upon 
to  retain  its  shape  and  forms  may  be  safely  removed. 

4.  Beneficial  Effect  of  Heating  the  Water.  If  a  drop  of  water 
be  placed  on  a  piece  of  cold  glass,  it  will  stand  out  upon  it  in  the  form 
of  a  globule  instead  of  spreading  out  over  the  surface  of  the  glass. 
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Heating  the  glass  on  the  under  side  will  cause  the  globule  of  water 
to  flatten  out  and  spread  over  the  surface.  This  deportment  of  the 
water  upon  a  cold  surface  is  ascribed  by  chemists  to  ''surface  ten- 
sion". Surface  tension  operates  to  prevent  an  intimate  mixture  of 
the  water,  cement  and  sand.  It  is  greatly  reduced  by  heating  the 
water  and  for  that  reason  where  proper  care  has  been  exercised  in 
this  particular,  concrete  made  in  winter  is  of  better  quality  than  that 
made  in  the  cool  seasons  of  spring  and  autumn,  and  the  materials 
not  heated. 

Whenever  the  temperature  is  below  45  degrees,  it  is  both  pro- 
fitable and  advantageous  to  use  warm  water  in  the  mix  because  not 
only  can  the  forms  be  removed  earlier,  but  a  better  concrete  results. 

5.  Shrinkage.  The  active  initial  forces  producing  shrinkage  of 
the  plastic  concrete  in  the  building  are  the  force  of  gravity  and  the 
settling  tendency  caused  by  the  leakage  of  the  excess  water  from  the 
plastic  mix  in  the  forms.  Consequently  there  is  a  relatively  large 
vertical  shrinkage  in  a  column  and  a  much  smaller  vertical  shrinkage 
in  a  beam  or  slab.  The  principal  shrinkage  in  the  column  accord- 
ingly is  lengthwise,  the  principal  shrinkage  in  a  horizontal  beam  or 
slab  is  crosswise  of  its  length  or  vertically,  with  very  little  longi- 
tudinal shrinkage.  The  relative  magnitude  of  these  shrinkages  in 
the  plastic  mix  are  roughly  proportional  to  the  height  of  the  colimm 
cast  at  one  time,  and  the  depth  or  thickness  of  the  slab,  varjdng  with 
the  degree  of  fluidity  or  plasticity  of  the  mixture.  These  primary 
conditions  of  shrinkage  tend  to  produce  elastic  tensions  in  the  hori- 
zontal steel  reinforcement  of  the  beams  or  slabs,  and  elastic  compres- 
sions in  the  vertical  steel  of  the  column. 

6.  Work  Performed  on  the  Concrete  and  Metal  by  the  Chem- 
ical Energy  of  Curing.  The  heat  generated  by  the  chemical  action 
of  setting  is  energy  capable  of  doing  work,  the  amount  of  which 
depends  upon  the  intensity  and  duration  of  and  manner  in  which 
the  heat  is  expended  or  dissipated. 

The  heat  generated  by  the  setting  of  concrete  is  most  noticeable 
in  lining  a  tunnel.  There,  when  it  is  20  degrees  below  zero  outside 
the  men  inside  the  tunnel  are  complelled  to  work  with  the  least 
permissible  clothing  because  of  the  heat  thus  generated  by  the 
concrete. 

Mr.  J.  E.  Howard,  Tests  of  Metal,  U.  S.  A.,  1901,  p.  130,  found 
that  the  temperature  of  concrete  setting  in  cubes  was  largely  depen- 
dent on  the  size  of  the  specimen,  small  cubes  showing  very  sUght  in- 
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crease  since  the  radiation  with  the  smaller  cubes  would  be  propor- 
tionately greater  than  with  the  larger  ones.  Volume  for  volume, 
the  radiation  is  twice  as  great  with  a  6"  cube  as  with  a  12"  cube, 
so  that  the  heat  generated  is  dissipated  more  rapidly  by  radiation  from 
the  smaUer  cubes  and  the  increase  in  temperature  is  less.  These 
relations  must  be  considered  in  estimating  the  variation  of  tempera- 
ture and  the  relative  amount  of  work  done  on  the  materials  by  this 
chemical  energy. 

Under  summer  conditions  a  rise  in  temperature,  of  25  to  35 
degrees  in  a  1-2-4  mix  is  probably  a  fair  estimate  for  the  interior 
of  an  ordinary  concrete  beam. 

During  the  process  of  crystallization  the  chemical  change  under 
summer  conditions  goes  on  with  considerable  rapidity  for  two  or 
three  days,  thus  maintaining  the  heat  within  the  body  of  the  con- 
crete during  that  period  or  longer,  followed  by  a  gradual  reduction 
in  temperature. 

The  steel,  heated  by  the  chemical  action  which  is  proceeding  in 
the  surrounding  concrete,  expands  and  is  gripped  in  its  elongated 
condition  by  the  setting  of  the  matrix.  The  concrete  then  loses 
heat  by  radiation  from  its  exterior  surface  and  these  surfaces  con- 
tract and  harden  while  the  concrete  within  the  body  of  the  member 
is  still  expanded  by  the  higher  temperature  within  the  mass.  When 
the  interior  of  the  concrete  cools  its  free  contraction  is  opposed  by 
the  exterior  portion  and  it  tends  to  set  up  shearing  stresses  between 
the  exterior  and  the  interior  portions,  and  likewise  between  the  steel 
and  the  concrete  surrounding  it.  Expansion  also  accompanies  crys- 
tallization and  plays  its  part  in  the  final  result. 

Thus  it  would  appear  that  the  steel  tends  to  contract  more  than 
the  concrete  next  to  it,  producing  residual  compressions  in  the  con- 
crete next  to  its  surface,  and  elastic  compressions  beyond  these  im- 
mediate areas  must  balance  the  residual  compression  in  the  concrete 
and  the  tension  thus  induced  in  the  steel. 

The  result  of  such  a  state  of  internal  stress  would,  in.  the  test  of 
a  beam,  be  represented  by  a  knee  in  the  lower  portion  of  the  steel 
deformation  diagram,  because  the  elastic  compressions  in  the  con- 
crete, as  they  are  gradually  relieved  by  the  application  of  the  load 
permit  the  initial  steel  tensions  and  the  residual  compressions  in  the 
concrete  to  act.      A  similar  knee   occurs   in    the   deflection   curve 
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while  there  is  a  relatively  small  change  from  a  straight  line  in 
the  compression  curve  of  the  upper  fiber.  This  is  well  illustrated 
by  typical  diagrams  of 
4  and  52  week  old  speci- 
mens reproduced  here- 
with from  the  Bureau  of 
Standards  Technological 
Paper  No.  2,  by  Humph- 
rey and  Losse. 

It  thus  appears  that 
the  excess  of  rigidity  in 
a  newly  cured  beun 
over  that  due  to  the  ten- 
sile resistance  indicated 
by  the  measurements  of 
the  steel  may  be  account- 
ed for  without  presuppos- 
ing a  tensile  resistance  in 
the  concrete  which  ex- 
ceeds its  ultimate  tenacity 
and  without  the  still  more 
irrational  assumption 
that  as  the  concrete  ap- 
proaches its  ultimate 
strength  it  can  continual- 
ly and  regularly  exert 
elastic  resistance  of  a 
magnitude  far  beyond  its 
true  limits  of  elasticity. 
Extensometer  m  e  a  - 
surements  of  steel  stresses  determine  the  increments  of  stress  shown 
by  the  measured  elongations.  In  case  the  initial  steel  stress  is  un- 
known, as  it  is  when  it  is  produced  by  residual  and  elastic  compres- 
sions in  the  concrete  arising  from  the  heat  of  curing  and  expansion 
due  to  crystallization  the  increment  of  the  stress  between  the  initial 
and  the  final  stress  is  known  but  the  final  stress  is  not  indicated  by 
the  extensometer  reading  and  consequently  is  unknown  since  it  can 
only  be  known  when  the  initial  stress  is  known;  so  that  ordinary  test 
measurements  do  not  indicate  total  steel  stresses  »nce  they  give  no 
indication  of  the  initial  tensions  in  the  steel  They  only  indicate 
increments  or  additions  to  the  initial  stress. 
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In  sununer,  the  heat  of  curing  produces  a  state  of  stress  of  such 
mtensity  that  the  weight  of  the  concrete  is  in  a  large  measure  re- 
moved from  the  supporting  forms,  a  phenomenon  which  has  never 
been  observed  i^  winter  work,  notwithstanding  the  fact  that  the 
atmosphere  surrounding  the  forms  is  less  humid  than  in  summer  by 
reason  of  the  drying  effect  of  artificial  heat. 

The  concluision  that  curing  induces  tension  in  the  steel  is  the 
reverse  of  that  arrived  at  by  M.  Consid6re  based  on  experiments  on 
the  shrinkage  of  prisms  2.36"  by  0.98"  by  23.5  inches  in  length  with 
small  bars  i  inch  diameter  embedded  in  tamped  concrete,  the  pro- 
perties of  which  differ  from  those  of  plastic  poured  concrete.  '^  In  such 
small  sized  specimens,  Howard's  tests  mentj^oned  above  show  that 
no  material  rise  in  temperature  could  occur  since  the  heat  would 
be  radiated  away  so  rapidly  that  it  would  have  little  effect  upon  the 
metal.  The  case  is  quite  otherwise  where  there  is  a  considerable 
body  of  concrete,  for  in  that  case  a  rise  in  temperature  of  20 
degrees  would  expand  the  steel  as  much  as  a  stretching  force  of 
3,900.  pounds  per  square  inch,  and  the  results  of  test  would  there- 
fore differ  widely  from  those  of  the  laboratory  sample  of  Considfere. 
Moreover,  Considfere  used  a  relatively  dry  mix  compacted  by  tamp- 
ing instead  of  shrinking  by  loss  of  excess  water. 

Consid^re's  experiments  on  concrete  hardening  in  water  show 
expansion  which  is  partly  duplicated  in  the  wet  mix  and  is  followed 
by  some  contraction. 

So  far  as  known,  no  tests  have  heretofore  been  made  to  investi- 
gate the  phenomenon  just  described. 

In  order  to  establish  the  facts  as  to  this  phenomenon,  a  beam  14" 
square  by  14'0"  long  was  cast  in  the  City  Testmg  Laboratory,  Min- 
neapolis t  for  the  authors,  early  in  December.  The  reinforcement 
consisted  of  two  4"  round  rods  3"  from  the  bottom  thruout.  These 
rods  extended  thru  the  beams  to  about  six  inches  beyond  the  ends 
and  were  bent  bkck  parallel  to  the  side  of  the  beam  and  cut  2"  short 
of  the  center.  These  bars  were  supported  upon  cross  rods  i"  in 
diameter  2'-0"  on  centers  passing  thru  the  beam  laterally  and 
supporting  the  longitudinal  rods  both  inside  and  out,  as  per  cuts, 
Figures  42  and  43.  These  cuts  are  made  from  photographs  of  the 
finished  beam  showing  the  thermometers  for  measurement  of  the 

*See  Marsh,  ''Reinforced  Concrete",  2nd  Edition  1905,  page  253. 
fThe  assistance  of  Mr.  P.  Pearson,   in   charee  of  the  Minneapolis  Testing 
Department,  in  carrying  out  this  test  is  acknowledged. 
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temperature  of  the  beam  at  T,  the  extensometer  at  E,  placed  in 
holes  drilled  in  the  rods  for  the  measurement  of  chan;^  of  length. 
Two  seta  of  holes  had  to  be  drilled  in  order  to  cover  the  lai^e  range 
in  the  change  of  length  of  the  steel. 


The  concrete  was  a  standard  1:2:4  mixture,  using  washed  gravel 
for  the  coarse  aggregate.  The  temperature  of  the  concrete,  when 
poured,  was  80°  F.,  and  that  of  the  room  71°  F,  The  temperature 
of  the  matrix,  rose  about  four  degrees  and  remained  at  this  maximum 
for  about  24  hours.  The  original  temperature  of  the  steel  was  71° 
Fahr.,  five  hours  after  the  contirete  was  poured  it  had  risen  to  84°, 
This  rise  of  13°  in  temperature  would  elongate  the  steel  .01328". 
In  five  days  the  temperature  of  the  concrete  fell  to  71°,  the  same  as 
that  of  the  room  when  it  was  poured,  the  temperature  of  the  room  at 
this  time  being  67°,  and  the  average  extenaometer  measurements  of 
the  elongation  was  .0449";  correcting  this  for  four  degrees  lower 
temperature  of  the  steel  outside  the  form,  we  have  an  elongation  of 
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.0408".  To  produce  this  extension  would  require  a  stretching  force 
of  (.0408/160)  X3(10)^  =  7650  pounds  per  square  inch  tension  in  the 
steel  and  this  was  the  value  of  the  induced  stress  in  the  steel  at  that 
time. 

From  this  time  contraction  set  in  with  the  drying  out  and  at  the 
end  of  three  weeks  the  average  amount  of  extension  was,  by  exten- 
someter  reading,  .0427",  which  corrected  for  two  degrees  drop  of 
temperature  inside  the  beam  equals  .0347"  or  6400  pounds  per  square 
inch  tension  in  the  steel  would  be  required  to  produce  this  extension. 
The  extension  shown  by  the  extensometer  readings  at  the  end  of  40 
days  corresponded  to  2145  pounds  per  square  inch  tension  in  the  steel. 

Expansion  in  the  process  of  crystallization  is  dependent  on  the 
amount  of  water  present.  Thus,  when  the  concrete  is  cured  imder 
water,  a  large  expansion  has  been  observed  in  the  experiments  of 
Bauschinger  and  those  of  Consid6re,  as  well.  To  the  extent  that 
the  wet  mix  furnishes  the  excess  water,  expansion  proceeds  after- 
wards followed  by  shrinkage  of  the  concrete  as  it  dries  out,  cor- 
responding to  the  observation  of  Consid^re  in  the  shrinkage  of  dry 
tamped  specimens  when  hardening  in  air. 

In  the  summer  the  crystallization  goes  on  rapidly  before  the 
water  has  a  chance  to  ^dry  out.  In  cold  weather  work  where  thfe 
hardening  is  much  slower  the  excess  wat«r  is  largely  eliminated  and 
the  expansion  in  the  process  of  crystallization  is  greatly  reduced. 
As  the  expansion  from  crystallization  proceeds  some  readjustment 
takes  place  between  the  large  tensile  stresses  in  the  steel  and  the 
stresses  in  the  concrete  about  the  steel,  residual  compression  strains 
being  developed  in  the  concrete  about  the  steel  during  the  expansion 
in  the  course  of  crystallization. 

Initial  tension  is  to  be  expected  in  the  steel  in  warm  weather 
work  and  also  where  the  concrete  has  been  properly  handled  in  cold 
weather.  Where  the  concrete  has  been  improperly  taken  care  of 
in  cold  and  chilly  weather  and  for  that  reason  has  required  several 
times  the  normal  time  to  harden,  the  condition  of  internal  stress 
remains  to  be  determined.  We  may  assume  that  the  initial  ten- 
sions and  residual  stresses  are  of  lower  intensity  under  these  cir- 
cimistances.  Whether  there  is  some  initial  compression  in  the 
concrete  due  to  shrinkage  under  these  abnormal  conditions,  is  a 
matter  yet  to  be  investigated. 
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The  radical  difference  between  the  curves  with  a  small  percent- 
age of  steel  and  the  curves  with  a  larger  percentage  of  steel,  that  is 
with  larger  rods,  exhibited  in  Fig.  41  from  Paper  No.  2  of  the  Bureau 
of  Standards,  may  be  accounted  for  as  follows: 

The  bond  resistance  varies  roughljr  with  the  area  of  the  rod,  for 
a  given  length  of  embedment.  'The  cross  section  of  the  rod  varies 
with  the  square  of  its  diameter  while  the  bond  resistance  per  unit  of 
length  varies  as  its  diameter.  Consequently  a  rod  I"  diameter 
elongated  the  same  amount  as  Y'  diameter  would  bring  four  times  the 
bond  stress  divided  by  twice  the  area  or  two  times  the  imit  bond 
stress  upon  the  concrete  that  the  rod  J"  diameter  would  bring  upon 
it.  Consequently  there  is  more  slip  with  a  larger  rod  than  with  a 
smaUer  rod  or  greater  residual  strains  are  produced  in  the  concrete  by 
the  smaller  size  bars  which  do  not  slip.  From  the  principles  of 
equilibrium  of  residual  and  elastic  strains  it  will  be  observed  that 
both  the  initial  elastic  strain  of  tension  in  the  steel  and  the  residual 
compression  strains  in  the  concrete  must  be  balanced  and  held  in 
equilibrium  in  the  compression  zone  by  elastic  compressions  in  the 
concrete. 

From  these  results  it  is  obvious  that  the  prominent  knee  in  the 
deflection  and  steel  curves  of  beams  under  initial  test  is  to  be  attri- 
buted principaUy  to  the  factors  above  noted,  and  that  the  tensile 
resistance  of  concrete*  is  a  minor  factor.  That  the  knee  in  these 
curves  becomes  more,  rather  than  less,  prokiounced  with  increase  in 
age  and  strength  of  the  specimen  is  indicated  by  the  Bureau  of 
Standards  tests. 

7.  Hygrometric  Condition  of  Concrete.  It  is  well  known  that 
concrete  expands  with  moisture  and  shrinks  as  it  becomes  dried  out, 
resembling  timber  in  this  regard.  The  amount  of  this  change  is  but 
a  minute  fraction  of  the  changes  in  sidewalk  slabs  noted  by  Prof. 
A.  H.  White,  Univ.  of  Mich.,  Engineering  News  July  6,  1911,  July 
9,  1914,  since  in  a  building  the  concrete  is  not  exposed  to  the  wetting 
and  drying  of  sidewalk  slabs. 

The  amount  of  residual  moisture  combining  with  the  concrete 
after  four  weeks  of  curing  weather  is  small  but  it  has  an  appreciable 
effect  upon  the  volume  of  the  concrete  in  the  compression  zone  as  it 
dries  out.  The  effect  upon  the  tension  zone  which  has  been  compres- 
sed by  the  residual  tension  induced  by  the  heat  of  hardening  seems 
to  be  neglible  as  evidenced  by  the  same  bend  or  knee  in  the  deflec- 
tion and  steel  stress  curves  of  long  cured  test  specimens. 
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This  difference  in  the  conditions  of  the  tension  and  compression 
zones  ultimately  causes  a  slight  sagging  of  every  concrete  floor  or 
beam,  the  amount  of  which  is  inversely  as  the  square  of  the  ratio 
of  the  depth  to  span  length  for  the  same  grade  of  concrete  cured 
under  identical  conditions.  In  a  design  in  which  proper  relations 
of  depth  to  span  are  adhered  to,  and  in  which  the  concrete  is  of  the 
mixture  recommended,  the  amount  of  sag  produced  by  the  pheno^ 
mena  before  discussed  will  be  too  small  to  cause  diflBculty.   • 

8.  Mechanical  Energy  and  its  Effect  on  Hardening  of  Con- 
crete. We  have  shown  that  the  chemical  energy  of  heat  in  curing 
accelerates  the  hardening  of  Portland  Cement  concrete  and  at  this 
point  it  is  well  to  call  attention  to  the  fact  that  mechanical  energy 
has  the  same  effect  provided  the  percentage  of  moisture  is  greatly 
reduced. 

In  the  manufacture  of  the  famous  Spanish  hydraulic  tile,  the 
moisture  is  contained  in  the  facing  of  the  block  which  is  generally 
of  neat  cement  and  color,  backed  with  dry  cement  and  a  mixture 
of  dry  cement  and  sand.  Upon  the  application  of  the  pressure,  the 
moisture  is  disseminated  through  the  backing  and  the  tile  can  be 
handled  and  is  as  hard  as  an  ordinary  brick  immediately  after  the 
application  of  pressure  of  5000  pounds  per  square  inch. 

Summary.  9.  The  conclusions  derived  from  the  investigation  of 
the  effect  of  the  work  of  chemical  energy  in  curing  reinforced  con- 
crete shows  that  book  theories  attributing  the  result  of  this  work 
to  an  abnormal  tensile  resistance  of  the  concrete,  are  largely  erroneous. 
They  have  alwajrs  been  doubted  by  practical  mechanics  who  have 
handled  plain  concrete  and  reinforced  concrete  slabs  in  building 
work  just  as  practical  mechanics  in  the  bridge  shop  doubted  the 
rigidity  of  the  columns  of  the  first  ill-fated  Quebec  bridge  design, 
because  of  their  lack  of  rigidity  when  handled  in  the  crane. 

In  initial  tests  of  newly  cured  beams,  the  operation  of  the  resi- 
dual compressions  and  the  elastic  tension  induced  in  the  steel  dur- 
ing curing  have  been  mistakenly  credited  to  the  direct  tensile  re- 
sistance oi  the  concrete  itself. 
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CHAPTER  VI. 

MECHANICS  OF  COACTION  OF  METAL  AND  CONCRETE 

IN  SIMPLE  BEAM  ACTION 

1.  When  a  load  is  placed  upon  a  beam  it  tends  to  deflect  or  bend' 
it.  Reinforcing  rods  are  brought  into  tension  when  situated  in  that  part 
of  a  reinforced  concrete  beam  which  is  strained  in  tension.  There  is 
then  a  tendency  for  the  rods  to  slide  longitudinally  within  the  con- 
crete matrix.  This  tendency  to  slide  is  resisted  by  the  shrinkage 
grip  which  furnishes  a  shearing  resistance  that  opposes  longitudinal 
sliding.  The  nature  of  this  shear  may  be  illustrated  by  grasping  a 
pencil  horizontally  in  one  hand  and  pulling  on  it  with  the  other. 
The  flesh  will  be  observed  to  rotate  in  such  a  way  as  to  produce 
compression  at  45  degrees  to  the  angle  of  pull  on  the  pencil  and  to 
be  drawn  in  toward  the  pencil  at  45  degrees  in  the  direction  of  the 
pull. 

The  effect  of  this  shearing  resistance  upon  the  cooperation  of  the 
two  parts  of  a  body  may  be  illustrated  by  considering  a  pile  of  four 
planks,  of  the  same  length  with  the  ends  placed  even,  under  a  load, 
and  simply  supported  at  the  ends.    As  the  planks  bend  imder  the 
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load  the  lower  corners  of  an  upper  plank  slide  past  the  upper  comers 
of  the  lower  plank  just  below  it  at  the  ends  and  when  arranged  in 
this  way  their  combined  stiffness  and  load  capacity  is  the  aggregate 
of  that  of  the  four  planks. 

Now  instead  of  allowing  the  planks  to  slide  upon  each  other,  let 
us  introduce  horizontal  shearing  resistance  between  the  planks  by 
gluing  them  together  so  that  they  cannot  slide  one  upon  the  other, 
then  their  combined  strength  is  increased  to  four  times  that  of  the 
aggregate  of  the  four  planks  operating  independently.    That  is 
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their  strength  in  bending  is  equivalent  to  that  of  sixteen  planks  under 
the  same  load  while  the  total  stiffness  is  sixty  four  times  that  of  a 
single  plank.  Thus  the  horizontal  shear  resistance  furnished  by 
the  glue  has  greatly  increased  the  stiffness  and  strength  of  the  com- 
bination. 

Likewise  when  concrete  and  metal  are  combined,  the  shrinkage 
grip  or  bond  shear  between  them  has  an  effect  similar  to  that  of  the 
glue  in  the  example  of  the  planks  above  described  which  causes  the 
steel  and  concrete  to  work  together  to  produce  a  load  carrying 
capacity  far  greater  than  that  of  the  two  elements  not  so  combined. 

Therefore,  the  three  principal  elements  which  acting  together  in 
the  reinforced  concrete  beam  determine  its  strength,  are, 

1.  Compressive  resistance  of  the  concrete. 

2.  Tensile  resistance  of  the  steel. 

3.  Horizontal  bond  shear  resistance  furnished  by  the  grip  of 
the  concrete  on  the  steel  which  causes  coaction  of  the  concrete  and 
steel  thereby  forming  a  combination  which  has  many  times  the 
strength  and  stiffness  of  the  two  materials  acting  separately. 

Because  of  the  low  value  of  the  elastic  limit  of  the  concrete  in 
tension  and.  the  fact  that  temperature  stresses  may  readily  exceed 
this  limit,  resistance  to  tension  in  the  concrete  cannot  be  coimted 
upon  as  an  element  of  resistance  in  a  reinforced  beam.  ...The  str<*sses 
across  the  section  of  the  beam  under  elastic  action  which  we  can 
coimt  upon  with  certainity  are  then  the  compressive  stresses  above 
the  neutral  axis  and  the  tensile  resistance  of  the  steel  below  the 
neutral  axis. 

Notation  adopted  in  discussion  to  follow: 

1.    Rectangular  Beams. 

/g= Tensile  unit  stress  in  steel, 
/c==  Compressive  unit  stress  in  concrete, 
^8  =  Modulus  of  elasticity  of  steel, 
^c  =  Modulus  of  elasticity  of  concrete, 

68  =  elongation  of  steel  due  to/,. 
ec= shortening  of  the  concrete  due  to/c, 
r  =  Total  tension  in  the  steel  at  any  section, 
C= Total  compression  in  the  concrete  at  any  section, 
Af  =  Moment  of  external  force  or  moment  in  general, 
Moment  of  Resistance  =  M.  for  steel;  M^  for  concrete. 
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il  =  Steel  area, 
b~  Breadth  of  beam, 
d= Depth  of  beam  to  center  of  steel, 
/?=:  Ratio  of  depth  of  neutral  axis  to  e£fective  depth  d, 
2 » Depth  of  resultant  compression  below  top, 
7  =  Ratio  of  lever  arm  of  resisting  couple  to  depth  d, 
jd^d — ^2= Arm  of  resisting  couple, 
p=A/bd  Steel  ratio  (not  percentage). 

2.  T-Beams. 

•   6= Width  of  flange, 
6'=Widthof  stem, 
t = Thickness  of  flange. 

3.  Beams  Reinforced  for  Compression. 

il'=Area  of  compressive  steel, 
p'= Steel  ratio  for  compressive  steel, 
/g'  =  Compressive  unit  stress  in  steel, 
C= Total  compressive  stress  in  concrete, 
C'  =  Total  compressive  stress  in  steel, 
d'  =  Depth  to  center  of  compressive  steel, 
«= Depth  to  resultant  of  C  and  C 

4.  Shear  and  Bond. 

F= Total  shear, 
v  =  Shearing  unit  stress, 
u»Bond  stress  per  unit  area  of  bar, 
0  =  Circumference  or  perimeter  of  bar, 
Zo=Sum  of  the  perimeters  of  all  bars. 

2.    Common  Theory  of  Flexure  Applied  to  Concrete :    This  theory 
is  based  on  the  assumption — 

1.  Any  plane  right  cross  section  of  an  unloaded  beam  will  still 
be  plane  after  bending. 

2.  The  material  of  the  beam  obeys  Hooke's  Law — stress  is  pro 
portional  to  strain. 

From  the  first  assumption  it  follows  that  the  imit  deformations 
of  the  fibers  at  any  right  cross  section  of  the  beam  are  proportional 
to  their  distances  from  the  neutral  siuface. 

From  the  second  assumption  it  follows  that  the  unit  stresses  in 
the  fibers  at  any  section  of  the  beam  are  proportional  to  the  distances 
of  the  fibers  from  the  neutral  surface.    This  is  called  the  linear  Ikw 
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of  distribution  of  stress,  and  while  the  assumptions  are  not  per- 
fectly correct  in  certain  minor  particulars  to  be  discussed  later,  they 
are  however,  sufficiently  accurate  to  serve  the  purpose  of  determin- 
ing flange  stresses. 

This  distribution  of  these  stresses  are  shown  graphically  in 
figure  45. 


Horiiontal  tensile  and  Cozni»reBnve  streMes 

Fig.  45 


Horiiontal  Shears 


3.  Neutral  Axis  and  Resisting  Couple:  From  the  linear  law  the 
unit  deformation  of  the  fibers  varies  directly  as  the  distance  from  the 
neutral    axis,    or   e^e^  —  id — kd)/kd.     Also    e^^f^E^,    ^o—fe/Ec- 

/-      d — kd    1 — k 
nSc         kd         k  ^  ^ 

For  equiUbrium  the  total  tension  below  the  neutral  axis  equals  the 
total  compression  above  the  neutral  axis.    Hence 

fj^^hhhkd. (2) 

Eliminating  /.//o  between  equations  (1)  and  (2)  and  introducing 
p=A/M,  there  results 

2pn  (1—*)  =  Jfc^. (3) 


or 


k=  V2pn+  (pn)^-r^m. (4) 

The  equation  shows  that  k  increases  as  p  orn  increases  and  that  for 
a  given  percentage  of  reinforcement  the  neutral  axis  in  all  beams  is 
the  same  proportionate  distance  k  from  the  top  of  the  beam.  The 
centroid  of  compressive  stress  is  \  kd  from  the  compression  face  of 
the  beam.    The  arm  of  the  resisting  couple  TC  is 

jd=d — \kd  or  j^\ — \k 

As  k  increases  j  decreases,  but  in  a  different  ratio. 


(5) 
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J  AND  K  CUBVES 


Figure  46  shows  how  j  changes  with  p  for  different  values  of  n. 
Diagram   for   Design   of   Double   Reinforced   Beams 
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4.  Determining  Moment  In  case  the  steel  element  in  a  rein- 
forced concrete  beam  is  weaker  than  the  concrete,  the  determining 
resistance  is  that  of  the  steel,  and 

M,=Ajdf.=pjbd^f, (a) 

If,  on  the  other  hand,  the  beam  be  over  reinforced,  the  determining 
moment  is  that  of  the  concrete,  and 

Me=ijAAdVc (b) 

For  approximate  calculations  it  will  be  sufficiently  correct  to  assume 
7=0.85  and  fc= 0.40,  these  being  fair  average  values  for  steel  per- 
centages from  0.75  to  1 .25.     Equations  (a)  and  (b)  then  become 

3f.=0.85ild/; 
andJlfc  =  0.17MVc. 

2.     T'Beams. 

Case  I.  When  the  neutral  axis  lies  in  the  flange:  Use  the 
formulas  for  rectangular  beams. 

Case  II.    When  the  neutral  axis  lies  in  the  stem. 

The  following  formulas  neglect  the  compression  in  the  stem: 


X" 


T 
t 


-b— H 


K-■b•>^ 


Position  of  neutral  axis, 

2hdA  +  bt^ 


kd=^ 


2nA  +  2bt 


Position  of  resultant  compression, 

Skd—2t   t      .... 


«= 


2  kd—  t  3 


Arm  of  resisting  couple, 
jd=d — z, . . 


(6) 


(7) 


(8) 
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Fiber  stresses, 

M 

t--m  • ' <•* 

^^^—i — TT   "^*i=*  ^  ^ 

ulkd—ktjid 

(For  approximate  results,  the  formulas  for  rectangular  beams 
may  be  used.) 

The  following  formulas  take  into  account  the  compression  in  the 
stem;  they  are  recommended  where  the  flange  is  small  compared  with 
the  stem: 


Position  of  neutral  axis, 

b' 

(11) 

Position  of  resultant  compression, 


h'  \         b'         ) 


\kd^—  \Ah+  [(fai-<)'(«+^(td-<))]6' 


t{2M—t)h-{-{kd—tfh' 


(12) 


A.nn  of  resisting  couple, 

jd^d—z (13) 

Fiber  stresses, 

f'-^d--. (1*) 

2Mkd 

^'~  {{2  kd—t)  ht+{kd—t)^  h'\  jd     ^    ' 

3.    Beams  Reinforced  for  Compression. 
Position  of  neutral  axis, 

*=  ^YnTp+p'  d'/d)   +  n\p+p'f—n  {p+p') (16) 

Position  of  resultant  compression, 

_  ^  k^d+2  p'nd'(k-d'/d)  (17) 

k^+2  p'n  {k—d'/d) 
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Arm  of  roasting  couple, 

jd^d — z 


(18) 


fcH 


Fiber  stresses, 


6M 


b(e[sk—i^+^(k—d'/d)  (i—d'/d)\ 


/i= 


M 


=nf. 


1— * 


(19) 


(20)    . 


pjbd^     ""^     k 
fs^nf,  {Jkr-d'/d)/k (21) 

The  case  of  the  doubly  reinforced  beam  is  one  which  the  designer 
rarely  is  called  upon  to  make  use  of.  In  it  the  compression  steel 
should  preferably  be  about  2\"  to  3"  from  the  top  surface  of  the  beam. 
Unless  the  percentage  of  tensile  reinforcement  is  very  high,  say  3 
percent  or  more,  and  the  compressive  reinforcement  very  low,  say 
less  than  0.75  percent,  the  neutral  plane  is  nearer  the  compressive 
steel.  Assuming  d'  to  equal  d  /lO  when  p'  is  2  percent,  it  is  nearer 
the  compressive  steel  for  all  values  of  p'.  Thus  it  follows,  since  the 
unit  stresses  in  the  compressive  and  tensile  reinforcements  are  as 
the  distances  of  these  reinforcements  from  the  neutral  plane,  that 
the  unit  stress  in  the  compressive  steel  is  for  these  percentages  less 
than  that  in  the  tensile  steel.  For  very  rough  approximate  compu- 
tations, taking  n=15  and  the  average  value  of  7==  .85,  k^  .45,  we 
have 

1.17M         ,  M 

^"      Vh^    ^     ^"      (.1^10.5  p')M' 

The  above  formula  for  /,  is  a  fair  approximation.  The  formula 
for  /o  with  different  percentages  of  steel  is  by  no  means  a  close  ap- 
proximation. 
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A  much  more  satisfactory  method  of  computation  is  as  follows: 
From  equations  (20)  we  find 

n(l-k) (19a) 


/c  = 


To  determine  /e  we  cannot  assume  an  arbitrary  value  of  k  in  this 
equation  since  that  would  be  tantamount  to  assuming  that  the  amount 
of  compressive  steel  would  make  no  difference  in  /c,  hence  this  equa- 
tion cannot  be  used  as  an  approximate  method  of  determining  fa 
but  it  may  be  employed  to  determine  /c  in  an  accurate  manner  by 
plotting  the  curve  from  the  values  of  n(l-fc)  /k  for  different  per- 
centages of  tensile  and  compressive  steel  from  which  we  may  derive 
/c  by  dividing  /g  by  the  value  taken  from  the  diagram. 

The  accompanying  Fig.  47  shows  the  curves  of  different  percent- 
ages of  tensile  steel  for  different  percentages  of  compressive  steel 
reinforcement  noted  at  the  bottom  of  this  Fig.  The  values  of  j  are 
given  at  the  left  of  the  diagram  and  the  values*  of  /g^/c  for  the 
different  percentages  of  tensile  and  compressive  reinforcing  steel 
given  at  the  right. 

Diagram  for  Design  of  Double  Reinforced  Beams 


a  a/  az  as  a^  as  a6  a?  as  as  uo  a/  /j^  as  /^  as  as  a?  /^  Aff  so 
Percentage   or  Compress/ye   3fee/ 

Y\q.  47. 
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5.  Bond  Shear  in  Simply  Supported  Beams : 

In  the  following  formula,  2)o  refers  only  to  the  bars  constitut- 
ing the  tension  reinforcement  at  the  section  in  question,  and  jd  is 
the  lever  arm  of  the  resisting  couple  at  the  section. 

For  rectangular  beams, 

"-W  ^^^ 

--]ko    ^23) 

(For  approximate  result^,  j  may  be  taken  at  |.) 

The  foregoing  formula  for  bond  is  correct  for  simply  supported 
beams  only.  The  permissible  bond  shear  stress  is  invariably  greater 
than  ciin  be  developed  with  proper  working  stress  of  tension  upon  the 
steel  or  compression  in  the  concrete. 

The  Joint  Committee  suggest  that  it  may  be  assumed  that  four 
percent  of  the  compressive  strength  of  the  concrete  for  rolled  rods 
but  not  more  than  two  percent  in  the  case  of  drawn  wire  and  with 
the  best  type  of  deformed  bar,  five  percent  of  the  compressive 
strength  of  the  concrete  is  a  permissible  value  of  the  bond  shear 
stress. 

The  common  theory  of  flexure  assumes  that  a  plane  right  cross 
section  still  remains  plane  after  bending  and  that  it  also  Ues  in 
the  direction  of  the  radius  of  curvature  of  the  beam.  The  fact  is, 
however,  that  this  section  is  twisted  in  a  radial  direction  and  also 
given  a  slight  curvature  by*  the  horizontal  shearing  deformation. 
The  error  involved  in  both  of  these  assmnptions  is  radical  in  respect 
to  the  investigation  of  shear  failure  even  in  the  simple  beam  and  is 
much  more  so  in  the  continuous  beam.  It  is  inunaterial  in  deter- 
mining the  flange  or  fiber  bending  stresses  and  hence  immaterial  in 
the  general  design  of  the  simple  beams  treated  in  this  Chapter. 

6.  Tests  of  Simple  Beams: 

The  accompanying  figure  illustrates  tests  of  reinforced  concrete 
T-beams  at  the  University  of  Wisconsin.    The  customary  manner 
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of  strengthening  the  web  of  the  eoncrete  by  stirrups  and  bent  up 
bars  is  here  shown. 
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Fig.  48.     Reiiif  oroement  of  Test  Beam  and  CreckB 
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When  tested  to  destruction  the  concrete  beam,  simply  supported, 
fails  in  one  of  three  ways: — 

(a)  By  yielding  of  the  steel  at  or  near  the  section  of  maximum 
bending. 

(b)  By  crushing  of  the  concrete  at  the  center  of  the  span  near 
the  top  as  outlined  in  the  cut  of  Beam  Dl  in  Figure  48. 

(c)  By  diagonal  shear  or  tension  failure  of  the  concrete  at  that 
place  where  the  shearing  stress  reaches  a  certain  limiting  amount. 

When  the  beam  is  progressively  loaded  until  the  steel  reaches  its 
yield  point  value  further  load  by  stretching  the  steel  produces 
rapidly  increased  deflection,  the  opening  up  of  large  cracks  in  the 
concrete  on  the  tension  side  followed  by  raising  the  neutral  surface 
toward  the  compression  side.  This  causes  rapid  increase  in  the 
compressive  stress  and  ultimate  failiu^  by  the  crushing  of  the  con- 
crete. If  the  beam  is  relatively  long  and  the  percentage  of  steel 
high,  the  crushing  strength  of  the  concrete  is  reached  before  the 
yield  point  value  of  the  steel.  When  failure  by  crushing  of  the 
concrete  takes  place  the  shear  cracks  in  the  concrete  are  smaller 
than  where  tension  failure  of  the  steel  occurs. 

Diagonal  shear  cracks  occur  whenever  a  certain  Umiting  shear- 
ing deformation  occurs  in  the  beam.  In  case  the  beam  is  relatively 
long  and  shallow  the  curvature  imder  uniform  load  would  be  sharpest 
toward  the  center  and  the  horizontal  shearing  deformation  greater 
than  with  a  deeper  beam  under  the  same  tensile  stress  in  the  steel. 
Consequently  the  concrete  will  crack  toward  the  center.  Where 
the  load  is  applied  at  the  third  points  of  the  beam  as  in  the  tests  of 
the  Bureau  of  Standards,  Technological  Paper  No.  2,  these  cracks 
are  approximately  vertical  but  where  the  load  is  uiiiform  they  will 
be  inclined  toward  the  center  because  of  the  detrusion  of  the  plane 
cross  section  from  the  plane  of  radius  of  curvature  caused  by  hori- 
zontal shear. 

7.  Limiting  Shear  Values  and  Steel  Ratios  in  Simply  Sup- 
ported Beams.  In  section  11,  Chapter  IV,  the  effect  of  sharpness 
of  curvature  in  cracking  the  concrete  has  been  discussed.  Not  only 
does  the  question  of  limiting  shear  stress  in  the  concrete  on  the 
tension  side  of  the  beam  in  flexure  require  the  adoption  of  small 
value  of /o  for  shallow  beams  but  a  desirable  limit  of  deflection  imder 
working  load  requires  that  deflection  shall  not  exceed  L/lOOO. 
With  /a  given,  the  adoption  of  large  values  of /g//c  will  make  the  com- 
pressions in  the  concrete  so  moderate  as  to  prevent  excessive  de- 
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flection  even  tho  there  should  be  some  small  initiar  deflection  due 
to  non-elastic  compression  of  the  concrete.     By  (1)  section  3, 


^  =  '^  +  1 


,  and  by  (2),  fc=  ?^'=2p  Whence i=B^"/'A+iVrom 

Hfc  h  V     fc\nfc      / 

which  values  oi  p  calculated  from  assumed  values  of  fn/fc  between 
15  and  35  for  n  =  12  and  n  =  15  have  been  plotted  in  Fig.  49.  Since 
the  steel  element  in  the  combination  is  more  dependable  than 
the  concrete  from  the  standpoint  of  uniformity  of  strength,  the 
safety  of  the  structure  is  made  by  experienced  builders  to  depend  on 
the  steel.  In  order  to  effect  this  the  working  strength  of  the  concrete 
should  be  taken  at  a  smaller  fraction  of  its  ultimate  strength  than 
the  working  strength  of  the  steel  is  of  its  ultimate  strength.  For  a 
1 :2:4  mix  650  pounds  per  square  inch  is  a  safe  working  stress  to  resist 
compression  in  concrete  ari3ing  from  bending.  Both  tension  and 
compression  are  developed  in  concrete  by  flexure  and  by  bond  shear. 
The  resistance,  however  which  it  offers  to  tensile  stress  is  small 
compared  with  that  which  it  offers  to  compressioir.  Forty  pounds 
per  square  inch  is  a  safe  value  of  the  working  tensile  resistance. 
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Now  if  a  beam  is  to  depend  for  its  stability  upon  the  stress  in 
the  steel,  that  stress  must  not  exceed  a  certain  assigned  value  depend- 
ent upon  the  quality  of  the  steel,  or  what  amounts  to  the  same 
thing  a  given  quality  of  steel  must  not  suffer  a  stress  or  a  corres- 
pK)nding  elongation  at  any  point  in  excess  of  an  assigned  value.  In 
order  to  compare  beams  of  different  depths  and  the  same  assumed 
maximum  stress  /s  or  elongation  e  of  steel,  draw  two  plane  sections 
of  the  beam  under  consideration  at  right  angles  to  the  neutral  axiis 
and  at  a  distance  of  one  unit  apart.  Before  bending  occurs,  the  two 
sections  are  parallel  to  each  other,  but  after  bending  they  make 
some  elementary  angle  A  B  with  each  other.  Draw  thru  one  extremity 
of  the  unit  of  length  at  the  neutral  axis  (which  has  been  unchanged 
in  length  by  bending)  a  plane  parallel  to  the  section  at  the  other 
extremity  of  the  unit  length.  It  consequently  makes  an  angle 
A  B  with  the  original  plane  section  at  this  extremity.  Any  horizontal 
shearing  deformation  may  be  disregarded  in  this  comparison  because 
it  will  affect  both  sections  to  practically  the  same  amount.  The 
unit  elongation  of  the  steel  due  to  the  bending  between  these  two 
unit  sections  will  be  e=  (l-fc)(/A  B. 

This  investigation  is  made  upon  the  assumption  that  e  has  a 
value  which  is  constant  and  the  same  for  different  beams,  but  with 
the  proviso  that  under  this  steel  elongation  neither  the  shearing 
disrtortion  nor  the  compression  of  the  concrete  anywhere  shall  exceed 
permissible  limits,  questions  which  will  have  to  be  separately  in- 
vestigated since  they  depend  on  the  steel  stresses  in  too  complex  a 
manner  to  be  readily  introduced  into  consideration  at  the  same  time 
with  the  effect  of  the  constancy  of  the  steel  stresses. 

Now  other  things  being  equal  A  B  decreases  as  p,  the  percentage 
of  the  reinforcement,  increases;  i.  e.  A^=c/p  where  c  is  an  ex- 
perimental constant  whose  value  is  dependent  upon  the  grade  of 
concrete,  etc.  Substitute  this  value  of  A  ^  in  the  previous  expres- 
sion, then 

e/c=(l-A)d/p=(-t:f^ 

in  case  d  be  assumed  to  be  sonae  known  fraction  1  /N  of  the  span  L, 
I.  e.  or  d=^L  /N, 

• 

It  thus  appears  that  the  last  member  of  this  equation  will  be  found 
to  be  an  experimental  constant  for  reinforced  beams  of  the  same 
span  and  grade  of  concrete;  and  in  case  the  numerical  value  of  this 
constant  be  determined  for  any  given  beam  not  liable  to  excessive 
deformation  at  the  center,  it  will  have  the  same  value  for  a  beam  of 
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dififerent  depth,  span,  and  percentage  of  steel,  provided,  as  before 
stated  that  sufficient  resistance  to  compression  and  diagonal  tension 
be  supplied. 

For  example,  assimie  /b  =  13,000  and  /o=650,  then  /e//o  =  20. 
Referring  to  the  curve  for  /,  //o  Fig.  49  the  corresponding  steel 
ratio  is  p=s 0.0105,  imd  taking  the  corresponding  value  of  k 
from  the  k  curve,  it  appears  that  (1 — t)  =0.573.  It  is  known  by 
experience  that  a  beam  whose  depth  is  1  /l2  of  the  length  should 
have  this  amoimt  of  reinforcement,   or  N=12  when  p= 0.0105. 


Hence 


(l-Jfc)L        0.573  L 


=  4.55  L 


pN  0.0105x12 

is  the  constant  for  such  beams. 

The  same  curve  shows  that  for /a//c=26,  p=0.007  and  (1-*) 

=0.635;  hence,  using  these  and  the  constant  4.55,  we  find  iV  =  20. 
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Again,  for/,//c=32,  p   «0.006  and  (1-A:)«0.68  and  N^SO. 

The  large  values  of  /,  //« which  have  been  assumed  above  for  the 
shallow  beams  N^20  and  N^dO,  reduce  the  working  stress /«  and 
the  steel  ratio  p  below  the  values  for  iV»  12  in  accordance  with  good 
practice.  The  accompanying  diagram  Fig.  29  gives  values  of 
L  /d^N  for  usual  values  of  p  computed  from  the  equation  N^ 
(l-fc)/4.55  p  andn=15. 

Now  the  total  tension  T  in  the  steel  at  mid  span  of  a  simple  beam  is 
T^WL  /Sjd,    But  T—bdpf^  in  which  /,  is  the  unit  steel  stress  at 

mid   span,  hence  /,  = -^. 

8  jbap 

But  the  identical  elongations  e  of  both  the  concrete  and  the  steel 
at  mid  span  may  be  written 

e  =/.  /E,  =/e  Ac,     or  f,  //e  =  n 

and  fc  = 2 — 

8  jbd  pn 

in  which  fc  is  the  apparent  direct  tensile  stress  in  the  extreme  fiber  o 
the  concrete  at  mid  span  as  shown  by  its  elongation  e  while  in  con" 
tact  with  the  reinforcement.  The  so  called  apparent  stress  fc  may  or 
may  not  correspond  to  an  actual  stress  of  some  considerable  amount. 
It  is  used  here  simply  as  another  way  of  expressing  the  actual  elonga- 
tion e.  The  experiments  of  Consid^re*  show  thAt  concrete  when 
well  reinforced  may  remain  intact  under  elongations  not  only  far  in 
excess  of  any  possible  for  concrete  without  reinforcement  but  in  fact 
remain  intact  under  elongations  several  times  as  great.  The  reason- 
ing here  employed  is  however  entirely  independent  of  any  question 
of  actual  checking  or  not,  for  f^  =  eE^  is  simply  a  convenient  unit  of 
comparison  computed  as  the  product  of  elongation  and  modulus. 

Next  obtain  the  shearing  stresses  and  the  diagonal  tension  in 
the  concrete  at  the  extremity  of  a  simple  beam.  The  total  horizontal 
shear  between  a  unit  of  length  of  the  reinforcement  and  the  concrete 
is  such  that  a  segment  of  the  beam  lying  between  two  vertical  planes 
which  are  one  unit  apart  is  held  in  equilibrimn  by  the  total  vertical 
shear  iW  acting  with  the  arm  unity  and  the  total  horizontal  shear  S 
acting  with  the  arm  jd. 

Hence  iW^Sjd,  or  S==hW  /jd. 


^Experimental  Researches  on  Reinforced  Concrete,  McGraw  Pub.  2nd  Ed.,  p.  224. 


168  SAFE  SHEAR  ON  CONCRETE 

This  makes  the  unit  horizontal  shear  on  any  horizontal  plane 
below  the  neutral  axis 

8^S /b^iW  /jbd^4  pdf,/L=4  vfjN 
provided  the  total  shear  in  a  unit  length  be  regarded  as  uniformly 
distributed  thruout  the  breadth  h  of  the  beam.    This  is  equal  to 
the  xmit  diagonal  tension  at  the  end  of  the  beam  which  is  produced 
by  the  shear  alone. 

Hence  » = 4  pn  /c  /N 

Take /c = 1000  and  n  =  15  then  s  =  60,000p/JV 

k   By  using  corresponding  values  of  p  and  N  given  previously  we  find 

p  N  8 


.0085 

16 

32 

.009 

15 

36 

.0095 

14 

40.7 

.01 

13 

46 

Plotting  the  values  of  s  corresponding  to  the  assumed  values  of 
p  it  appears  that  8  will  reach  a  safe  limiting  value  of  40  lbs.  per  sq. 
inch  when  p=  .0094  nearly  and  when  the  span  is  somewhat  more 
than  fourteen  times  the  thickness,  or  L  /d= A^^  14 .25,  as  may  also 
be  seen  from  the  diagram  Fig.  50.  Beams  more  shallow  than  this  will 
have  smaller  values  of  «,  but  deeper  beams  where  JV^<  14.26  will 
require  reinforcing  to  resist  diagonal  tension  at  the  ends,  when  there 
is  a  working  stress  of  16,000  lbs.  per  sq.  inch  on  the  steel  at  mid  span. 

6.    Limiting  Safe  Shear  for  Simple  Reinforced  Concrete  Beams: 

Where  the  safe  vertical  shearing  resistance  is  not  predetermined  by 
the  shallowTiess  of  the  beam,  percentages  of  reinforcement  as  high 
as  1^  percent  may  be  used  for  beams  of  1  :  IJ  :  3  concrete,  in  which 
the  ratio  of  depth  to  span  is  as  low  as  l/6  but  for  ratios  of  depth  to 
span  of  l/lO  reinforcement  should  not  exceed  about  1.15  percent. 
Permissible  values  of  the  intensity  of  the  vertical  shearing  stresses, 
S^\W/jd^  at  the  end  sections  of  concrete  beams  are  shown  in  the 
diagram,  Fig.  50.  These  values  for  shear  may  be  increased  some- 
what where  there  are  bent  up  bars  and  horizontal  bars  that  have 
ample  lap  over  the  supports.  The  total  cross  section  of  the  steel 
may  then  be  figured  at  6,000  poimds  per  square  inch  shear  for  bent 
up  bars  and  half  that  for  horizontal  bars  in  addition  to  the  shear- 
ing resistance  of  the  concrete  in  developing  an  ultimate  unit  shear 
on  the  total  cross  section,  which  shear  should  never  exceed  five  per- 
cent of  the  compressive  strength  of  the  concrete  cured  90  days  at 
70  degrees  F. 
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9.  Systems  of  Simple  Beam  Reinforcement  The  two  methods  of 
developing  shear  resistance  commonly  employed  are  by  bending  up 
a  portion  of  the  main  reinforcii^  elements,  and  by  the  use  of  stirrups 
or  vertical  bars. 

Fig.  51  represents  the  idea  of  some  of  the  old  time  builders  who 
feared,  as  late  as  the  year  1905,  to  put  continuous  beams  in  a  concrete 
building. 


The  CummingE  Beam  is  illustrated  in  Fig.  52  in  which  the  bent 
up  rods  are  double  and  form  a  loop  extending  into  the  top  of  the 
beam,  which  provides  an  efficient  web  reinforcement.  The  ends  of 
the  horizontal  bars  are  upset  and  provided  with  a  washer  for  end 
anchorite. 
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In  the  Kahn  reinforcing  bars^  the  so-called  shear  members  are 
bent  up  at  an  angle  of  45  degrees  to  the  bar,  The  body  of  the  bar 
is  rolled  with  flat  fins  projecting  from  the  diagonally  opposite  comers 
of  the  square  body.  These  fins  are  later  sheared  longitudinally  and 
bent  up  as  shown  in  Fig.  53. 
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Fig.  53 


.  The  particular  design  in  the  sketch  Fig.  52  which  shows  the  bent 
up  shear  members  exhibits  serious  defects,  equally  bad  in  this  or  any 
other  kind  of  reinforcement,  to  wit,  insufficient  lap  of  the  steel  over 
the  supports. 

In  the  tests  of  Prof.  Brown,  Proceedings  Canadian  Society  of  Civil 
Engineers,  October  15,  1908,  he  foimd  more  satisfactory  results  with 
bars  bent  in  the  usual  manner  than  with  the  particular  Kahn  bars 
used  in  his  test  beams. 

» 

Fig.  48  showing  Withey's  tests  of  simple  beams  shows  a  common 
method  of  bending  up  main  reinforcing  bars. 

C.  A.  P.  Turner  prefers  to  follow  the  Bollman  tyjie.  Fig.  54,  in 
the  distribution  of  bent  up  steel  with  \'  round  stirrups  spaced  about 
12"  apart  at  the  end  and  20"  at  the  center. 
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Fig.  54 


The  advantage  of  this  tyjie  over  those  before  illustrated  is  that 
by  this  apungement  diagonal  tension  through  the -web  is  well  pro- 
vided for  at  all  points  in  the  length  of  the  beam  by  the  main  bent 
up  rods. 

Morsch,  Reinforced  Concrete,  page  153,  shows  three  test  7-beams 
built  with  horizontal  bars  in  the  bottom  throughout,  one  half  of  the 
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beam  being  reinforced  with  stirrups,  the  other  half  unreinforced.  He 
compares  these  with  a  beam  V,  p.  163,  in  which  two  of  the  four  main 
rein^rcing  bars  were  bent  in  catenary  style  from  the  third  point  of 
the*^am,  stirrups  being  used  in  half  of  the  be^m  and  omitted  from 
the  othet  half.  From  a  comparison  of  these  test  specimens  he  con- 
dudes  that  "the  suspended  system  of  reiirforcement  does  not  give 
any  increase  of  safety  against  the  appearance  of  diagonal  tension 
cracks  or  the  final  failure  produced  by  them  as  compared  with 
straight  rods  without  stirrups  and  that  stirrups  are  so  much  the  more 
necessary." 

The  tests  of  similar  T-beams  having  four  rods;  with  three  rods 
bent  up  more  sharply  at  three  points  toward  the  end,  produced  greater 
strength  than  with  two  rods  bent  up,  and  between  the  two  beams 
with  rods  bent  up  at  these  points  that  in  which  the  single  bottom 
rod  was  hooked  at  the  end  gave  an  ultimate  strength  ten  percent 
higher  than  that  in  which  the  rod  was  run  through  the  beam  without 
hooking. 

I  The  fundamental  theory  of  reinforced  concrete  is  to  provide  steel 
to  resist  the  tensile  strains  and  tensile  flange  stresses  and  to  utiUze 
♦the  concrete  in  resisting  compression.  All  of  the  foregoing  arrange- 
ments of  reinforcing  metal  are  to  a  considerable  extent  deficient  in 
the  complete  accomplishment  of  this  desired  end,  with  respect  to 
the  tensile  web  stresses. 

M.  Cottangin,  the  French  constructor,  has  developed  a  type  of 
beam  reinforcement  in  which  the  tensile  web  stresses  developed  by 
shear  and  direct  tension  are  admirably  provided  for.  His  arrange- 
ment consists  essentially  of  a  net  work  of  closely  spaced  i"  rods 
woveil  ii\  and  out,  these  rods  running  lengthwise  of  the  beam  and 
verticaliy.  *This  vertical  mat  of  reinforcement  to  resist  diagonal 
tensile  defottnation  and  strengthen  the  concrete  under  vertical  shear 
has  rendered  possible  the  construction  of  roofs  of  astonishing  light- 
ness and  beauty. 

The  saving  in  the  amount  of  material,  however,  is  at  the  expense 
of  such  a  l^rge  amoimt  of  labor  as  to  render  this  method  of  construc- 
tion commercially  unfeasible  in  the  United  States  under  present 
conditions.  It  is  worthy,  however,  of  the  most  careful  study  by  the 
expert  in  this  line. 
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Fi|.  &S.    CottuBiD  Bdin  CDUtrueiion  ia  tbe  Chunh  of  81.  Jhd  dc  Montmtrtn 

Fig.  55  shows  his  beam  construction  in  the  Church  of  St.  Jean 
De  Montmartre,  aad  Fig.  56  is  a  view  of  the  work  under  construc- 
tion. The  reinforcement  which  he  used  is  illustrated  in  Fig.  57  from 
the  work  of  Marsh. 
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Of  Cottan^in  construction,  Marsh  says: 

"The  remarkable  strength  of  Cottancm's  ribs  is  demoiiBtrated 
by  the  fact  that  whereas  a.  nbbed  reinforcement  with  26.4  pounds  of 
metal  will  bear  a  load  of  200  pounds  per  foot  irith  only  a  powdering  of 
the  concrete,  the  same  amount  of  metal  in  the  fonn  of  a  rolled  joiat 
will  fail  under  a  load  of  33  pounds  per  lineal  foot,  the  span  in  both 
eaaea  being  14.76  feet." 

Marsh  considers  that  the  principle  of  Cottan^  is  based  upon  pre- 
vention of  molecular  deformation  by  supplying  resistance  of  tfie 
reverse  kind  for  stresses  on  small  particles  which  produce  noticeable 
results  and  very  light  structures. 

The  carryii^  capacity  of  the  Cottan^in  beam  as  Marsh  has  pointed 
out  gives  results  not  accounted  for  on  the  basis  of  the  usual  theory 
but  which  may  be  accounted  for  readily  when  we  consider  the  scien- 
tific manner  of  reinforcii^  the  web  so  that  the  indirect  streesee  are 
provided  for  in  a  manner  which  does  not  over-tax  the  concrete  and 
so  the  loss  of  energy  accompanying  the  inelastic  deformation  of  the 
ordiiuu7  beam  is  avoided. 


tifM.    CotUncio  Bwun  Gautrustiaa  in  (h«  Chutoh  of  St.  Jeu  d>  Mod 
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10.  Discus^on  of  Elastic  Properties  of  Beams  and  the  Assump- 
tions  involved  In  the  Preceding  Theory.  In  discussing  the  elastic 
properties  of  concrete  it  was  shown  that  the  modulus  of  elasticity  of 
the  concrete  is  not  the  same  for  different  loads  and  further  that  the 
modulus  changes  with  the  age  of  the  concrete,  it  being  only  |  as  great 
at  the  age  of  thirty  to  forty  days  as  it  is  at  the  age  of  two  or  more 
years,  and  furthermore  that  while  this  modulus  is  usually  considered 
the  same  for  tension  and  compression,  this  is  open  to  some  question. 
Accordingly  a  reasonable  approximation  to  the  conditions  which 
occur  in  bending  when  the  building  is  first  ready  for  occupancy  is 
assumed  and  in  nearly  ail  building  codes  the  ratio  of  the  modulus  of 
elasticity  of  steel  to  concrete  in  bending  is  assumed  at  I  to  15.  A 
difference  in  this  ratio  would  affect  the  portion  of  the  neutral  surface 
to  some  extent  and  the  effective  lever  arm  to  a  still  smaller  extent, 
as  shown  by  comparison  of  the  j  and  fc  curves  in  the  diagram  in 
Fig.  46.  The  assumption  of  the  value  of  n  as  15  for  bending  is 
accordingly  on  the  safe  side,  and  the  error  involved  ia  not  great.  On 
the  other  hand,  this  divergence  of  practical  conditions  from  the  as- 
sumptions used  in  the  computation  do  not  justify  a  high  degree  of 
mathematical  precision  in  the  work  of  practical  design,  for  if  the 
computations  are  carried  to  a  degree  of  nicety  unwarranted  by  the 
accuracy  or  agreement  of  the  assumption  with  practical  conditions 
it  ia  a  mere  expenditure  of  time  without  commensurate  results. 
Accordingly,  it  may  be  stated  that  the  approximate  formulas  for 
beams  and  slabs  are  sufficiently  accurate  for  practical  purposes. 

A  convenient  diagram  for  computation  when  n=lS  is  presented 
in  Fig.  58,  and  a  similar  diagram  when  n  =  12,  in  Fig.  59. 
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Percenf^ffe   of    f?eintorc€n}ent 

Fie.  58.    Diagram  of  Steel  PeroentagM  for  Different  valuea  of  Af  -f-  6d* 

In  T-beams  where  the  beam  is  mtegral  with  the  slab,  it  is  cus- 
tomary to  assume  a  width  of  slab  not  exceeding  four  times  the  slab 
thickness  as  forming  a  part  of  the  compressive  flange  of  the  beams. 
This  assumption,  of  course,  is  conservative.  It  is  evident  that  the 
compression  in  the  outside  edge  of  that  portion  of  the  slab  which  is 
regarded  as  useful  section  is  less  than  portions  nearer  the  axis  of  the 
beam,  and  that  the  slab  beyond  this  imaginary  division  is  also 
restrained  in  compression,  the  condition  approaching  what  has  been 
designated  as  the  ''twilight  zone"  between  exact  knowledge  and 
conjecture  as  to  the  actual  conditions.  Evidently  in  a  case  like  this, 
exact  computations  beyond  the  limits  of  accuracy  of  the  assumption 
is  a  waste  of  time  and  the  effective  depth  jd  of  a  T-beam  may  be  for 
practical  purposes  determined  at  once  by  the  assumption  of  (l-i)d 
=2  =  1  <  Fig.  p.  157  without  material  error  when  d  lies  between 
2.5  i  and  4  L 
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1 1.  Moment  of  Inertia.  The  moment  of  resistance  M  of  a  rein- 
forced beam  calculated  from  the  total  tensile  resistance  of  the  steel 
AU  actmg  with  the  arm  jd  about  the  centroid  of  compression  is 
M=Af^  jd.  Now  in  the  theory  of  flexure  of  beams  one  factor  of  M 
is  the  unit  stress  at  a  distance  of  one  unit  fr^m  the  neutral  axis,  viz., 

When  so  written  we  have  M  =  AijdP.f^id,  or  M^If^/id,  in  which 
the  factor  I  =  Aijd^  is  defined  as  the  ''moment  of  inertia"  of  the  cross 
section  of  the  beam,  consisting  entirely  of  a  smnmation  of  geometrical 
elements  as  follows;  the  product  of  each  element  of  the  area  A  on 
which  the  tension  occurs  multiplied  by  its  distance  id  from  the  neutral 
axis  and  that  multiplied  by  its  arm  jd  from  the  center  of  compression. 
The  reason  why  the  compression  area  is  not  also  included  in  this  sum- 
mation is  this;  the  sum  of  the  products  for  the  compression  areas 
vanishes  because  their  arms  are  measured  from  their  center  of  gravity. 
Since  the  resistances  form  a  couple  their  moment  may  be  taken  about 
any  axis  whatever  without  altering  the  moment. 
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CHAPTER  VII 
MECHANICS  OF  RESTRAINED  AND  CONTINUOUS  BEAMS 

1.  The  classification  of  Beams  is  based  upon  the  maimer 
in  which  the  beam  is  supported  thus: 

A  simple  beam  is  one  which  is  merely  supported  at  the  ends, 
and  its  mathematical  treatment  is  based  upon  the  consideration 
that  the  beam  is  free  at  the  end  to  turn  and  that  the  supports  offer 
no  resistance  to  rotation.  Such  a  beam,  does  not,  of  course,  exist  in 
practice,  but  all  beams  which  rest  upon  supports  and  are  not  rigidly 
restrained  or  have  only  a  small  degree  of  restraint  at  supports  are 
treated  from  the  practical  standpoint  as  simple  beams  and  figured  as 
such. 

Concrete  beams  or  slabs  which  are  apparently  continuous  over 
supports  but  which  have  reinforcing  metal  at  the  bottom  thruout, 
offer  such  small  resistance  to  negative  moment  at  supports  that  they 
are  treated  on  the  theory  of  predominant  action  as  simple  beams 
unless  their  depth  be  so  large  relatively  to  the  span  and  the  horizontal 
thrust  afforded  by  the  supports  be  such  that  they  may  be  treated 
somewhat  on  the  arch  principle. 

Where,  however,  a  beam  is  continuous  thruout,  and  rigidly  built 
into  and  integral  with  a  series  of  columns,  and  suitable  reinforce- 
ment is  provided  at  the  top  of  the  beam  over  the  supports  which 
extends  outward  to  the  line  of  inflection,  and  then  thruout  the  bottom 
of  the  beam,  we  have  a  true  continuous  beam  in  which  the  bending 
moments  over  supports  follow  the  laws  of  continuous  beams  ex- 
cept as  they  are  modified  by  the  rigidity  of  the  integral  union  or 
connection  with  the  columns. 

The  effect  of  this  monolithic  connection  is  to  cause  the  deport- 
inent  of  the  beam  to  approach  more  and  more  nearly,  for  all  spans, 
to  the  condition  of  a  continuous  beam  extending  through  an  indefinite 
number  of  spans;  in  other  words,  to  cause  the  moment  over  the 
support  for  uniform  load  to  become  WL  /12  and  the  moment  at 
mid  span  WL  /2A,  An  end  span  of  the  series,  however,  except  in 
heavy  warehouse  construction  will  not  receive  this  full  .degree  of 
restraint.  In  a  heavy  warehouse  with  the  large  columns,  26  inches 
and  over  in  diameter,  this  degree  of  restraint  is,  for  practical  purposes 
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fully  secured,  but  with  smaller  columns  it  may  be  less,  and  ita  amount 
ia  to  be  determined  approximately  by  the  designer  from  comparison 
of  the  relative  rigidity  of  the  columns  and  beams,  so  that  in  the  case 
of  light  columns  the  spans  that  end  at  the  wall  should  be  somewhat 
more  heavily  reinforced  for  moment  at  mid  span. 

The  case  of  an  unloaded  span  with  both  adjacent  spans  fully 
loaded  is  not  uncommon  tn  a  warehouse  and  this,  too,  must  be  provided 
for. 
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Where  the  construction  consists  of  beams  in  but  one  direction 
with  the  slab  spanning  from  beam  to  beam  and  with  insufficient 
metal  parallel  to  the  beam  in  the  slab  to  fully  reinforce  the  beam  to 
resist  the  negative  moment  under  the  circumstances  stated,  which  may 
result  from  the  excess  of  live  load  stress  over  and  above  the  dead 
load  stress,  the  beam  should  be  treated,  in  determining  the  central 
moment,  as  continuous  for  dead  load  only  and  as  a  simple  beam  for 
the  live  load. 

The  preferable  arrangement,  however,  is  the  provision  of  beams 
in  both  directions  from  column  to  column  where  beam  and  slab 
constructions  are  used,  making  the  floor  a  true  monoUth  or  a  natural 
concrete  type.  For  this  type  of  construction  with  ordinary  spans, 
beam  reinforcement  consisting  of  say  five  rods  arranged  as  mdicated 
in  Fig.  60  is  preferable,  in  which  the  beam  rods  consist  of  two  which 
extend  thniout  the  length  of  the  beam  at  the  bottom  and 
into  the  adjacent  span,  two  wliich  are  bent  up  from  the 
quarter  point  to  the  top  of  the  beam  and  extend  over  into 
the  adjacent  span,  and  one  which  while  extending  into 
adjacent  spans  slopes  gradually  from  the  top  of  the  support  to  the 
bottom  of  the  beam  near  the  center  of  the  span. 

An  arrangement  of  this  kind,  after  the  manner  of  the  Bellman 
truss,  furnishes  liberal  provision  for  shear  at  the  support, while  the  in- 
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clined  rods,  under  beDding  strain  reaist  shear  thru  their  inclination 
at  the  support.  It  is  only  necessary  to  ^ure  the  moment  over  the 
support  as  WL  /12  and  provide  therefor  by  the  cross  section  of  the 
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six  rods  crossing  it  while  the  four  rods  in  the  bottom  of  the  beam 
and  the  five  rods  at  the  center  are  ample  for  all  possible  conditions 
of  loading.  The  lap  of  rods  at  the  support  and  beyond  the  support 
both  at  the  top  and  bottom  render  sudden  failure  or  collapse  practical- 
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ly  impossible  after  the  concrete  has  had  even  a  few  hours  under 
normal  temperature  conditions  in  which  to  harden. 

In  addition  to  enhanced  safety  there  is  very  material  economy 
in  such  an  arrangement,  since  compared  with  beams  of  constant 
.section,  the  continuous  beam  is  more  than  five  times  as  stiff  and  one 
and  one  half  times  as  strong  as  the  simple  beam  havii^  the  same 
cross  section  of  metal  thruout  the  bottom  of  the  beam  as  the  con- 
tinuous beam  has  at  the  top  over  the  support. 

Fig.  31  shows  the  Hennebique  continuous  beam  which  has  an 
enviable  record  from  the  standpoint  of  safety  by  virtue  of  the  lit)eral 
lap  of  reinforcement  and  stirrup  verticals  employed. 

The  problem  that  confronts  the  designer  of  a  monolithic  con- 
tinuous beam  is  one  of  correctly  proportioning  it  to  resist  the  applied 
moments  over  the  supports  and  between  the  supports  in  view  of  the 
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relative  rigidity  of  the  supports  which  may  be  insufficient  to  complete- 
ly restrain  the  beam  so  that  it  will  remain  horizontal  over  the  supports 
under  unbalanced  loading. 

If  the  supports  are  yielding  so  that  this  tangent  varies  from  a 
horizontal  position  then  there  is  a  change  in  the  distribution  of 
moments  along  the  beam  and  a  change  in  the  reactions  at  the  sup- 
portSy  all  of  which  is  determined  by  the  principle  of  rigidities  applied 
to  the  relative  stiffness  of  the  beam  and  the  supporting  member  or 
structure.    This  will  be  treated  at  length  in  Chapter  XII. 

2.    Differential  and  Summation  Equations  in   Beam    Theory. 

(a)  Let  w  be  the  distributed  loading  in  lbs.  per  unit  of  the  span 
L  of  a  beam,  and  if  S  expresses  the  total  shearing  stress  acting  at  any 
vertical  right  section,  then  if  x  be  its  abscissa. 


(1) 


dS 

—  =w     

dx 

If  the  load  be  uniformly  distributed  w  is  constant  and  the  load  curve 
will  be  horizontal  thruout  as  shown  in  Fig.  63. 
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Fig.  63 


The  shear  curve  which  has  a  uniform  slope  may  then  be  expressed 
by  the  equation: 

S^Ziw) (1) 

in  which  dz  is  taken  as  unity. 


Fie.  64 


If  the  span  be  subdivided  into  equal  segments  dx  and  the  summa- 
tion of  the  ordinates  w  begin  at  B'  in  Fig.  64,  and  the  ordinates  S  are 
laid  off  from  A'B'y  then  the  values  of  S  are  those  of  a  cantilever  fixed 
at  A\    The  same  slope  is  obtained  if  the  summation  begin  at  C, 
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when  S  is  measured  from  A"B",  but  the  ordinates  S  between  it  and 
the  sloping  shear  curve  then  represent  those  in  a  beam  equally  sup- 
ported at  A"  and  B",  either  freely  or  fixed,  i.  e.,  the  position  of  the 
line  of  zero  shears  with  respect  to  the  shear  curve  d^ends  upon  the 
manner  of  support,  but  the  curve  itself  which  depends  on  the  load- 
ing only,  remains  unchanged,  while  dx  is  taken  as  +1  at  the  right 
of  C  and  as  —1  at  the  left  of  C. 

(b)     Again,  if  Jl/  is  the  bendu^  moment  at  any  right  section  of 
the  beam 

^=S --(2) 

dx 

and  the  moment  curve  may  be  expressed  by  the  equation 

M=  S{S)- - (2)' 

and  if  we  construct  the  moment  curve  in  Fig.  65  by  smnmii^  the 
ordinates  of  the  shear  curve  Fig.  64  and  laying  them  off  from  a  zero 
line  we  shall  arrive  at  the  same  moment  curve  whether  we  use  the 
zero  line  AB  or  A'B'  Fig.  6S.    Take  A'B'  as  the  zero  line  and  be- 
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gin  the  summation  of  S  at  B"  Fig.  64,  then  at  C  Fig.  65  we  have 
2iS  =  C'C.  At  the  left  of  C  the  shear  S  changes  sign  and  the  or- 
dinates M  consequently  decrease  to  zero  at  A'  Fig.  65.  Again, 
suppose  the  summation  to  begin  at  C  Fig.  64,  then  the  ordinate  M 
is  zero  at  C  Fig.  65  and  the  line  of  zero  ordinates  Fig.  65  is  ACB,  cor- 
responding to  a  beam  with  ends  built  in  and  fixed  at  A  and  B  and 
cut  in  two  at  C  but  with  precisely  the  same  moment  curve  as  before. 
Were  the  line  of  zero  moments  A^Bo  so  drawn  as  to  have  equal  posi- 
tive and  negative  areas  between  it  and  the  moment  curve  in  each 
half  of  the  beam,  that  would  correspond  to  a  single  spbn  of  a  contin- 
uous beam  restrained  horizontally  at  the  supports  in  which  2CC(,= 
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Let  b  be  the  amount  of  bending  produced  by  the  moment  M  per 
imit  of  length  of  the  beam  when  measured  in  radians;  then  since 
we  are  dealing  with  material  that  obeys  the  laws  of  elasticity, 

b^(B)Af (5) 

in  which  the  bending  coefficient  depends  only  upon  the  properties 
of  the  material  and  the  dimensions  of  the  cross  section.  In  fact, 
(B)  =  l/j?/,  and  the  ordinates  of  the  moment  curve  consequently 
represent,  on  a  vertical  scale  different  from  that  used  for  M,  the 
sharpness  of  the  curvature  of  the  beam,  which  is  also  expressed  by 
l/JK  provided  R  is  the  radius  of  curvature  of  the  beam.  Hence  the 
curvature 

b  =  l/R^M/EI     (6)' 

is  represented  by  the  ordinates  of  the  moment  curve  Fig.  65  when 
measured  on  a  suitable  scale. 

(c)  Again,  by  geometry  the  angle  of  slope  a  of  the  deflection  curve 
is  related  to  the  bending  b  by  the  differential  equation 

^=6      (3) 

dx 

or  by  the  summation  equation 

o=2(5)=.2(M)/B/ .' (3)' 

But  if  we  adopt  a  suitable  scale  for  the  moment  curve  we  may  write 

a=  2(M)  (3)" 

Whenever  we  are  concerned  with  the  relative  and  not  with  the 
absolute  values  of  either  one  of  these  quantities  such  as  w,  or  jS,  the 
scale  is  of  no  consequence.  For  example,  we  assumed  to  to  be  con- 
stant,but  did  not  assume  what  its  absolute  value  might  be,  and  con- 
sequently have  found  only  relative  values  of  S,  M  and  6. 

If  now  the  summation  in  (3)"  be  begun  at  C  of  Fig.  65  and  if  we 
lay  off  2(M)  from  A"B",  the  slope  curve  will  have  the  shape  shown 
in  Fig.  66,  crossing  i4."B"  at  C"  and  horizontal  at  the  ends,  and  the 
slopes  will  be  those  of  a  beam  simply  supported  at  the  ends. 


Fig.  66 
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Again,  if  the  summation  in  (3)''  be  begun  at  Co  of  Fig.  65  as  the 
middle  of  a  span  of  a  continuous  beam  fixed  horizontally  at  the 
supports,  the  slope  curve  would  have  the  shape  shown  in  Fig.  67, 
where  the  slope  vanishes  both  at  mid  span  C^  and  at  the  ends  Ao  and 
Bo. 


Fig.  67 


Now,  if  the  summation  in  Eq.  (3)"  be  begun  at  A  or  B,  Fig.  65, 
and  the  ordinates  M  be  measured  from  AB,  the  values  of  o  so  ob- 
tained will  express  the  slope  of  two  separate  cantilever  beams  AC 
and  BC  with  free  ends  at  C  and  fixed  ends  at  A  and  B.  The  curve 
whose  ordinates  represent  the  slope  of  these  beams  has  the  following 
shape  shown  in  Fig.  68. 


Fig.  68 


Other  cases  would  be  treated  in  a  similar  manner. 

Now  an  initially  plane  right  section  of  a  beam  will  not  after 
flexure  has  occiu^,  be  in  general,  either  vertical  or  normal  to  the 
curve  of  flexure  but  will  lie  between  the  normal  and  the  vertical. 
The  angle  between  the  normal  and  the  vertical  is  equal  to  the  slope 
a,  and  the  angle  between  the  normal  and  the  plane  section  is  the 
horizontal  shearing  distortion  h  or  detrusion  at  that  section,  and  is 
measured  in  radians.  By  reason  of  the  elastic  properties  of  the 
beam  h  bears  the  same  ratio  to  a^at  any  and  all  sections  along  a 
uniform  beam,  or 

A=(A)a  (a) 

in  which  (A)  is  a  constant  for  a  given  beam.  Consequently  the  curve 
whose  ordinates  are  equal  to  the  horizontal  shear  A,  is  the  same  as 
the  slope  curve  for  a,  when  a  suitable  scale  is  employed. 
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(d)     Finally,  in  case  y  is  the  ordinate  of  the  deflection  curve  of 
a  beam  of  which  the  angle  of  slope  is  a,  we  have 


dy 
dx 


=a 


(4) 


and 


2/=  2(a) (4)' 


Let  the  summation  in  (4)'  begin  at  C"  Kg.  66,  then  the  shape 
of  the  deflection,  curve  of  the  simple  beam  supported  at  its  ends.is 
that  shown  at  the  bottom  of  Fig.  69.  It  is  very  nearly  parabolic  in 
shape,  but  has  a  smaller  radius  of  curvature  at  mid  span  and  straighter 
curved  sides  than  a  parabola  of  the  same  vertical  height  andjspan. 


1  1  1  1  i.i  1  1  1  1 


.   P' 


Fig.  69 


But  if  the  summation  in  (4)'  begins  at  Co  of  Fig.  67,  and  A^B^ 
is  the  zero  line  of  the  ordinates  the  summation  gives  the  deflection 
curve  for  y  passing  thru  the  points  E'  and  F'  for  a  span  fixed  hori- 
zontally at  the  ends  as  shown  in  Fig.  69. 

The  points  E  and  F  are  the  two  points  where  the  moments  vanish, 
and  the  slope  of  the  beam  is  greatest  at  the  points  of  inflection  E' 
and  f  in  the  deflection  curve. 

(e)  The  method  of  a  simple  siunmation  by  which  the  foregoing 
curves  have  been  successively  derived  and  laid  off  each  from  the 
other  may  be  regarded  as  a  graphical  process  by  which  they  may  be 
approximately  constructed.    But  there  is  another  and  a  different 
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graphical  process  applicable  to  several  of  these  curves  by  which  one 
may  be  derived  from  another,  for  by  (1)  and  (2)  we  have 

dx       dx 

which  expresses  the  relation  existing  between  M  and  any  load  w. 
Now  it  is  known  that  the  curve  of  moments  is  the  curve  of  equiUbrium, 
or  the  shape  assumed  by  a  flexible  wire  which  supports  the  load  Wy 
as  shown  in  Fig.  65.  Such  an  equilibrium  curve  can  be  readily  con- 
structed graphically  by  a  systematized  application  of  the  paralle- 
logram of  forces.  An  equilibrium  curve  so  constructed  will  conse- 
quently be  the  moment  curve  of  the  load  w,  and  the  same  method 
may  be  applied  to  obtain  and  represent  the  relationship  of  any  two 
quantities  one  of  which  is  the  second  differential  coefficient  of  the 
other. 

Hence  if  the  moment  curve  be  constructed  which  is  regarded  as 
due  to  some  kind  of  distributed  loading  whose  int^isity  is  M,  the 
equilibrium  curve  of  this  loading  having  ordinates  by  equations  (4) 
and  (3)'  equal  to 

p.^  =  ^^M/EI.. (6) 

d  X      dx        . 

will,  when  measured  on  a  suitable  scale,  be  a  moment  cm-ve  in  which 
the  actual  moments  are  taken  as  loads,  whose  ordinates  y  will  be 
the  ordinates  of  the  deflection  curve,  (Mohr's  theorem). 

This  relationship  of  deflection  curves  of  a  given  beam  when  sub- 
jected to  different  restraints  at  supports  is  well  illustrated  in  the 
constructions  in  Fig.  69  where  the  exaggerated  deflection  curves  are 
shown,  of  a  beam  simply  supported,  and  of  the  same  beam  built  in 
horizontally  at  its  ends,  in  which  it  is  evident  that  both  are  drawn 
to  the  same  vertical  scale  because  the  scales  of  both  load  areas  and 
both  pole  distances  are  the  same.  The  constructed  central  deflec- 
tion of  the  restrained  beam  is  seen  to  be  one  fifth  that  of  the  simple 
beam  as  it  is  otherwise  known  that  it  should  be.  The  fourth  degree 
deflection  curve  of  the  simple  beam  differs  relatively  little  from  the 
parabola  with  which  it  may  be  compared. 

Again,  let  S  Fig.  64  be  regarded  as  a  kind  of  distributed  loading. 
It  is  related  to  h  by  the  equation 

1     d^h  _  d^a  _db  _   I     dM  ^_S  .^. 

(A)dx^      dx^     dx     EI   dx       EI 

It  therefore  appears  that  when  suitable  scales  are  employed  i,  e. 
any  arbitrary  scales  whatever,  the  ordinates  of  a  moment  ciu^e  of 
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the  vertical  shears  regarded  as  a  kind  of  loading  represents  the  dis- 
tribution of  the  horizontal  shearing  distortions,  or  the  detnision^ 
and  the  slopes.  This  was  represented  in  Fig.  66  for  a  simple  beam, 
and  in  Fig.  67  for  a  beam  fixed  horizontally  at  the  ends. 

By  Hooke's  Law,  the  elastic  horizontal .  shearing  distortion 
measures  the  magnitude  of  the  horizontal  shearing  stress,  and  there 
is  no  warrant  for  the  ordinary  statement  that  the  vertical  and  hori- 
zontal shearing  stresses  are  equal,  because  the  supposed  demonstra- 
tion of  that  equaUty  depends  upon  the  equality  of  the  opposite 
elementary  couples  produced  by  those  stresses,  thus  implicitly  assum- 
ing that  no  other  couples  act  upon  an  element  of  the  beam.  Such  an 
assumption  is  in  general  incorrect  tho  correct  at  mid  span,  because 
at  other  points  the  horizontal  tensions  and  compressions  which  vary 
as  their  distance  from  the  neutral  axis  produce  a  couple  acting  on 
each  element  in  combination  with  which  the  shears  must  act  to  pro- 
duce equilibrium. 

How  far  wide  of  the  truth  the  ordinary  theory  must  be,  that 
horizontal  and  vertical  shears  are  equal  may  be  seen  from  comparing 
the  horizontal  and  vertical  shears  at  and  near  the  ends  of  a  simple 
beam  with  those  in  a  beam  fixed  horizontally  at  the  ends.  The 
vertical  shears  are  the  same  in  both  as  measured  from  A^'B"  in  Fig. 
64,  and  consequently  by  the  common  theory  the  horizontal  shears 
shoidd  also  be  the  same  i,  e.  the  ordinates  in  Fig.  66  should  according 
to  this  theory  be  the  same  as  those  in  Fig.  67.  Also  see  Section  7 
Chapter  III. 

In  the  simple  beam  the  horizontal  shear  and  slope  are  greatest 
at  the  ends  as  shown  in  Fig.  66  but  in  the  fixed  beam  as  shown  in 
Fig.  67  they  are  zero  at  the  ends  and  greatest  at  the  points  of  in- 
flection. 

(f )  The  deflection  of  uniform  beams  may  be  considered  graphical- 
ly from  still  another  point  of  view  of  great  simplicity  and  convenience. 
By  equation  (6)'  it  appears  that  bending  or  change  of  slope  per  unit 
of  span  is  proportional  to  the  bending  moment  area  M  applied  to  that 
unit  of  span.  But  a  given  amount  of  moment  area  will  produce 
theoretically  the  same  total  amount  of  bending  (i.  e.  variation  of  slope) 
whether  it  be  distributed  along  one  unit  of  span  or  along  many  units 
or  concentrated  at  a  point,  and  a  moment  area  will  produce  the  same 
deflection  at  any  point  beyond  the  end  of  the  distributed  moment 
whether  it  be  taken  to  produce  bending  as  actually  distributed  along 
the  span  in  the  moment  curve,  or  be  taken  to  produce  all  its  bending 
at  the  center  of  gravity  of  the  moment  area. 
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For  example,  consider  the  case  of  a  uniform  cantilever  AB  fixed 
at  B  and  supporting  a  terminal  load  P  at  A.  The  bending  moment 
increases  uniformly  from  A  to  B 
and  is  represented  by  the  ordinates 
between  AB  and  AB\  If  these 
ordinates  be  taken  to  represent  the  d 
depth  of  some  kind  of  loading,  the 
moment  curve  of  this  loading  will 
be  some  curve  A"B"  which  will 
be  the  exaggerated  deflection  curve 
of  the  cantilever  in  which  the  ap- 
plied bending  moment  is  distrib- 
uted along  the  beam  as  represent- 

ed  by  AB'.  Now  assume  the  entire  amount  of  the  bending 
moment  to  be  concentrated  and  applied  instead  at  G  the  center  of 
gravity  of  the  moment  area  so  that  all  the  bending  would  occur  at 
the  point  G'.  Were  this  possible  the  deflection  and  slope  at  A" 
would  be  the  same  as  that  found  when  the  moment  was  distributed 
along  AB  as  first  shown.  But  the  slope  and  deflection  would  not 
be  the  same  at  any  other  point  except  £"  because  the  load  applied  at 
G  is  that  of  the  entire  moment  area,  and  it  must  all  be  used  in  both 
the  cases  compared. 

Any  arbitrary  rearrangement,  whatever,  of  the  applied  moments 
will  give  some  configuration  of  false  deflection  polygon  as  A"(?'B" 
may  be  called,  which  will  give  the  same  slopes  and  deflections  as  the 
exaggerated  deflection  curve  does  at  those  particular  points  A" 
and  B"  where  the  slopes  and  deflections  are  the  effects  of  the  same 
total  moment  areas. 

"For  example,  in  Fig.  69  of  the  curve  of  deflections  of  a  beam 
fixed  horizontally  at  both  ends,  the  negative  moment  area  BFB' 
shown  in  Fig.  69,  near  one  end  when  concentrated  and  applied  at 
its  center  of  gravity  G  will  produce  a  sudden  change  of  slope  at  that 
point  which  will  make  the  false  deflection  polygon  coincide  in  direc- 
tion and  position  with  the  exaggerated  deflection  curve  at  F'  the  point 
of  inflection  of  the  beam.  Again,  the  equal  positive  moment  area 
FCC"  shown  in  Fig.  69  as  distributed  along  the  beam  between  the 
point  of  inflection  and  the  mid  span  when  applied  at  its  center  of 
gravity  D  will  produce  an  equal  sudden  change  of  slope  at  that 
point  in  the  reverse  direction,  and  so  make  the  side  of  the  false  polygon 
at  mid  span  to  be  horizontal  and  tangent  to  the  deflection  curve, 
because  the  slope  and  deflection  at  mid  span  must  be  the  same  at 
that  point  whether  we  consider  all  the  moment  areas  on  one  side  of 
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the  center  as  concentrated  or  distributed  in  any  manner.  It  will  be 
more  convenient,  however,  to  consider  the  operation  of  a  negative 
moment  area  ACC'A'^\ML  in  which  M^AA'  is  the  negative 
moment  at  A  and  L=AB,  combined  with  the  positive  moment 
area  i4.CC"  =  §Lx|a  in  which  a^C'C.  In  order  that  the  slope 
may  vanish  at  the  center  the  algebraic  sum  of  these  moment  areas 
must  vanish,  hence  Af  =  —  fa,  which  leaves  C'C^'^\a, 

3.  Moments  Over  Successive  Equidistant  Supports  of  a  Con- 
tinuous Beam  Uniformly  Lx)aded:  Let  Mi,  M2  and  M3,  or  Mn.i, 
Mn  and  M^  +1,  be  the  negative  bending  moments  over  three  successive 
supports,  where  we  may  desigante  the  supporting  reactions  as  Ri, 
R2  and  /?3,  or  JKn-i,  Rn  and  /Zq  +1.  Let  the  moment  areas  due  to  these 
moments  and  to  the  moments  of  the  uniform  loading  be  as  repre- 
sented in  Fig.  71  in  which  TiT^  is  tangent  to  the  beam  at  the  middle 
support  R2.  Then  the  amount  of  deflection  at  Ri  from  the  slope 
line  TiTs,  which  is  produced  by  all  the  bending  moments  at  the 
left  of  /?2  is  some  quantity  d=  <xL  while  that  produced  at  JK3  by 
all  the  moments  at  the  right  of  R^  is — d  =  —  aL. 

According  to  the  principle  already  developed  these  deflections 
may  be  taken  to  be  produced  as  follows: 

The  moment  area  AA'B  =  ^MiL  produces  An  amount  of  deflec- 
tion from  TiB  due  to  the  distance  of  its  center  of  gravity  from  A^ 
viz.  ^L,  hence  a  deflection  measured  by  their  product  ^MiL^,  Sim- 
ilarly the  deflection  iM2L  due  to  A' BE'  is  JAf2L^,  and  that  due  to 
the  parabolic  area  AC'B  is  iaL^  when  a^WL/S. 

Hence  we  have  the  equation  of  deflection 

2        3        2        3        3       2 
Add  these  equations  and  cancel  out  L^,  then 

6  0 

Hence 

M1+M3 
4 


+  3/2  = 


+  M3=' 
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M^+Ms 


+  J»f4=— a 


Af n-i  +  Mn  +1 


+  J»fn  = 


Pig.  71 


This  is  the  equation  of  three  moments  for  equal  spans  and  uni- 
form loads  which  shows  that  for  a  beam  of  two  equal  spans  and  ends 
not  restrained,  we  have,  since  Mi^M^^O,  Af2= — a= — WL/S; 
and  for  a  J:)eam  of  three  equal  spans  since  Mi  —  M4  =  0  and  by  sjoimie- 
try  Af2=Af3  we  have  iM2+  Af3=iM2= — a. 

Hence  M  2 = M 3 = —WL/ 10, 

Every  pair  of  successive  spans  in  a  continuous  beam  gives  rise  to 
a  single  equation  connecting  the  moments  over  the  center  and  two 
end  supports  of  this  pair.  These  equations  are  sufficient  in  number 
to  completely  determine  the  values  of  all  the  moments  at  the  inter- 
mediate supports  of  any  continuous  beam  resting  on  level  supports, 
i.  e.  when  the  end  moments  vanish. 

4.    Shears  at  Equidistant  Supports  in  Continuous  Beams:    The 

load  in  any  span  is  equal  to  the  numerical  sum  of  the  end  shears, 
i.  e,y  Si — S'2'^wL  in  which  iS'2  is  intrinsically  negative  where  a 
prime  is  used  to  mark  a  shear  at  the  left  of  a  support.  In  cage  of 
a  single  span 

Si=—S'2^iwL 

and  in  case  of  two  equal  spans 

SiL  =  iwL^  +  M^  =  iwL^—^L^  =  iwL^ 
and 

S'2-^Si-^L^—iwL 

The  shears  at  the  supports  of  continuous  beams  of  multiple  equal 
spans  are  each  some  fractional  part  of  wL.  These  fractional  multi- 
pliers or  shear  coefficients  are  what  the  shears  reduce  to  when  the 
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span  L  and  the  load  w  per  unit  are  each  taken  as  unity.  They  are 
tabulated  in  the  accompanying  diagram,  those  at  the  right  and  left 
ends  of  any  apim  being  placed  at  the  right  and  left  sides  of  the  vertical 
shown  at  the  middle  of  that  square,  those  at  the  right  being  negative. 


w 


Table  of  Shear  CotffisieDMal  w  L  *t  the  Support*  ot  CoDUnaoiu  Beun  of  Eqiul  Stain 
Uniformly  Loaded  and  Freely  Bupportsd. 

The  coefficients  along  any  sloping  line  in  the  diagram  may  be 
calculated  frum  the  two  preceding  coefficients  in  the  same  sloping 
line  by  the  following  rule:  When  the  number  of  spans  in  the  beam 
is  odd,  obtain  the  numerator  of  any  coefficient  by  adding  together 
the  numerators  of  the  two  preceding  fractions  in  the  same  sloping 
line,  and  then  obtain  the  denominator  likewise,  by  adding  the  two 
preceding  denominators.  When  the  number  of  spans  is  even  obtun 
the  numerator  by  adding  twice  the  preceding  numerator  to  once  the 
numerator  next  before  that,  and  the  denominator  likewise  by  adding 
twice  the  preceding  denominator  to  the  next  preceding. 

We  have  just  calculated  the  shears  in  the  cases  of  one  and  two  spans 
respectively  as  given  at  the  top  of  the  diagram,  and  from  them  all 
the  others  can  be  readily  calculated  by  the  rule. 

The  reaction  at  any  support  is  the  numerical  sum  of  the  shears 
at  the  right  and  left  of  it,  t.  c,  where  a  shear  at  the  left  is  marked  by 
a  prime, 

These  reactions  are  to  be  obtained  by  taking  the  numerical  sum 
of  the  shears  at  the  right  and  left  of  each  support.     In  a  triangular 
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table  of  reactions  the  same  odd  and  even  rule  holds  as  for  shears. 
But  instead  of  writing  the  reaction  coefficients  as  fractions  with 
whole  numbers  for  numerators  and  denominators,  their  values 
written  for  convenience  as  decimals  have  been  tabulated  in  the 
accompanying  diagram  in  which  end  reactions  in  any  beam  are 
identical  with  end  shears. 


PTff 


Fig.  73.     Table  of  Reaotioii  Coeffioienta  of  vaL  for  Oontinuous  Beams  of  Equal  Spans  UDiformly 

Loaded  and  Freely  Supported. 

5.    End  Moments  and  Shears  of  Any  Uniformly  Loaded  Span: 


-^ 


Fig.  74 


Taking  moments  in  the  span  about  ends  1  and  2  successively,  we  have 

M2  =  Mi+SiL—iwL^ 

in  which  Si  and  S'2  are  intrinsicallj^  of  opposite  signs  and  Si  is  taken 
as  positive  and  /S'2  as  negative.    Subtract  and  we  have 

M2  =  Mi+m2+Si)L 

i.  e.  if  the  span  be  taken  as  unity,  the  moment  over  any  support 
taken  as  M2  may  be  obtained  from  3f  1  that  at  the  support  at  the 
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left  of  it  by  taking  the  numereial  sum  of  Mi  and  one  half  the  numer- 
ical difference  between  the  two  end  shears  in  that  span  when  182 > Si, 
or  taking  the  numerical  difference  between  it  and  Mi  when  5^<<Si, 
in  which  due  regard  has  been  had  for  the  intrinsic  signs  of  Mi  and  S'2' 

Again,  in  the  next  span  at  the  right,  we  have 

Mz-=M2+S2Lr-iwL'^ 

and  by  the  theorem  of  three  moments 

Ml  +  4M2  +  Ms=—iwL^ 

Let  1  be  the  free  end,  then,  Mi  =  0,  and  by  combining  the  fore- 
going equations  to  eliminate  M3  we  find  Af2  — i<S2^  from  which  it 
appears  that  when  L  is  taken  as  imity  the  numerical  value  of  the 
moment  over  the  support  next  to  the  end  is  one  fifth  of  the  shear  at 
the  right  of  that  support. 

From  this  equation  the  moments  over  the  supports  next  to  the 
end  may  be  obtained  at  once  from  the  shear  diagram. 

For  example,  in  a  beam  of  two  spans  ^2=1,  when  L  =  l,  hence 
M2  —  — -J.  In  a  beam  of  three  equal  spans  S2  =  i^,  hence  M2= — to 
and  in  four  spans  M2= — Ig?  ©^c. 

Similarly  at  any  support  we  find 

M, l(M„_i+SnL) 

i.  e.  assuming  L  =  1  the  moment  at  any  support  M^  may  be  calculated 
by  taking  one  fifth  the  numerical  difference  of  the  shear  at  the  right 
of  it  and  the  moment  at  the  preceding  support.  It  will,  however, 
be  more  expeditious  to  calculate  the  successive  values  of  the  moments 
Ms,  M4,  etc.,  beginning  with  M2  as  above  by  subtracting  half  the 
numerical  difference  of  the  shears  from  the  preceding  moment. 
The  moment  coefficients  at  supports  in  Fig.  77  may  be  thus  calculated. 

6.  Law  of  Moment  Magnitudes  in  Each  Span  of  a  Restrained 
Beam :  Under  section  2  (b)  the  sunmiation  moment  curve  was  construct- 
ed first  for  a  cantilever  beam  and  then  by  moving  the  closing  line  AB 
of  the  moment  curve  downward  to  some  new  position  AoB^f  the  + 
and  —  ordinates  between  it  and  the  curve  represented  the  moments 
imder  different  symmetrical  degrees  of  restraint  at  the  end  supports 
until  when  AB  reaches  A"B"  or  the  position  of  no  restraint  the  or- 
dinates represent  the  moments  of  a  simply  supported  span  which 
reach  a  magnitude  of  wL^/%  at  the  center  of  span,  in  which  w  is 
the  uniform  load  per  unit  length  of  span.  This  last  position  would 
correspond  to  the  closing  line  hd  in  the  accompanying  Fig.  75  and  to 
OP  for  the  moment  ordinate  at  mid  span. 
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Suppose  now  the  restraint  at  the  support  Rn  is  different  from 
that  at  /?n-i.  Let  ab  be  the  negative  moment  at  jRn-i  and  cd  that 
at/2n. 


Then 

But 
or 


ab+  cd 


=  00' 


OP=00'+0'P 
ab+  cd 


OP-- 


+  0'P 


Fig.  75 

Since  no  assumption  has  been  m^de  regarding  the  relative  mag- 
nitude of  ab  and  cd  we  have  thus  demonstrated  the  theorem  that 
regardless  of  the  distribution  of  the  load  and  of  the  restraints  at  the 
supports  we  have :  half  the  numerical  sum  of  the  moments  over  the 
supports  plus  that  at  mid  span  equals  the  moment  of  these  loads 
at  mid  span  when  they  are  supported  on  a  simple  beam,  which  last 
moment  in  case  of  imiform  loading  is  wL^/S.  This  law  holds  good 
for  the  moment  at  mid  span  due  to  concentrated  as  well  as  to  dis- 
tributed loads  and  the  demonstration  will  be  the  same  in  each  case. 

7.  Center  and  End  Moments  in  Continuous  Beams  Under 
Uniform  Loads  Resting  on  Equidistant  Supports:  In  case  of  a  uni- 
form continuous  beam  of  n  equal  spans  of  length  L  resting  upon 

successive  supports,  fli,  £2, Rm  and  supporting  a  uniformly 

distributed  load  of  w  per  unit  length  of  span,  let  Mi,  M 2, Af  n 

be  the  moments  at  the  supports,  Ci,  C2,  etc.,  be  the  actual  moments 
at  mid  span,  and  a  the  moment  at  mid  span  of  a  simple  beam  under 
the  same  load.  Then  the  following  equations  express  the  theorem 
just  proven : 


Fig.  76 
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(n  =  total  number  of  spans  unifonnly  loaded  and  -a^-firL^) 
M1+M2 


2 
M2+M^ 

2 

M2+M4 

2 


Ci  = 


—  c,= 


—  Ca= 


—  C4=— a 


and  finally 


—  C„=^a 


in  which  a=wL^/S  and  in  which  the  values  of  the  moments  are 
treated  algebraicaly,  M  being  intrinsically  negative  and  C  positive. 

The  foregoing  equations  express  the  values  of  the  center  moments 
in  terms  of  moments  at  the  supports  on  either  side  of  it.  To  pbtain 
the  moment  at  a  support  in  terms  of  the  center  moments  on  either 
side  of  it,  add  two  successive  equations,  viz. 

M„.i  +  2M  „  +  M^  +1  =  2(Cn-i  +  Cn— 2a) 
By  the  equation  of  three  moments 

Take  the  difference,  etc.,  hence 

i.  €,  the  numerical  value  of  the  negative  moment  over  a  support 
can  be  obtained  by  adding  the  moments  at  middle  of  the  spans 
on  each  side  of  it. 

Again,  let  us  substitute  the  values  —  Mn  =  Cn-i+Cn  and 
— -W^n  +1  =^0  +  Cn  +1,  in  the  final  moment  magnitude  equation  above 
and  we  find 

C,^i  +  4Cn+Cn+i  =  2a 

which  is  the  equation  of  relation  of  three  successive  center  moments 
analogous  to  the  equation  previously  given  for  three  moments  over 
successive  supports.  At  an  end  of  the  beam,  however,  where  we 
substitute  Mi  =  0  and  — M2  =  Ci+  C2  in  the  first  of  the  moment 
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magnitude  equation  we  get  3Ci+C2=2a  for  the  three  moment 
equation  by  which  C2  =  2a — 3Ci  may  be  computed  from  Ci,  whatever 
be  the  number  of  spans  in  the  beam. 

In  like  maimer  we  derive  the  correspondmg  equations  for  a 
continuous  beam  of  any  length  of  spans  and  any  uniform  loads  which 
may  be  written  as  follows  for  the  successive  spans  n — 1,  n  and  n+1, 

M,  +1  (L„  +  Ln  +i)  +  2  (CnL,  +  C,  +iL^  +i)  =  0 

and  Cp-iLp-i  +  Cpi^n   .     ry     .    CpLp+  Cn  +\Ln  -n   _  ^ 

Ln_i  +  I'll  I'n  +  ^n  -f  1 

which  last  equation  reduces  for  the  two  end  spans  to  the  form : 

ri    I   ^1^1  +  C2L2  _ 
L1+L2 

It  may  be  observed  that  the  moment  magnitude  equations  also 
apply  to  any  continuous  beam  under  any  loading  whatever  concen- 
trated or  distributed  in  any  maimer  or  with  spans  of  unequal  length, 
and  different  degree  of  restraint  over  the  supports,  except  that  the 
value  of  a  in  these  equations  would  have  to  be  that  for  the  applied 
moments  for  each  respective  span  regarded  as  a  simple  beam.  Thus 
the  equation  of  moment  magnitudes  combined  with  the  three  mo- 
ment equation  of  the  mid  span  moment  furnishes  in  a  simpUfied  form 
the  necessary  conditions  for  the  solution  of  any  problem  presented 
by  a  series  of  continuous  spans  under  different  uniform  loads. 

By  adding  the  equations  of  center  moments  giv^n  above  and 
observing  that  moments  at  equal  distances  from  the  ends  are  equal, 
we  have  the  following  equations  respectively,  for  beams  of  I,  II, 
III  or  more  spans. 


I 

Ci=a 

II 

4Ci=2a 

III 

4Ci+3C2=3a 

IV 

4C,+  6C2=4o 

V 

4Ci  +  6C2+3C3  =  5a 

VI 

4Ci  +  6C2+6C3=6a 

VII 

4Ci+  6C2+  6C3+  3Ci  =  7a 

N       4Ci  +  6C2+  -  -  -  +  6C„/2=no 
A'+ 1        4Ci  +,  6(72  + 6C„/2  +  3C„/2  =  (n+  l)a 

from  which  it  appears  that  there  is  a  certain  law  of  coefficients  for  an 
even  number  of  spans  and  a  certain  different  law  for  an  odd  number 
of  spans. 
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Now  it  may  be  shown  in  general  that 

C2  =  2a  — 3Ci 
C3=— 6a+  llCi 
C4=24a  — 41Ci 
C5=— 88a+15Ci 
etc. 

These  last  equations  which  hold  for  beams  of  any  number  of  spans 
whatever  enable  us  to  determine  the  values  of  the  center  moments 
in  a  beam  of  any  given  number  of  spans  by  substituting  them  in  the 
equation  given  above  for  a  beam  of  that  given  number  of  spans. 
We  thus  obtain  the  following  values  for  beams  of  a  given  number 
of  spans: 


I 

(7i=-o 

II 

Ci^ia 

III 

Ci=3o/5 

C2=o/5 

IV 

Ci=4a/7 

C2  =  2a/7 

V 

Ci  =  l  la/19 

C2  =  5a/19 

Cs  =  7a/l9        etc. 

We  have  already  shown  that  — M^  +1  =  ^0+00  +1  from  which  we 
find  the  moments  at  the  supports  for  a  given  number  of  spans. 

'       II  — M2  =  a, 

III  —3/2=4/5  a, 

IV  — ilf2  =  6/7a,        —3/3  =  4/7  a, 

V  -T-3f2=16/l9a,    -3/3  =12/19  a,  etc. 

But  Ci  may  be  also  computed  in  many  other  ways  for  example 
from  S2  as  follows:  Ci=a  +  ^  M2  by  the  first  of  the  moment 
magnitude  equations,  and  since  3^2= —  l/5  S2L,  as  above,  we  have 
Ci=a  — S2VIO. 

Each  of  the  moments  at  the  supports  and  at  mid  span  is  the 
product  of  wL/^  by  a  fractional  multiplier  or  coefficient,  which  co- 
efficient expresses  the  value  of  the  moment  when  w  and  L  are  each 
taken  as  unity.  By  using  the  methods  already  developed  the  values 
of  the  moments  at  mid  span  and  at  the  supports  may  be  calculated 
by  either  of  several  difi'erent  ways.  A  tabular  diagram  both  of  the 
center  moments  and  the  moments  at  the  supports  when  w  and  L 
are  taken  as  unity  is  here  given. 
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E^^en    _  _  „ 

Fig.  77 

Table  of  Coeffioienta  of  Center  Momenta  and   Moments  Over  Supports  of  Continuous  Beams 

of  Equal  Spans  Uniformly  Loaded  and  Freely  Supported. 

This  table  begins  at  the  top  with  the  moment  coefficients  already 
obtained  for  beams  of  several  spans,  which  furnish  a  sufficient  and 
most  convenient  basis  for  calculating  the  entire  table  according  to 
the  odd  and  even  rule  about  to  be  stated.  Care  must  be  taken, 
however,  not  to  reduce  any  of  these  fractions  to  lower  terms  by  can- 
celling common  factors  in  any  numerator  and  denominator,  as  has 
inadvertently  been  done  in  the  center  moments  of  the  beam  with 
VIII  spans,  which  should  have  776  in  each  denominator,  and  each 
numerator  doubled.  The  moments  over  the  supports,  however,  are 
in  correct  form.  The  center  moments  are  all  positive,  the  others 
negative.  The  table  is  checked  by  adding  two  successive  center 
moments  to  obtain  the  moment  at  the  intermediate  support. 

In  this  table  any  ccnier  moment  coefficient  may  be  obtained  from 
the  two  preceding  coefficients  on  the  same  sloping  line  by  the  fol- 
lowing odd  and  even  rule. 

In  case  a  beam  of  an  even  number  of  spans,  add  the  two  preced- 
ing numerators  to  form  the  required  numerator  and  the  two  preced- 
ing denominators  for  the  required  denominator,  but  in  case  of  an 
odd  number  of  spans,  add  twice  the  preceding  number  to  once  the 
next  preceding  to  obtain  the  required  numerator  or  denominator. 

In  order  to  obtain  the  odd  and  even  rule  for  coefficients  of  mo- 
ments at  the  supports  replace  the  word  spa?^  in  the  above  rule  by 

If  a  continuous  beam  be  completely  fixed  at  its  two  end  supports, 
th^i  the  tangent  to  the  deflection  curve  is  horizontal  over  every 
support  and  every  center  moment  is  iyL^/24,  while  every  moment 
at  a  support  is  wV'/Vl, 
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Now  if  a  table  be  constructed  that  expresses  the  amount  of  change 
which  would  occur  in  releasing  the  restraint  by  freeing  the  ends,  the 
changes  of  these  moments  would  be  obtained  by  taking  the  dififer- 
ences  toL^/2i  —  Cn  at  mid  span,  and  wL^/l2  —  Mn  at  the  supports. 
Such  a  table  containing  the  difiFerences  both  at  mid  span  and  supports 
follows  the  odd  and  even  rule  for  the  moments  over  supports,  and 
the  word  support  must  be  put  in  place  of  span  in  the  original  rule  to 
make  it  apply  to  such  a  table.  In  this  table  it  is  important  that  the 
correct  sign,  positive  or  negative  be  affixed  to  the  differences  placed 
in  the  table,  and  that  the  denominators  12,  48  and  60  be  used  in  the 
cases  of  beams  with  1,  2  and  3  spans  respectively. 

The  tables  of  reactions  and  shears  at  supports  follows  the  same 
odd  and  even  rule  as  moments  at  supports,  but  if  the  fractions  re- 
presenting the  coefficients  for  shears,  reactions  and  moments  at 
supports  for  each  beam  be  written  with  the  same  denominators  as 
are  used  in  the  table  for  center  moments,  the  odd  and  even  rule  in 
all  these  tables  will  then  be  the  same  as  for  center  moments. 

As  previously  shown  there  must  be  separate  rules  for  calculating 
the  series  of  center  moments  for  beams  of  an  odd  number  of  spans 
from  those  of  an  even  number  of  spans.  It  is  apparent  from  ob^ 
sorvation  of  the  table  that  the  odd  and  even  rule  stated  is  correct. 
But  an  odd  and  even  rule  for  center  moments  must  involve  an  od<l 
and  even  rule  for  the  moments  at  supports  also,  for  if  these  latter 
were  obtained  from  the  equation  — M^  =  C^-i  +  C„  by  simply  add- 
ing the  numerators  of  the  center  moments  without  al tiering  the  de- 
nominators, the  same  odd  and  even  rule  would  be  found  for  the 
moments  at  the  supports  as  for  center  moments.  But  the  rule  for 
the  coefficients  of  the  pier  moments  A/i,  Af2,  etc.,  is  the  reverse  of 
that  for  the  mid  span  moments  C2,  C3,  etc.,  in  the  table  because 
these  coefficients  of  M  are  reduced  by  cancelling  a  conunon  factor 
2  from  each  of  them  in  every  odd  number  of  spans,  and  the  factor 
4  from  them  in  every  even  number  of  spans. 

For  convenience  of  calculation  and  comparison  the  following 
tumble  of  decimal  values  of  the  moment  coefficients  of  the  negative 
moments  at  the  supports  is  also  inserted  from  which  it  will  be  seen 
how  rapidly  the  moments  at  any  given  support  approach  a  limiting 
value  as  the  numbc^r  of  spans  increases.  For  example,  3/2  approaches 
.106  due  to  the  relation  .1/2  =  — S2/5,  previously  obtained,  in  which 
S2  approaches  .53,  as  will  be  seen  from  the  table  of  shear  coefficients. 
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Fig.  78.    Table  of  Coofficienta  of  Momenta  over  the  Supports  Beama  Freely  Supported. 

There  are  many  remarkable  relations  between  the  numerators 
and  denominators  in  the  tables  of  shears  and  moments.  Fof  example, 
while  the  denominators  of  the  moment  coefficients  at  the  supports 
in  any  given  number  of  spans  n  is  the  same  as  those  of  the  shears  for 
the  same  nimiber  of  spans  n,  the  nimierator  of  M2  is  the  same  as  the 
numerator  of  Si  for  n-2  spans.  Other  relations  exist  which  seem 
equally  remarkable. 

8.  End  Shears  and  Maximum  Moments  in  the  Several  Spans 
of  a  Continuous  Beam  Uniformly  Loaded  and  Resting  on  Equidis- 
tant Supports:  By  equation  (2)  section  2  (b)  it  is  evident  that 
wherever  the  moment  reaches  a  maximum  value  the  shear  vanishes 
because  the  condition  for  a  maximum  value  of  M  is  that  its  differ- 
ential coefficient  vanish.  Consequently  the  maximum  value  of  the 
moment  in  ^he  span  R\R2  Fig.  74  is  found  at  P  where  the  shear  van- 
ishes.    But  by  similarity  of  triangles 

»Si       -S'2  Si-S^         xcL 


Pfli    PJB2     PR1+PR2      L 
Hence,        PRi  =  Si/w    and    PR^-^-— 82/10 

Now  Mp  the  moment  at  P  may  be  calculated  as  follows: 

Mp-Mi  +  S,(PRi)  -  iwiPRif^Mi  +  Sl/w  -  iSl/w^Mi+^S^i/w 
and  similarly 

'Mp^M2+hS'i/w 

in  which  Mi  and  M2J  etc.,  are  negative.     These  formulas  permit  the 
ready  calculation  of  the  maximum  moment  coefficients  from  the 
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preceding  tables  of  moments  and  shears  at  supports  by  assuming 
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Fig.  79.    Table  of  Coefficients  of  Maximum  Positive  momenta  between  Supports  for  Continuous 

Beams  Freely  Supported. 

The  accompanying  table  of  these  coefficients  is  expressed  in 
decimals,  because  owing  to  the  fact  that  they  depend  on  the  squares 
of  end  shears  their  values  when  expressed  in  common  fractions  soon 
require  inconveniently  large  nimibers.  It  will  be  seen  that  by  reason 
of  the  fact  that  the  value  of  Si  next  the  free  end  rapidly  approaches 
the  value  of  0.4  as  the  number  of  spans  increases  we  find  that  the 
value  of  the  coefficient  of  the  maximum  moment  in  the  end  span  =  JSj 
rapidly  approaches  the  value  .08  as  the  number  of  spans  increases 
while  that  in  the  center  span  approaches  .04,  but  not  so  rapidly. 

Apply  the  preceding  equation  to  obtain  the  maximum  moment 
coefficient  in  case  of  two  equal  spans 

The  maximum  moment  in  an  end  span  of  three  equal  spans  is 

*^  '^  25 

and  in  the  middle  spuin  it  is 

j/d  =  — +  ^(1/2)  u'L  =  

^  10  ^  40 

Similar  calculations  may  be  made  for  the  coefficients  in  beams  of 
any  greater  number  of  spans. 
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The  distance  between  points  of  zero  bending  moment  in  a  con- 
tinuous beam,  which  points  are  identical  with  the  points  of  inflection 
is  readily  found  from  the  maximum  moment  because  that  part  of  the 
span  which  reaches  from  one  point  of  inflection  to  another,  which 
part  we  may  designate  as  DD  =  U  in  Fig.  74  is  a  simple  beam  sup- 
ported by  the  shears  at  D  and  D  in  which  the  maximum  moment  at 
P  is  Jw?L'^=Mp.  Hence  L'=  ylSM^/w  and  RiD=-RiP  -  DP, 
R2D=R2P-DP  in  which  DP-=iU=-  VlS/p/^. 

From  these  equations  the  distances  of  the  points  of  inflection 
from  the  supports  may  be  readily  calculated. 

9.  Position  of  Inflection  Points  and  Distribution  of  Bending 
Moments  in  Restrained  Beams  as  Affected  by  the  Moments  of 
Intertia  at  Mid  Span  and  at  Supports.  Assume  that  both  ends  of  a 
span  of  effective  length  L=2x2  between  supports  are  perfectly 
restrained,  or  built  in  horizontally  and  uniformly  loaded  so  that 
the  suspended  span  as  shown  in  .  ^ 

Fig.  65a  has  a  length  of  2^1  be- 
tween the  points  of  zero  bending 
moment  which  are  also  the  points 
of  inflection.  Let  /i  be  the  mo- 
ment of  inertia  thruout  the  sus- 
pended span  and  I2  that  in  the 
segments  of  the  span  between  the 
supports  and  the  suspended  span. 
Then  the  ratio  of  i  =  Ii/l2  is  con- 
nected with  the  position  of  the 
points  of  inflection  and  the  subdivision  of  the  total  applied  bending 
moment  between  the  moment  C  =  yi  at  mid  span  and  the  moments 
M  =  y2-^i  at  the  supports  in  a  manner  that  will  be  now  investigated. 

In  order  that  the  bending  due  to  the  uniform  loading  may  be 
symmetrical  the  tangent  to  the  deflection  curve  must  be  horizontal 
at  mid  span  as  well  as  at  the  ends,  i.  e.  whatever  amount  of  negative 
bending  is  produced  by  the  total  negative  bending  moment  area  B 
must  be  balanced  by  an  equal  amount  of  positive  bending  due  to 
the  total  positive  bending  moment  area  A.  Now  the  amount  of 
actual  bending  produced  by  a  moment  area  is  directly  proportional 
to  that  area  and  inversely  proportional  to  its  stiffness  as  measured 
by  its  moment  of  inertia.     Hence  we  must  have 

A/ 1 1  =—B/l2  or  A  =—iB 

which  equation  may  be  written 


•- ^ J 


Y 

Fig.  66a 
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2xii/i/3=i  (x2j/2-Xiyi)/3— i"(a:2-xi)2/i.    But  ^  =  ^ 

2/1      ^1 

TT          •                     2xx/x2 
Hence  %  = -. — -^ — -— 

2x1/0:2+  (X2/X1)  -3 

from  which  the  ratio  of  the  moment  of  inertia  at  mid  span  to  that 
at  supports  can  be  calculated  in  order  to  make  the  point  of  inflection 
fall  at  a  fractional  part  of  the  span  from  the  center  =  0:1/2x2.  Values 
so  calculated  are  given  in  the  accompanying  table. 


Xi/L 10  .15  .20  .25     .3  .35  .4  .45  .50 

i^h/h 02  .07  .20  .50  1.20  3.20  10.00  53.00  00 

C/a 04  .09  .16  .25     .36  .49  .64       .81  1.0 

M/a 96  .91  .84  .75     .64  .51  .36       .19  .00 

C/M 04  .10  .20  .33     .56  .96  1.8      4.2  « 

in  which  L  =  2x2,  and  a  —  WL/%=^\wx\, 

The  bending  moment  at  mid  span  is  C  =  \wx\ 

and  that  at  the  supports  is  M ^\w{x2-x\) 

The  ratios  of  these  moments  to  the  total  moment  in  the  span^ 
i,  e.  to  iwx2  =  wL^/&j  and  the  ratio  C/M  have  been  also  calculated 
and  are  likewise  inserted  in  the  table. 

.  Now  starting  with  any  given  or  assumed  value  of  either  of  these 
ratios  the  table  shows  the  corresponding  values  of  the  other  ratios  ^ 
For  example,  starting  with  i  given,  we  find  the  position  Xi/2x2  of 
the  corresponding  points  of  inflection  and  the  ratio  C/M  of  the 
center  moment  to  the  moment  at  the  supports  in  such  a  restrained  span. 

.  It  will  not  practically  .interfere  with  the  accuracy  of  the  values 
given  in  this  table  to  have  the  point  of  the  span  where  /i  changes 
to  I2  occur  at  some  little  distance  either  side  of  the  point  of  inflec- 
tion because  near  that  point  the  bending  is  very  small  under  any 
circumstances  owing  to  the  smallncss  of  the  bending  moment  in  that 
vicinity,  a  fact  which  renders  the  moment  of  inertia  in  that  part  of 
the  span  of  little  importance. 

From  the  foregoing  investigation  it  is  cle^r  that  the  level  yi  of 
the  closing  line  that  divides  the  total  applied  moment  area  of  the 
load  into  the  positive  and  negative  moment  areas  A  and  B  such 
that  C  +  M  =  2/2  is  fixed  in  this  case  of  restrained  ends  by  the  ratio  i 
of  the  moment  of  inertia  at  mid  span  and  supports,  the  case  when  the 
moment  of  inertia  is  uniform  thruout  the  span  or  i  =  l,  Xi/x2=.583 
and  C/M  —  .5  having  been  previously  considered  at  length.  The 
magnitude  of  the  total  moment  C+  M  =  ^wxl  in  the  span  L  =  2x2 
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is  known  in  case  of  a  beam  to  be  the  same  as  the  statical  moment  of 
the  load  but  in  case  of  a  plate  or  slab  it  has  been  preyiously  shown 
that  the  total  applied  bending  moment  is  largely  reduced  in  types 
III  and  IV  by  reason  of  twisting  moments. 

Moreover,  the  load  that  produces  the  bending  moment  in  the 
panel  is  not  uniformly  distributed  along  the  span  but  increases 
uniformly  from  support  to  mid  span.  The  present  investigation 
of  points  of  inflection  etc.,  of  beams  consequently  cannot  be  applied 
to  the  panels  of  a  continuous  slab.  A  separate  investigation  will  be 
required  for  them. 

It  will  be  further  noticed  that  any  increase  of  1 2  relatively  to 
I  If  i.  6.,  any  decrease  of  i  such  as  takes  place  by  placing  more  steel 
over  the  supports  than  elsewhere,  tends  to  move  the  point  of  in- 
flection toward  mid  span,  and  to  decrease  .  C/M.  For  example, 
if  i  =  .5,  then  Xi/a:2  =  .5  and  C/M  =  .33  or  the  moment  at  the  sup- 
ports is  three  times  that  at  mid  span. 

The  position  of  the  points  of  inflection  is  also  affected  by  other 
circumstances  than  the  ratio  i  of  the  moments  of  inertia  among  the 
most  effective  of  which  is  the  ratio  N  =  L/d  of  span  to  depth  and  the 
consequent  relative  amounts  of  beam  and  arch  action.  The  pre- 
ceding investigation  holds  without  modification  in  cases  of  long 
spans  only,  i.  e.  where  the  span  is  at  least  25  times  the  thickness 
arch  action  becomes  negligible,  being  in  such  cases  not  more  than  5 
percent. 

10.  Shear  in  Continuous  Beams*  Because  the  horizontal  shear- 
ing deformation  is  zero  where  the  vertical  shear  is  the  greatest  the 
safe  shearing  resistance  of  the  concrete  at  the  support  of  a  continuous 
or  restraijued  beam  is  twice  as  great  as  for  a  simple  beam  and  may  be 
figured  as  such  using  the  ratio  of  depth  to  span  N  in  determining  the  . 
shear  value  as  though  it  were  a  simple  beam  and  doubling  that  value, 
see  curve  diagram  Fig.  50,  Chapter  VI.  The  reinforcement  at  the 
support  adds  to  the  safe  shearing  value  an  amount  which  may  be 
taken  as  10,000  lbs.  per  square  inch  for  the  steel  in  the  tensile  zone 
at  the  top  of  the  beam  and  half  that  amount  for  the  bottom  flange  steel. 

From  the  foregoing  discussion  it  is  evident  that  the  horizontal 
shear  or  bond  stress  in  the  continuous  beam  vanishes  at  the  supports, 
where  the  Joint  Committee  rule  based  upon  the  common  theory  of 
flexure  applicable  to  simple  beams  would  make  it  a  maximum.  In 
the  vicinity  of  the  line  of  inflection  bond  stress  is  a  maximum  and 
is  about  half  as  great  as  it  would  be  at  the  end  of  a  simple  beam  of 
the  same  depth  carrying  the  same  load. 
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The  reinforcement  to  resist  the  diagonal  tension  of  shear  may  be 
most  advantageously  placed  in  the  continuous  beam  in  such  wise 
that  it  traverses  the  web  from  the  zone  of  tension  in  the  bottom  to 
the  zone  of  tension  in  the  top  so  that  steel  resists  tension  throughout 
its  entire  length  relieving  the  web  of  the  major  portion  of  the 
diagonal  tension  at  that  particular  section  where  it  is  a  maximum. 

The  manner  in  which  the  re'nforcement  in  the  tension  zone  in 
the  suspended  span  operates  in  conjunction  with  the  tensile  rein- 
forcement in  the  cantilever  portion  of  a  continuous  beam  may  be 
illustrated  by  considering  first  a  case  in  which  these  reinforcements 
consist  of  straight  rods  lying  in  the  outer  portion,  top  and  bottom 
respectively,  of  the  upper  and  lower  tension  zones.  Such  reinforce- 
ing  elements  would  be  lapped  past  the  line  of  inflection  toward  the 
support  in  the  bottom  part  of  the  beam  and  tbward  the  center  of 
span  in  the  top.  The  bond  stress  would  be  a  maximum  at  the  Une 
of  inflection  and  would  decrease  each  way  therefrom  in  both  upper 
and  lower  sets  of  bars.  Such  distribution  of  bond  shear  would  pro- 
duce compressions  and  tensions  crossing  each  other  at  the  line  of 
inflection,  wherein  it  would  differ  from  a  homogeneous  beam. 

Consider  the  case  now  where  the  steel  is  bent  diagonally  down- 
ward through  the  line  of  inflection  and  forms  the  reinforcement  not 
only  in  one  continuous  piece  in  the  cantilever  but  in  the  suspended 
span  portion  as  well.  That  portion  of  the  tension  in  the  steel  at 
the  line  of  inflection  which  is  not  equalized  by  the  bond  shear  stress 
occurring  between  it  and  mid  span  would  be  transferred  as  steel 
tension  into  that  part  of  the  bar  in  the  tensile  zone  of  the  cantilever 
beyond,  and  the  state  of  stress  in  the  bar  would  be  that  of  tension 
throughout  its  whole  length.  The  bond  stress  in  the  concrete  would 
be  reduceii  })y  the  total  amount  of  tension  transmitted  across  the 
section  at  the  line  of  inflection.  Under  this  distribution  of  stress 
there  would  be  an  overlapping  of  compression  in  the  concrete  above 
the  line  of  inflection  toward  mid  span  and  a  corresponding  over- 
lapping past  the  line  of  inflection  toward  the  support  by  compression 
in  the  concrete  below,  a  phenomenon  which,  from  extensometer 
measurements  of  the  concrete  stresses  at  and  near  the  line  of  in- 
flection, has  been  mistaken  for  arch  action. 

Thus  the  suspended  span  portion  differs  somewhat  in  its  opera- 
tion from  that  of  a  simple  beam  freely  supported.  It  is  less  sub- 
ject to  cracking  of  the  concrete  by  bond  stress  which  is  consider- 
ably reduced  at  the  end  of  the  suspended  span  portion  by  the  ten- 
sion in  the  steel.     Ordinarily  checking  would  first  occur  in  the  can- 


SHEAR  IN  CONTINUOUS  BEAMS  205 

tilever  portion  of  the  continuous  beam  were  it  not  for  the  fact  that 
the  upper  part  of  the  beam  is  usually  monolithic  with  the  floor  slab 
thus  providing  an  excess  section. 

# 

Hence  a  continuous  beam  is  a  much  more  satisfactory  member 
than  a  simple  beam  first  because  it  is  much  stiffer  and  the  concrete 
is  less  liable  to  crack  because  of  this  increased  sti£fness  and  second ' 
on  account  of  the  lower  relative  value  of  the  horizontal  shearing 
stress  which  determines  such  checking. 

10.  Economic  Design  of  Beams.  The  moment  coefficient  for 
bending  of  a  continuous  beam  is  one  third  as  great  at  mid  span  as 
in  case  of  a  simple  beam  and  two  thirds  as  much  at  a  support.  For 
safety,  ample  lap  of  the  bars  is  needed.  Hence  by  carrying  a  part 
of  the  reinforcing  rods  required  at  mid  span  up  over  the  support 
from  near  the  point  of  inflection  or  so  far  that  the  negative  moment 
in  the  case  of  a  single  panel  load  will  be  taken  care  of  by  slab  reinforce- 
ment parallel  to  the  beam,  we  need,  considering  moment,  only  two 
thirds  the  section  of  the  steel  for^ about  one  third  the  length  and  one 
third  of  the  section  of  metal  for  'two  thirds  the  length  of  the  contin- 
uous beam  that  is  required  for  the  simple  beam.  Thus  the  metal 
required  for  the  continuous  beam  action  is  one  third  that  required 
for  the  simple  beam  of  the  same  depth  and  moreover  the  continuous 
beam  type  is  safer  to  erect  since  the  work  is  more  securely  tied  to- 
gether and  with  good  concrete  it  will  not  fail  suddenlj''  but  only  by 
stretching  out  of  the  metal  to  the  point  of  ultimate  fracture  in  case 
it  is  loaded  with  three  or  four  times  the  load  it  was  calculated  to 
sustain. 

Evidently  less  steel  would  be  required  to  carr>'  any  given  load 
the  greater  the  beam  depth.  Usually  the  depth  to  be  used  in  an 
ordinary  building  is  determined  from  the  standpoint  of  appearance 
and  of  the  extra  cost  of  walls  for  a  given  clear  story  height  rather  than 
from  the  theoretical  economical  proportions  of  steel  and  concrete. 
A  mistake  too  frequently  made  is  that  of  proportioning  the  beams 
too  narrow  and  deep,  particularly  where  they  are  closely  spaced.  Such 
construction  is  lacking  in  resistance  to  high  temperature  because  too 
great  an  area  is  exposed  and  should  be  avoided  on  that  account. 
Ten  or  twelve  inches  should  be  the  minimum  width  for  reinforc- 
ed concrete  beams  in  warehouse  buildings  that  are  intended  to  be  fire 
resisting  to  a  high  degree  and  such  a  width  for,  moderate  spans  of  16 
to  18  feet  gives  ample  concrete  to  properly  surround  the  reinforce- 
ment and  furnish  the  necessary  resistance  to  shear.  In  general  there 
should  not  be  less  than  1"  of  concrete  between  the  bars  or  a  width 
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not  less  than  one  and  one  fourth  times  the  diameter  of  the  bars  if 
the  bars  are  parallel  for  any  considerable  length.  Where  bond  shear 
is  relatively  small  and  the  metal  is  concentrated  as  commonly  occm^ 
at  the  top  of  a  continuous  beam  and  there  is  ample  lap  beyond  the 
support  this  requirement  becomes  of  no  especial  importance. 

Relative  to  the  economic  proportion  of  concrete  and  steel,  the 
general  relation  to  be  observed,  is  that  the  amount  of  steel  decreases 
with  the  depth  of  the  beam,  while  the  amount  of  the  concrete  increases. 
With  one  percent  of  steel  as  the  element  of  reinforcement,  it  is  evident 
that  the  concrete  element  will  cost  more  than  the  steel  element 
on  the  basis  of  five  dollars  a  yard  for  the  concrete  and  steel  at  fifty 
dollars  per  ton.  Hence  with  ordinary  values  of  steel  and  concrete, 
the  limiting  permissible  percentages  and  relation  of  safe  working 
stresses  fix  economic  proportions.  In  the  continuous  beam,  however, 
where  there  is  double  reinforcement  over  the  support,  a  closer  ap- 
proximation to  a  balance  between  the  cost  of  concrete  and  metal 
may  be  approached  than  in  the  simple  beam. 

However,  in  the  T-beam  which  is  the  usual  construction  in 
buildings  this  percentage  would  be  based  upon  the  area  of  the  beam 
below  the  slab  plus  the  area  of  that  part  of  the  slab  above  and  on 
each  side  of  the  rib  which  it  is  permissible  to  consider  as  forming  part 
of  the  compression  flange  of  the  beam,  and  the  economic  propor- 
tions would  have  a  smaller  proportion  of  steel,  since  the  portions  of 
the  slab  figured  in  with  the  beam  are  not  added  material  as  far  as 
the  beam  is  concerned,  and  hence  the  comparison  should  be  based 
more  properly  upon  the  area  of  the  rib  added  below  the  slab  to  form 
the  beam.  Hence  the  economic  proportion  of  steel  would  in  general 
be  reduced  below  that  of  the  limiting  proportion  fixed  to  secure  con- 
servative working  stresses  in  the  concrete. 

This  conclusion,  that  the  cost  of  the  steel  in  the  T-beam  should 
be  less  than  the  concrete  is  strengthened  by  the  consideration  that  the 
cost  of  the  centering  increases  with  increase  of  depth  of  the  beam. 
These  practical  considerations  seem  to  have  been  entirely  over- 
looked in  the  discussion  of  the  paper  presented  to  the  American 
Society  of  Civil  Engineers  in  1906  by  Capt.  Sewell,  on  the  subject 

of  economic   construction  of  reinforced  concrete  floors. 

« 

No  mathematical  formula  has  been  devised  which  will  take  into 
consideration  all  of  the  variable  elements  of  cost.  Trial  designs 
and  the  practical  judgment  of  the  constructor  enable  him  to  find 
an  approximate  and  satisfactory  solution  of  this  complex    problem. 
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The  intimate  relation  of  horizontal  shear  to  per^lissible  percentage 
of  steel  which  we  have  pointed  out  earlier  in  the  discussion  is  but 
another  of  the  complex  elements  entering  into  the  problem. 

11.  Summary.  In  this  chapter  the  graphical  relations  between 
loads,  shears,  bending  moments,  slopes  and  deflections  are  developed 
in  a  novel  manner  that  admits  of  a  ready  comparison  of  these  magni- 
tudes. 

From  this  development  Clapeyron's  Equation  of  moments  at  three 
successive  supports  of  a  continuous  beam  follows  at  once  as  well  as 
the  values  of  the  shears  at  the  supports. 

The  fundamental  equation  between  the  moment  magnitudes  at 
mid  span  and  at  supports  in  any  span  is  here  obtained  for  the  first 
time  in  its  general  form,  and  from  it  the  general  equation  is  deduced 
between  three  successive  mid  span  or  center  moments,  heretofore 
imknown. 

These  equations  show  that  the  rule  for  the  calculation  of  center 
moments  for  beams  with  an  odd  number  of  spans  follows  a  different 
law  from  that  of  the  center  moments  of  a  beam  with  an  even  number 
of  spans  and  the  relation  of  the  odd  and  even  rule  for  moments  and 
shears  at  supports  is  derived  from  that  of  center  moments. 

The  amount  and  position  of  the  maximimi  moment  in  any  span  of  a 
continuous  beam  is  likewise  obtained  as  well  as  the  position  of  the 
points  of  inflection. 

The  characteristic  action  of  reinforcing  rods  extending  from  ten- 
sion zone  in  the  bottom  at  mid  span  to  tension  zone  in  the  top  of  a 
beam  at  the  supports  ia  developed.  It  consists  in  tension  in  the  steel 
at  the  inflection  points  as  well  as  elsewhere,  and  compression  in  the 
concrete  at  the  same  points. 

Because  the  deflection  of  a  fully  restrained  beam  is  but  one  fifth 
of  that  of  the  simply  supported  beam  and  the  radius  of  curvature 
determining  the  angular  shear  deformation  that  produces  cracking 
of  the  concrete  is  reduced  with  the  increased  radius  of  cm-vature  in 
the  continuous  beam,  steel  stresses  three  to  four  times  as  great  may 
occur  in  fully  restrained  beams  before  the  concrete  checks  as  is 
possible  in  case  of  simple  supported  beams. 
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CHAPTER  VIII 

INDIRECT  STREaSES   GENERATED   BY   BOND   SHEAR  AND  THE 
LAWS  OF  DISTRIBUTION  GOVERNING  THESE 
MECHANICAL  ACTIONS 

1.  Bond  Shear  in  Blocks.  Let  R  Fig.  80  represent  a  cylindrical 
metallic  rod  embedded  in  a  block  of  concrete  B  B  in.  which  it  has 
been  cast.  Let  it  rest  on  a  ring  shaped  support  SS  having  a  central 
aperture  somewhat  larger  than  the  rod.  Then  the  weight  W 
applied  to  the  rod  will  induce  a  bond  shear  at  the  surface  of  the  rod, 
whose  intensity  will  depend  upon  several  factors,  among  which  will 
be  the  magnitude  of  the  weight  W,  the  diameter  D  of  the  rod,  the 
length  L  of  the  embedment,  and  the  distance  of  the  point  considered 
from  the  beginning  of  the  embedment.  Other  things  being  equal, 
the  intensity  of  the  bond  shear  will  be  greatest  at  the  point  of  em- 
bedment nearest  the  point  of  application  of  W,  whether  the  rod 
be  in  tension  or  in  compression.  Since  the  concrete  which  surrounds 
the  rod  is  in  a  state  of  shearing  stress  along  the  surface  of  the  rod, 
it  is  in  a  state  of  stress  that  may  also  be  defined  otherwise  by  saying 
that  there  is  indirect  or  induced  tension  in  the  concrete  along  lines 
sloping  at  45°  towards  the  axis  of  the  rod,  represented  on  Fig.  80  by 
the  arrows  with  heads  at  the  surface  of  the  rod,  and  also  compression 
induced  in  the  concrete  along  lines  sloping  at  45°  away  from  the 
axis,  the  intensity  of  each  of  these  induced  stresses  at  the  surface  of  the 
rod  being  the  same  as  that  of  the  bond  shear  at  the  surface  and  growing 
less  at  greater  distances  from  the  axis  nearly  inversely  as  the  distance. 


Fig.  80. 
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The  arrows  may  be  regarded  as  representing  lines  of  force 
or  stress  in  the  concrete  in  such  a  manner  that  the  intensity 
of  the  stress  is  proportional  to  their  nearness  to  each  other.  The  total 
bond  shear  between  rod  and  concrete  amoimts  tb  W,  and  is  so  dis- 
tributed on  the  surface  of  the  rod  that  it  is  small  at  the  point  of  em- 
bedment most  distant  from  W  and  is  greatest  at  the  points  nearest 
to  W.  The  bond  shear  at  any  point  is  the  increment  of  the  tension 
in  the  rod  at  that  point  and  there  is  no  element  of  tension  in  the  rod 
which  is  not  balanced  and  transmitted  to  the  concrete  by  a  corres- 
ponding equal  element  of  bond  shear. 

The  block  tends  to  decrease  in  length  by  reason  of  the  load  thus 
transmitted  to  it  at  the  same  time  that  the  part  of  the  rod  embedded 
in  the  concrete  tends  to  increase  in  length,  so  that  the  point  where 
the  first  slipping  will  occur  is  at  the  point  nearest  to  W,  But  if 
no  actual  slipping  occurs  the  distortion  is  greatest  at  this  point. 
This  is  the  reason  that  the  greatest  intensity  of  bond  shear  occurs  at 
this  point. 

In  the  space  where  the  arrows  are  represented  it  might  at  first 
be  thought  that  the  radial  components  of  the  induced  tensions  and 
compressions  would  neutralize  each  other.  But  such  is  not  the 
case  because  it  is  a  fundamental  property  of  stress  in  any  material 
that  a  shear  in  any  plane  (as  for  example  the  vertical  plane  in  this 
case)  in  order  to  maintain  equilibrium  is  necessarily  accompanied 
by  an  equal  opposite  shear  on  a  plane  at  right  angles  with  it,  so  that 
these  induced  vertical  stresses  act  to  produce  radial  shears  of  equal 
intensity  dn  each  horizontal  plane. 

This  horizontal  shear  in  the  block  diminishes  somewhat  as  the 
radius  increases  but  does  not  vanish  until  we  reach  the  inner  edge 
of  the  ring  SS,  Beyond  the  inner  edge  of  SS  a  vertical  compression 
exists  in  the  block  which  causes  a  pressure  upon  the  ring  >S*S,  whose 
intensity  is  greatest  at  the  inner  edge  of  SS,  but  which  diminishes 
beyond  the  inner  edge  of  SS  in  a  ratio  which  need  not  here  be  con- 
sidered. 

The  matter  of  importance  in  this  discussion  is  the  manner  in 
which  the  stress  is  transmitted  thru  the  concrete  around  the  rod, 
where  the  concrete  has  lines  of  stress  in  it  similar  to  those  in  the  web 
of  a  built  beam  which  cause  the  two  flanges  to  coact  as  do  the  rod 
and  exterior  part  of  the  block  in  this  case. 

The  induced  tensions  which  have  just  been  described  are  the  same 
as  those  frequently  designated  as  diagonal  tensions.     Failure  arising 
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from  excessive  stress  of  this  kind  would  evidently  give  rise  to  cracks 
nearly  at  right  angles  to  the  arrows  representing  the  induced  tensions, 
i.  e.  to  cracks  along  the  lines  of  compression,  but  such  cracks  could 
not  occur  without  excessive  elongation  along  the  rod,  -  nor  would 
they  be  expected  to  occur  in  a  block  at  all  under  ordinary  circum- 
stances, because  they  would  be  preceded  by  sUpping  of  the  bond, 
after  which  the  diagonal  shear  would  be  relieved  where  the  slipping 
took  place  and  transferred  to  some  point  further  along  the  rod. 

2.  Bond  Shear  in  Splk:es.  Let  Fig.  81  represent  a  splice  in  a 
belt  of  reinforcing  rods  with  laps  of  length  L,  The  entire  effective- 
ness of  the  splice  depends  upon  the  bond  shear  at  the  surfaces  of  the 


Fig.  81 


belt  rods  in  which  the  action  of  the  embedment  is  in  many  particu- 
lars like  that  already  discussed,  but  has  several  new  featunip  especially 
by  reason  of  the  dissymmetry  of  the  embedment  laterally,  altho 
longitudinally  it  has  perfect  symmetry  such  as  the  block  did  not 
|X)ssess. 

The  lateral  arrangement  is  such  that  the  stresses  in  the  concrete 
between  the  rods  on  the  sides  where  they  are  nearest  together  is  of 
much  greater  intensity  than  elsewhere,  so  that  the  diagram  of  the 
stresses  about  a  rod  would  be  much  like  that  shown  in  Fig.  80,  except 
that  on  one  side  of  the  rod  the  arrows  would  cover  the  space  very 
cloijely,  while  on  the  other  side  the  arrows  would  be  few  and  far 
between.  Moreover  the  successive  arrows  would  be  just  as  near  each 
other  at  one  end  of  L  as  at  the  other  end,  but  nearer  together  at  each 
end  than  nearer  the  middle  of  L.  The  bond  shear  would  fail  first 
on  each  rod  at  that  end  of  L  furthest  from  the  end  of  the  rod.  The 
lines  of  force  in  the  horizontal  plane  of  the  belt  would  be  as  just 
described,  but  lines  of  force  which  start  out  from  the  rods  in  a  direc- 
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tion  above  or  below  that  plane  would  curve  around  spirally  from  one 
rod  to  the  other,  for  each  line  of  force  must  have  one  end  on  one  rod 
and  the  other  on  some  other  rod  near  by. 

The  strength  of  the  splice  depends  upon  the  bond  shear  at  the 
surfaces  of  the  rods,  and  on  resistance  to  the  induced  tensions  and 
compressions  along  the  lines  of  stress  afforded  by  the  concrete. 
The  integrity  of  the  concrete  embedment  under  the  action  of  these 
stresses  is  essential  to  the  transmission  of  force  along  the  splice,  and 
were  the  limiting  values  of  either  bond  shear,  indirect  tension,  or 
compression,  exceeded  in  the  concrete  the  splice  would  fail. 

3.  Bond  Shear  in  Beams.  Let  Fig.  82  represent  a  reinforced 
concrete  beam  of  length  L  supported  at  the  ends  and  loaded  with 
two  equal  weights  W  each  placed  symmetrically  at  the  same  dis- 
tance, nL  from  the  end  nearest  to  it.  Then  the  total  vertical  shear 
at  any  point  between  the  equal  weights  is  zero  and  the  bending 
moment  is  nWLj  while  at  any  point  between  either  load  W  and  the 


Fig.  82. 


end  nearest  to  it  the  total  vertical  shear  is  W  and  the  moment  is 
Wxj  where  x  is  the  distance  of  the  point  from  the  end  nearest  to  it. 
In  such  a  beam  where  there  is  no  vertical  shear  at  any  point  of  the 
middle  segment  there  is  no  horizontal  shearing  stress  at.  any  point 
of  this  segment,  consequently  the  bond  shear  stress  is  zero  thruout 
this  segment. 

Let  N  represent  the  position  of  the  neutral  axis.  The  concrete 
above  A^  is  in  direct  compression  and  that  below  N  is  subject  to 
direct  tension  along  horizontal  lines  none  of  which  are  repre- 
sented in  Fig.  82.  The  entire  length  of  the  reinforcing  rod  R  is 
under  tension,  the  central  segment  between  the  applied  weights 
being  imder  a  uniform  tension  thruout  which  will  be  determined 
ultimately  by  the  bending  moment  TTL,  for  if  the  weights  W  are 
sufficiently  great  or  other  contingencies  such  as  rapid  setting,  or  long 
continued  loading  have  occurred,  enough  vertical  cracks  will  have 
developed  at  the  bottom  of  the  beam  in  this  segment  to  have  prac- 
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tically  destroyed  its  direct  tensile  resistance  to  horizontal  force. 
Provided  there  is  sufficient  horizontal  reinforcement  to  safely  resist 
this  horizontal  tension  and  the  concrete  above  N  is  sufficient  to  resist 
the  compression  the  existence  of  vertical  cracks  in  this  segment  of 
the  beam  at  the  bottom  is  not  to  be  regarded  as  a  sign  of  structural 
weakness  or  ultimate  failure  of  the  beam.  These  may  under  these 
conditions  be  regarded  as  harmless  characteristic  cracks.  But  in 
case  the  reinforcement  is  insufficient,  yielding  will  occur  in  this  part 
of  the  beam  where  the  moment  is  greatest  and  such  yielding  will 
cause  failure. 

In  the  end  segments  of  the  beam  the  moment  of  the  bond  shears 
S  per  unit  of  length  of  reinforcement  represented  by  Sjd  must  be  equal 
to  the  increment  of  the  bending  moment,  i,  e.  equal  to  the  total 
vertical  shear  W  provided  it  be  assumed  that  the  reinforcement 
furnishes  the  entire  direct  tensile  resistance  and  the  concrete  none. 
Assuming  that  case  for  safe  design,  the  bond  shear  is  represented 
in  Fig.  82,  in  the  same  manner  as  in  Fig.  80,  viz :  the  arrows  with  heads 
at  the  reinforcing  rods  represent  the  lines  of  indirect  tension  in  the 
concrete,  and  those  with  heads  at  the  neutral  axis  N  represent  the 
lines  of  compression  induced  by  the  bond  shear.  The  concrete  is 
abundantly  able  to  aflFord  the  necessary  resistance  to  the  indirect 
compression,  but  may  be  entirely  unable  to  afford  the  necessary 
resistance  to  the  indirect  or  diagonal  tension,  which  may  conse- 
quently cause  cracks  perpendicular  to  its  direction,  that  is  along  the 
lines  of  indirect  compression,  and  at  the  same  time  produce  rupture 
of  the  bond  shear.  In  beams  so  heavily  reinforced  as  to  prevent 
central  yieldii\g,  failure  due  to  rupture  of  diagonal  tension  and  rup- 
ture of  bond  along  the  steel  ordinarily  occurs  under  overload.  These 
two  accompany  each  other  because  they  are  of  practically  equal 
intensity  as  noticed  before,  and  the  cracks  due  to  slipping  of  the 
steel  are  continuous  with  those  due  to  diagonal  tension.  Additional 
reinforcement  to  resist  diagonal  tension  consists  of  stirrups  and  the 
like,  which  are  enabled  to  do  this  by  their  own  secondary  system  of 
bond  shears  and  anchorage. 

The  system  of  induced  or  diagonal  tensions  which  have  just  been 
treated  are  necessarily  modified  somewhat  in  amount  and  direction 
by  their  combination  with  the  direct  horizontal  tensions  in  the  con- 
crete due  to  the  bending  where  these  direct  tensions  are  not  elimi- 
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nated  by  vertical  cracks.  But  the  existence  and  effectiveness  of 
the  induced  tensions  depending  on  the  bond  shear  remains  practically 
unimpaired  so  long  as  the  bond  is  intact. 

It  should  be  noticed  that  the  distribution  of  the  bond  shear  on 
the  surface  of  the  reinforcement  must  be  more  intense  on  the  upper 
sides  of  the  rods  by  reason  of  the  greater  rigidity  of  the  concrete 
on  that  side,  due  to  its  backing  above,  and  lack  of  backing  below. 

In  case  of  a  beam  carrying  a  load  distributed  differently  from 
that  assumed  in  Fig.  82,  there  may  be  no  segment  of  any  finite  length 
where  the  shear  vanishes,  but  such  a  segment  of  infinitesimal  length 
will  exist  wherever  the  bending  moment  is  constant,  i,  e.  wherever 
it  is  a  maximum  or  a  minimum.  Moreover  the  total  values  of  the 
bond  shear  per  unit  of  length  of  the  reinforcement,  multiplied  by 
jd  will  equal  the  total  vertical  shear  in  case  the  reinforcement  takes 
the  entire  direct  tension.  In  such  a  case  the  characteristics  of  the 
middle  and  end  segments  of  Fig.  82,  merge  into  each  other  somewhat, 
in  a  manner  not  difficult  to  understand. 

It  will  be  readily  seen  that  the  manner  in  which  the  stresses  are 
distributed  in  any  case  of  reinforcement  depends  entirely  upon  the 
applied  forces  and  the  distribution  of  the  rigidities  due  to  the  amount 
and  distribution  of  the  steel,  but  that  the  coaction  of  concrete  and 
steel  is  brought  about  by  stresses  communicated  from  one  to  the 
other  thru  the  medium  of  bond  shear  which  is  vital  to  the  discussion 
of  any  such  question,  and  that  together  the  steel  and  concrete  form  a 
combination  or  machine  which  has  properties  as  a  whole  which  are 
different  from  the  properties  of  either  of  the  constituents.  What 
those  properties  may  be  in  any  case  must  be  determined  from  a 
careful  analysis  of  the  particular  case  under  consideration. 

It  should  be  further  noticed  that  the  lines  of  tension  that  origi- 
nate or  are  generated  in  the  bond  shear  at  any  given  element  of  the 
surface  of  a  rod  are  to  be  thought  of  as  physically  independent  of 
the  lines  of  compression  originating  at  the  same  point  in  such  fashion 
that  the  tension  starting  at  a  given  point  a  say,  is  held  in  equilibrium 
at  the  other  end  of  that  line  by  a  tension  at  some  point  b,  while  the 
compression  which  originates  at  the  same  point  a,  is  resisted  and 
held  in  equilibrium  by  a  resistance  to  compression  at  some  efitirc^ly 
different  point  c.  Moreover,  it  may  be  that  6  and  c  are  on  the 
surfaces  of  entirely  different  bodies,  as  frequently  occurs  in  case  of 
splices  like  Fig.  81. 


4.  Bond  Shear  in  Slabs.  Let  Fig.  83  represent  the  crossing  of 
two  reinforcing  roda  under  tension  in  a  muitiple  way  reinforcement 
as  for  example  in  a  slab  where  tiie  shearing  stress  of  the  bond  resists 
any  tendency  of  the  rods  to  slip  longitudinally  in  the  direction  of 
the  long  arrows.  Then  the  mutual  action  of  the  lines  of  tension  and 
^  compression  arising  from  the  bond  shear  is  that  represented  in  the 
figure  where  the  arrows  with  points  against  the  rods  represent  lines 
of  tension  and  those  pointed  away  from  the  rods  lines  of  compression. 
There  exist  other  lines  due  to  the  bond  shears  besides  those  here 
represented  which  are  similar  in  their  disposition  and  action  to  those 
found  in  beam  action  which  has  been  already  discussed.  But  such 
other  lines  are  here  omitted  from  discussion  because  by  the  principle 
of  rigidities  the  lines  which  are  here  represented  as  affording  short 
and  direct  connections  thru  the  concrete  are  necessarily  the  ones 
which  include  the  predominant  action  of  the  bond  shear.  This 
predominant  action  is  here  seen  to  resemble  in  its  general  nature  that 
of  a  splice,  but  has  laws  of  distribution  peculiarly  its  o^^'n  by  reason 
of  the  relative  situation  of  the  rode  in  the  concrete,  which  is  such 
that  the  intensity  of  the  stress  developed  is  greatly  intensified  in 
the  immediate  vicinity  of  the  point  of  contact  of  the  rods. 

Since  in  any  structure  where  there  arc  several  parts  of  the 
structure,  each  of  which  is  to  carry  its  part  of  the  load  the  question 
as  to  how  the  load  will  be  divided  between  them  is  determined  by 
their  relative  rigidity  or  stiffness,  that  part  which  lacks  stiffness  and 
yields  easily  will  carry  little  of  the  load  and  will  leave  the  brunt  of 
the  work  to  those  parts  that  are  rigid  and  unyielding.  Further- 
more, since  the  deformation  multiplied  by  the  mean  force  (or  half 
the  final  load)  is  the  work  done  during  deformation,  it  is  evident 
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that  for  a  given  applied  load  the  more  rigid  parts  carry  their  part 
of  the  load  with  less  deformations  than  the  other  parts  could  cany 
it.  Hence  the  work  of  defoimation  is  less  by  this  arrangement 
than  it  would  be  by  supposing  less  rigid  parts  to  carry  it.  This  is 
the  principle  of  least  work,  which  states  that  of  all  the  various  ways 
in  which  a  given  elastic  structure  could  be  supposed  to  be  deformed 
in  carrying  a  load,  the  way  in  which  it  will  actually  be  deformed  is 
that  in  which  the  load  will  perform  the  least  work  in  deforming  the 

structure. 

• 

Fig.  83,  showing,  as  it  does,  merely  a  ground  plan  of  the  lines  of 
force  cannot  represent  fully  the  distribution  of  the  points  of  attach- 
ment of  the  lines  of  force  which  are  generated  all  over  the  siurfaces 
of  the  rods  and  start  out  everywhere  like  the  quills  of  a  hedgehog, 
in  greatest  number  at  points  where  the  two  rods  are  nearest  to  each 
other,  until  in  the  immediate  neighborhood  of  the  point  of  contact 
between  the  rods,  the  concrete  grips  the  rods  and  holds  them  with  a 
firmness  and  strength  that  would  seem  incredible  did  not  experience 
demonstrate  its  safety  and  reliability. 

5.  Mechanics  of  Embedment.  The  mechanics  of  reinforced 
concrete  under  flexure  may  be  summarized  as  follows: 

The  co-operation  or  combined  action  of  the  two  materials,  con- 
crete and  steel,  to  resist  bending,  depends  solely  on  the  bond  between 
the  two,  which  has  been  discussed  briefly  in  a  preceding  article. 

• 

In  the  case  of  plain  rods,  this  bond  is  in  reality  a  shrinkage  grip 
which  prevents  the  steel  from  sliding  thru  the  hardened  matrix 
in  which  it  is  embedded,  and  the  resistance  afforded  by  this  bond 
is  subject  to  well  defined  laws  which  may  be  stated  as  follows: 

The  bond  shear  is  zero  wherever  the  tension  in  the  steel  is  con- 
stant. It  passes  thru  zero  where  the  moment  passes  thru  a  maxi- 
mum or  minimum.  It  must  be  depended  upon  whether  the  rein- 
forcement is  in  one  direction  only  as  in  a  beam,  or  in  multiple  direc- 
tions as  in  the  slab. 

Bond  shear  generates  stresses  emanating  from  the  surface  of  the 
bars  which  may  be  treated  as  lines  of  force.  These  lines  of  force 
follow  the  general  laws  of  distribution  of  force  thru  any^  medium, 
that  is,  their  intensity  is  inversely  as  the  square  of  the  distance 
from  the  surface  of  the  steel  on  which  they  are  generated. 

These  general  laws  enable  us  to  investigate  or  follow  out  the  part 
played  by  bond  shear  in  the  mechanics  of  a  slab  or  beam.  In  the 
case  of  a  simple  beam  in  accordancJe  with  the  law  stated,  the  intensity 
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of  the  bond  shear  for  uniform  load  is  zero  at  the  center  and  great- 
est toward  the  end  of  the  beam,  and  it  is  to  the  bond  shear  or  the 
lines  of  force  generated  thereby  that  we  may  attribute  the  difference 
in  the  failure  of  an  over  and  an  under-reinforced  beam. 

In  the  case  of  the  beam  with  light  reinforcement,  failure  takes 
place  at  the  center  by  the  yielding  of  the  steel.  With  heavier 
reinforcement,  on  the  contrary,  failure  is  more  liable  to  occur  toward 
the  end  by  indirect  tension  induced  by  the  bond  shear  which  is 
greatest  toward  the  end  of  the  beam  and  which  may  be  resisted  only 
by  the  direct  tensile  strength  of  the  concrete  itself. 

The  deportment  of  the  simple  beam  as  affected  by  the  stresses 
set  up  by  the  bond  shear  is  of  interest.  In  a  newly  cast  beam,  in 
the  preliminary  stages  of  the  loading,  the  stress  in  the  steel  as  deter- 
mined by  the  extensometer  is  much  less  than  that  figured  on  the 
assumption  that  the  steel  only  resists  tension.  In  fact,  it  is  only 
about  half  as  great  as  we  should  compute  the  stress  to  be  on  the  above 
basis,  until  the  steel  is  stressed  up  to  four  or  five  thousand  pounds 
per  square  inch.  When  the  steel  is  stressed  up  to  twelve  or  fifteen 
thousand  pounds  per  square  inch,  the  measured  stress  in  the  steel 
does  not  differ  from  the  computed  stress  in  the  steel  by  more  than 
ten  or  fifteen  per  cent. 

» 

With  the  slab  reinforced  in  two  directions,  however,  the  phe- 
nomenon differs  from  that  observed  in  the  beam.  Take  for  example 
the  case,  of  the  slab  reinforced  in  two  directions,  bent  in  such  a  man- 
uer  that  the  rods  in  both  directions  are  brought  into  tension  at  the 
same  time.  The  indirect  stresses  generated  by  the  two  sets  of  rods 
will  under  this  condition  react  upon  each  other.  Since  the  hues 
of  force  diverge  from  each  rod  they  may  meet  and  coact  thru  the 
concrete  as  a  medium  of  transmission  of  the  stress,  which  is  not 
possible  in  the  beam  with  one  way  reinforcement,  since  in  the  beam 
these  stresses  cannot  coact  with  each  other  in  hke  manner  and  they 
are  of  one  kind  only  and  not  two  kinds  acting  in  different  planes  as 
in  slab  action.  This  fundamental  difference  of  the  stress  induced  by 
the  bond  shear  in  a  beam  from  that  induced  in  a  slab  renders  the 
two  types  of  structure  mechanically  different  and  necessitates  their 
treatment  in  a  manner  which  takes  into  consideration  the  difference 
in  the  operation  of  the  indirect  stresses  referred  to. 

Another  difference  lies  in  the  presence  of  twisting  resistance  in 
conjunction  with  bending  resistance  which  results  in  a  mode  of 
operation  different  from  that  in  beams  in  that  twisting  is  resisted 
by  shearing  stresses  in  the  slab  laterally,  while  bending  is  resisted 
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by  tensile  and  compressive  stresses  in  the  horizontal  fibers  of  the 
slab  acting  as  a  couple  about  the  neutral  axis  of  the  vertical  section. 
The  concrete  without  reinforcement  is  of  ample  rigidity  to  properly 
withstand  twisting  of  the  slab  bodily  about  any  horizontal  axis  as 
well  as  the  twistmg  of  the  elementary  prisms  about  vertical  axes, 
while  the  direct  tensile  resistance  of  the  concrete  is  ineflScient  as  a 
dependable  element  in  resisting  flange  stress. 

It  is  thus  seen  that  the  concrete  in  the  slab  is  made  to  perform  a 
function  in  slab  action  which  the  manner  of  bending  does  not  per- 
mit it  to  perform  in  beam  action.  Furtherj  the  shearing  resistance 
in  the  concrete  is  a  dependable  element  while  the  direct  tensile 
resistance  of  the  concrete  or  even  the  residual  strains  and  induced 
stresses  of  shrinkage  are  not  dependable  for  the  reasons  discussed  in 
Chapter  IV. 

6.  Distribution  of  Bond  Stresses  in  Type  IV  Floors:  The  pre- 
ceding discussion  of  the  mechanics  of  the  indirect  stresses  generated 
by  bond  shear  indicates  the  general  laws  which  govern  the  distri- 
bution of  metal  necessary  to  secure  effective  continuous  plate  ac- 
tion in  type  IV  floors,  i.  e.  flat  slabs  supported  by  columns. 

At  the  diagonal  center  of  a  panel,  the  moment  of  the  applied  forces 
passes  through  a  maximum  and  the  bond  shear  accordingly  passes 
through  zero,  hence  an  arrangement  of  narrow  strips  of  reinforce- 
ment on  diagonal  lines  from  column  to  column  is  of  no  utility  in 
securing  lateral  eflSciency  by  the  operation  of  bond  stresses.  Wide 
spreading  reinforcement  covering  substantially  the  area  between 
lines  of  inflection  is  the  prime  requisite  for  efBciency. 

The  force  of  this  remark  will  be  better  appreciated  from  a  de- 
tailed consideration  of  the  moment  curve  of  the  circular  suspended 
plate  under  uniform  load. 

The  area  of  a  floor  of  this  type  may  be  subdivided  according  to 
deformation  into  three  divisions,  see  Fig.  29,  Chapter  III. 

a.  Cantilever  area  about  the  columns  convex  upward  and  ap- 

Sroaching  spherical  curvature  for  equal  column  spacing, 
uspended  circular  plate  concave  upward  about  the  diagonal 
center  of  the  panel, 
c.  Saddle  shaped   areas  between  the   cantilever  areas  and  the 
suspended  central  plate. 

Considering  the  suspended  plate,  the  moment  curve  differs  from 
the  parabolic  curve  of  a  beam  uniformly  loaded  in  that  the  center 
of  gravity  of  that  part  of  the  load  transferred  to  the  support  is  nearer 
to  the  support  than  in  the  case  of  the  beam  by  one  third.     This 


218  MOMENT  CURVES 

renders  the  moment  curve  very  flat  at  the  center  and  the  variation 
of  the  moment  for  a  considerable  distance  each  side  of  the  diagonal 
center  very  small,  and  on  the  other  ha^d  it  renders  the  moment  curve 
correspondingly  steeper  toward  the  line  of  inflection,  and  hence 
effective  lateral  action  of  indirect  stress  must  occur  toward  the 
the  outer  edge  of  the  plate  since  the  intensity  of  bond  shear  depends 
on  the  moment  increment.  The  moment  increment  being  nearly 
« negligible  for  a  considerable  distance  about  the  diagonal  center  and 
aero  at  the  center,  the  efficiency  of  a  narrow  belt  is  negligible  from 
the  standpoint  of  plate  action. 


^Mon?eo^  Cur  ye  -  />6f/  pJ^e  ^ 
oiT  pane/ 


Fig.  S4. 


Thus  the  arrangement  of  the  reinforcing  steel  laterally  as  well  as 
vertically  vitally  affects  the  characteristics  of  the  structure  in  such 
wise  that  when  the  belts  of  rods  which  run  in  multiple  directions  from 
support  to  support  are  spread  out  sufficiently  to  make  the  metal 
cover  the  entire  area  with  crossed  reinforcement  permitting  coaction 
of  bond  stresses  it  imparts  the  property  of  plate  action  to  the  slab 
in  which  circumferential  resistance  occurs  in  wide  areas  about  the 
columns  where  the  metal  is  at  the  top  and  also  in  the  central  area 
of  each  panel  where  the  metal  is  at  the  bottom. 

Without  such  wide  spreading  belts  full  and  effective  plate  action 
is  impossible.  Narrow  belts,  or  belts  part  of  them  in  the  bottom 
of  the  slab  at  the  columns,  can  not  produce  the  success  of  the  wide 
belts  of  the  Mushroom  structure. 

Because  of  the  greater  steepness  of  the  moment  curve  as  the 
line  of  inflection  is  approached  the  action  of  bond  shear  in  produc- 
ing the  imitation  of  plate  action  occurs  in  the  rim  of  what  might  be 
called  the  dish  shaped  areas  shown  in  those  portions  of  Fig.  85  which 
are  shaded  red.  The  dotted  lines  indicate  the  line  of  weakest  section 
in  the  original  four-way  Mushroom  construction.  Much  unprove- 
ment  has  been  made  in  the  later  type  of  flat  slab  floor,  termed  the 
Spiral  Mushroom,  which  will  be  described  later. 


FIGURE  85 
ILLUSTRATION  SHOWING  IN  RED  THE  REGIONS  WHERE 
IMITATION  OF  PLATE  ACTION  OPERATES  EFFICIENTLY. 


The  colored  portions  over  the  columns  show  the  convex 
areas  in  which  cantilever  action  occurs.  The  red  circle  about  the 
panel  center  covers  the.  dish-shaped  area  concave  upward  around 
which  the  plat«  action  occurs.  The  circles  over  the  columns  repre- 
sent the  cantilever  portion  and  the  outside  of  the  circles  represent 
the  limit  of  the  cantilever  span.     The  outside  edge  of  the  circle  about 
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the  panel  center  indicates  the  limit  of  the  suspended  span  which  is  held 
up  by  the  cantilevers  and  the  saddle  shaped  areas  directly  between 
columns.  Because  bond  shear  is  greatest  at  the  end  of  a  suspended 
or  supported  span  and  at  the  end  of  the  cantilever,  imitation  of  plate 
action  occurs  efficiently  only  at  the  outside  or  rim  of  these  inverted 
and  upright  dish-shaped  areas.  But  imitation  of  plate  action  in 
a  concrete  slab  differs  somewhat  from  the  moda  of  operation  of 
homogeneous  plate  in  that  the  distribution  of  bond  stresses  is  such 
that  the  center  of  action  of  the  circular  stresses  has  a  larger  radius 
than  in  a  homogeneous  plate  thus  increasing  their  efficiency.  This 
advantage  can  be  secured  only  by  a  wide  mat  of  crossed  rods  cover- 
ing the  lines  of  inflection.  Narrow  bolts  cannot  produce  this  kind 
of  resistance. 

7.  Resistance  to  Deformation  Furnished  by  the  Bond  Stresses 
of  Crossed  Rods  in  Slabs.  Where  two  series  of  uniformly  spaced 
crossed  rods  are  embedded  in  a  concrete  slab  of  uniform  thickness 
bent  in  dish  shaped  curvature  so  that  both  series  of  rods  are  under 
nearly  equal  stresses  they  coact  with  each  other  through  the  matrix 
horizontally  in  the  manner  illustrated  in  Fig.  83,  Section  3.  In  such 
lateral  coaction  the  tensions  and  compressions  produced  in  the  con- 
crete by  the  horizontal  shearing  forces  along  any  rod  are  divided 
between  those  that  are  held  in  equilibrium  laterally  by  similar  in- 
direct stresses  generated  by  bond  shear  along  horizontal  rods  normal 
to  the  rod  under  consideration  and  those  that  are  held  in  equili- 
brium by  the  horizontal  compressions  in  the  compression  zone  above 
the  tension  zone  which  the  rod  strengthens. 

Those  portions  of  the  indirect  stresses  due  to  bond  shear  which 

act  between  the  rods  alone  and  are  held  in  equilibrium  laterally  con- 

* 

stitute  a  series  of  loct.!ized  self-contained  systems.  Linked  together 
they  constitute  an  essential  part  of  the  resistance  to  the  applied  cir- 
cumferential stress.  Their  action  is  that  of  connecting  the  rods  in 
such  wise  as  to  enable  them  to  do  their  part  in  resisting  circumfer- 
ential tensions,  and  such  circumferential  tensions  in  simple  synclas- 
tic  curvature  opc»rate  in  a  manner  indep)endeijt  of  the  deflections  and 
hence  are  independent  of  the  propagation  of  radial  stresses  from  the 
center  of  the  panel  outward  in  the  suspended  span  or  toward  the 
central  support  in  the  cantilever  portion  of  the  slab.  Those  portions, 
therefore,  of  the  horizontal  shears  that  coact  with  each  other  laterally 
in  the  tension  zone  are  independent  of  the  compression  zone  radially 
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and  consequently  play  no  part  in  propagating  the  tensions  along 
the  length  of  the  bars  radially  in  the  manner  of  beam  action.  The 
separation  of  this  portion  of  the  shear  from  that  which  propagates 
such  tensions  will  now  be  investigated. 

The  intensity  of  force  emanating  from  a  point  in  an  elastic  body 
at  a  given  distance  from  that  point,  varies  inversely*  as  the  square 
of  the  distance  from  the  point  whence  the  force  emanates.  When  the 
force  emanates  from  a  series  of  points  on  a  line  the  intensity  of  the 
resultant  force  upon  a  plane  at  different  perpendicular  distances 
from  the  line  is  inversely  as  the  distance  from  the  line  because  of 
the  crossing  or  superposition  of  the  lines  of  force  emanating  from 
the  several  points  along  the  length  of  the  line. 

* 

A  bar  corresponds  measurably  to  a  line  and  although  it  has  a 

certain  size  diametrally  the  deviation  from  the  law  of  force  emanat- 
ing from  a  liuc  will  not  be  material  for  the  purpose  of  our  compari- 
son of  the  distribution  of  bond  stress  as  between  that  portion  held 
in  equilibriiun  laterally  and  that  portion  which  is  held  in  equilibrium 
by  coaction  with  the  compression  zone. 

Laterally  the  stresses  emanating  from  corresponding  points  in  two 
intersecting  rods  coact  with  each  other  and  meet  on  a  plane  bisect- 
ing the  angle  between  the  rods.  Because  the  length  of  the  path  is 
twice  the  distance  to  the  bisecting  plane  the  relative  rigidity  under  ^ 
the  action  of  these  stresses  is  directly  as  the  distance  apart  of  the  bars 
so  long  as  Ec  remains  constant  and  the  material  is  not  stressed 
beyond  the  limits  of  elasticity. 

The  relative  rigidities  of  the  paths  determines  the  relative  amount 
of  those  stresses  that  coact  between  intersecting  rods,  as  compared 
with  the  amount  that  coacts  with  the  compression  concrete  above. 
The  distribution  of  the  latter  is  shown  in  Fig.  82  in  which  tensions 
and  compressions  act  at  45°  to  the  rod  and  are  of  practically  uni- 
form intensity  for  such  a  short  distance  along  the  bar  as  the  length 
of  a  mesh.  This  distribution  is  quite  different  from  the  variable 
distribution  in  a  horizontal  direction  and  the  separation  in  the 


^This  is  also  the  law  of  distribution  of  the-  force  of  gravity  and   of  the  in- 
tensity of  light,  etc. 
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Fig.  86 


horizontal  direction  of  the  tensions  on  one  side  of  the  intersection 
or  crossing  of  the  bars  and  the  compressions  on  the  other. 

The  rigidity  of  the  path  by  which 
the  indirect  stresses  travel  in  a  vertical 
direction  must  be  investigated  in  order 
to  compare  the-  relative  rigidity  of  the 
horizontal  and  vertical  paths  of  dis- 
tribution. It  will  be  noted  in  Fig.  86 
in  a  beam  in  which  the  depth  of  the 
steel  is  d  below  the  neutral  plane  that 
for  a  given  elongation  eg  in  the  steel  the 
horizontal  shearing  deformation  due 
to  the  stretching  of  the  tension  zone  is 
twice  as  great  per  unit  o?  depth  as 
would  occur  in  a  beam  in  which  the 
distance  from  the  neutral  plane  to  the  steel  is  2d,  and  the  elongation 
of  the  steel  in  tension  is  also  e^.  Therefore,  the  rigidity  of  the  ver- 
tical path  traversed  by  the  indirect  stresses  which  produce  these 
shear  defonnations  is  inversely  proportional  to  the  distance  from 
the  steel  to  the  neutral  plane  and  under  the  principle  of  rigidities 
the  distribution  of  indirect  stress  horizontally  and  vertically  will  be 
proportional  to  the  relative  rigidities  of  the  respective  horizontal 
and  vertical  paths  of  distribution. 

From  the  foregoing  principles  the  distribution  of  bond  stress 
vertically  and  laterally  may  be  apportioned  inversely  as  the  dis- 
tan(!e  from  the  steel  to  the  neutral  plane  as  compared  with  half 
the  diagonal  of  the  rectangular  spacing  of  the  bars.  This  may  be 
taken  to  hold  true  in  case  the  spacing  of  the  bars  is  equal  to,  or  greater 
than  1.4  times  the  distance  from  the  steel  to  the  neutral  plane. 

We  may  now  estimate  as  nearly  as  we  can  the  relative  distribu- 
tion of  bond  stress  laterally  and  vertically  upcm  this  basis  in  the  case 
of  a  slab  in  which  the  distance  from  the  center  of  the  steel  to  the  top 
of  the  slab  is  8"  and  the  bars  are  7/l6"  roimd,  spaced  7"  at  right 
angles  to  each  other  in  each  direction.  In  such  a  slab  by  referring 
to  the  j  and  k  curves  of  Chapter  VI,  it  will  be  seen  that  the  neutral 
axis  would  be  5"  above  the  steel.  The  distance  diagonally  across 
the  mesh  between  the  mid  points  of  adjacent  sides  of  this  7"  mesh 
is  also  practically  5"  so  that  the  rigidities  of  the  vertical  and  hori- 
zontal paths  may  be  taken  to  be  equal.  Therefore,  the  distribution 
under  this  law  would  be  one  half  in  the  lateral  direction  and  one 
half  in  the  vertical  direction. 
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We  will  compare  this  distribution  with  the  result  which  would 
be  brought  about  by  disposing  the  same  weight  of  steel  in  the  form 
of  I"  rods  instead  of  7/l6"  and  spacing  the  rods  twice  as  far  apart. 
The  increase  in  the  diameter  of  the  bars  reduces  the  distance  from 
the  center  of  the  steel  to  the  neutral  plane  to  approximately  4  and 
I  inches  and  since  the  bars  arc  twice  as  far  apart  the  ratio  is  nearly 
as  1  to2.  Therefore  2  times  as  great  an  amount  of  bond  stress 
operates  in  the  vertical  direction  as  in  the  lateral  and  the  relative 
stress  per  square  inch  on  the  bars  would  be  as  §  to  ^  or  approximately 
U  times  as  great. 

The  assumption  upon  which  this  relative  stress  is  computed  is 
based  upon  a  radial  section  bisecting  the  angle  between  the  two 
series  of  crossed  rods.  At  other  points  around  the  circum- 
ference dependent  on  the  angular  direction  of  the  crossed  rods 
relative  to  the  supports  the  distribution  of  bond  stress  in  a  vertical 
direction  will  be  greater  and  that  in  the  lateral  direction  less  and 
vice  versa  with  further  angular  change  making  an  average  appipxi- 
mately  that  which  we  have  computed  above.  Thus  the  mat  of 
crossed  rods  wherein  the  rods  are  normal  to  the  sides  of  the  panel 
are  equivalent  in  their  resistance  to  radial  and  circumferential  stresses 
to  that  of  a  mat  in  which  the  directions  of  the  crossed  rods  are  parallel 
to  the  diagonals  of  the  panels. 

It  may  be  observed  that  bond  stresses  in  a  mesh  length  are  dis- 
tributed with  approximate  uniformity  along  the  length  of  the  bar 
in  their  coaction  with  the  compressions  above  the  neutral  plane 
vertically  with  lines  of  indirect  compression  and  tension  crossing 
each  other  at  45  degrees  in  that  region,  whereas,  in  a  horizontal 
direction  indirect  tensions  and  compressions  are  separated  from  each 
other,  operating  on  opposite  sides  of  the  bar  in  such  wise  that  as  the 
compressions  decrease  on  one  side  of  the  bar,  the  indirect  tensions 
increase  on  the  other  side,  so  that  the  resultant  effect  is  a  relative 
uniformity  of  distribution  of  all  the  bond  stresses  coacting  laterally 
in  a  mesh  length  very  like  that  foimd  in  the  vertical  direction. 

It  might  be  thought  because  of  the  increase  in  the  intensity  of 
the  tensions  toward  the  apex  of  the  mesh  in  one  direction  on  one 
side  of  the  bar  and  of  the  compressions  in  the  other  direction  on  the 
other  side  of  the  bar  that  the  elasticity  of  the  concrete  might  be 
exceeded  at  and  near  the  apex  or  points  of  contact  of  the  bars.  At 
this  point,  however,  the  bars  are  not  opposite  each  other  but  are 
disposed  vertically  one  above  the  other.  Consequently,  the  bond 
stresses  at  and  in  the  immediate  vicinity   of   a   point  of  contact, 
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act  predominantly  in  a  vertical  rather  than  in  a  lateral  direction, 
so  that  their  lateral  intensity  is  limited  to  an  amount  within  the 
elasticity  of  the  concrete  when  subjected  to  reasonable  test  loads. 

We  will  now  compare  the  case  of  the  lateral  and  vertical  coaction 
of  the  rods  where  the  spacing  is  decreased  from  7"  to  half  that 
amount,  or  to  82"  center  to  center  in  each  direction,  the  rods  still 
remaining  of  the  same  total  cross  sectional  area.      With  this  spac- 
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ing  the  vertical  distance  from  the  steel  to  the  neutral  plane  would 
remain  about  as  before,  5",  while  from  rod  to  rod  the  total  diagonal 
of  the  mesh  would  be  nearly  5".  Or  the  half  diagonal  is  half  as 
great  as  the  vertical  distance  from  the  steel  to  the  neutral  plane,  as 
shown  in  Fig.  87.  Because  of  th^^  close  spacing  of  the  rods  there  is 
the  super-position  of  indirect  stresses  vertically  shown  in  Fig.  87 
while  no  such  super-position  can  occur  laterally.  Therefore,  when 
the  spacing  is  made  half  as  great  there  would  be  a  super-position  of 
the  bond  stresses  vertically  upon  the  neutral  plane  and  this  path 
would  then  have  become  twice  as  efficient.  Hence  in  light  work, 
there  is  little  to  be  gained  by  spacing  the  reinforcing  elements  closer 
than  the  distance  from  the  neutral  plane  to  the  steel.  Where,  how- 
ever, the  slab  is  heavy,  it  is  better  not  to  exceed  six  or  eight  inch 
spacing  since  in  the  heavy  slab  larger  rods  are  required  and  greater 
intensity  of  bond  stress  is  developed  and  good  design  requires  that 
the  intensity  of  the  bond  stresses  be  kept  to  a  minimum  by  more 
uniform  distribution  thereof. 
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8.  Analogy  Between  a  Composite  Plate  of  Concrete  and  Metal 
and  a  Homogeneous  Plate:  In  a  column  supported  homogeneous 
plate,  such  for  example  as  would  be  presented  by  a  boiler  plate  sup- 
ported by  stay  bolts,  there  would  be  the  same  dish  shaped  curva- 
tures that  were  discussed  in  Chapter  III.  The  resistance  to  deforma- 
tion will  take  place  by  circular  and  radial  stresses  about  the  diagonal 
center  of  the  panel  and  about  the  supports.  The  intensity  of  the 
radial  stresses  would  be  greatest  at  the  diagonal  center  of  the  panel 
in  that  portion  of  the  plate  that  is  concave  upward  and  the  circum- 
ferential stresses  also  would' be  greatest  adjacent  to  the  center.  The 
conditions  in  the  composite  plate  differ  from  those  in  a  homogeneous 
plate  because  circumferential  resistance  is  localized  in  the  rim  of  the 
dish  shaped  area  in  the  composite  plate  since  it  depends  on  bond 
shear  which  is  present  in  these  areas  and  absent  at  and  about  the 
center.  The  locus  of  the  centers  of  action  or  centroid  of  the  cir- 
cumferential stresses  thus  h^  a  larger  radius  than  that  of  similar 
stresses  in  the  homogeneous  plate,  while  the  reinforcing  elements 
near  the  middle  of  the  dish  shaped  areas  are  thus  strained  much 
more  imiformly  than  the  fibers  of  a  plate  of  homogeneous  material 
under  similar  loading. 

Because  the  resultants  of  the  circumferential  tensions  and  com- 
pressions act  at  larger  radii  in  the  composite  plate  of  concrete  and 
steel  than  in  a  plate  of  homogeneous  material  they  also  act 
through  a  greater  circumference  than  they  do  in  a  plate  of  homo- 
geneous material,  and  consequently  they  are  correspondingly  more 
efficient  in  reducing  the  maximum  intensily  of  the  stresses  at  mid 
span  as  measured  by  the  extensometer.  This  increase  in  efficiency 
is  an  increase  comparable  to  but  not  identical  with  Poisson  action 
in  homogeneous  material. 

In  the  composite  plate,  however,  because  of  the  low  value  of  K 
for  the  concrete  there  is  very  little  true  Poisson  action.  If  K  were 
.2  it  would  amoimt  to  a  reduction  of  only  four  percent  of  the  com- 
pressions in  the  compression  zone.  The  fact  that  the  embedment  of 
reinforcement  increases  the  coefficient  F  of  shearing  resistance  tends 
to  reduce  even  this  small  amoimt  of  true  Poisson  action.  On  the 
other  hand  on  account  of  the  concentration  of  the  circumferential 
resistance  in  the  rim  of  the  dish  shaped  area,  the  action  of  bond  stress 
causes  an  increase  in  efficiency  equal  to  that  which  would  be  produced 
by  a  high  value  of  the  coefficient  K  in  di  homogeneous  material. 
For  fine  grained  reinforcement  with  a  spacing  not  exceeding  the 
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distance  from  the  center  of  the  steel  to  the  neutral  plane  Eddy* 
found  that  this  action  was  equivalent  in  its  effect  to  a  coefficient 
/C  =  .5  in  a  plate  of  some  imaginary  homogeneous  material  when  it 
was  bent  to  the  same  curvature  as  the  composite  plate  of  concrete 
and  steel  was  bent,  thus  producing  a  reduction  amounting  to  25 
percent  in  the  steel  stresses  by  figuring  the  reinforcement  as  a  sheet 
in  the  area  of  synclastic  curvature,  where  the  stress  would  be  reduced 
in  the  ratio  of  1  to  (1 — K^). 

A  good  analogy  of  the  operation  of  a  fine  grained  mat  in  concrete 
in  its  imitation  of  the  gradation  of  intensity  of  stress  from  point  to 
point  in  the  composite  plate  is  foxmd  by  comparing  its  effect  to  that 
of  the  screen  used  in  making  a  cut  of  a  photograph  for  use  in  print- 
ing, to  imitate  the  gradations  of  light  and  of  shade  in  the  original 
photograph.  When  the  screen  is  fine  the  eye  can  detect  no  differ- 
ence in  the  reproduction  on  glazed  paper  from  the  original  photo- 
graph. When  a  coarser  screen  is  used  for  printing  on  rough  paper 
as  in  newspaper  work  the  gradations  of  light  and  shade  are  less  per- 
fectly reproduced  while  if  any  of  these  cute  be  examined  under  the 
microscope  nothing  but  a  series  of  disconnected  dots  appears  with 
no  likeness  whatever  to  the  photograph  such  as  appears  when  viewed 
in  their  natural  size,  and  relation.  Just  as  no  reproduction  of  the 
photograph  can  be  produced  with  too  coarse  a  screen  so  no  repro- 
duction of  the  gradation  of  stress  in  plate  action  can  be  imitated  by 
too  coarse  a  mat  having  too  wide  a  spacing  between  the  roils. 

9.    Substantiation  of  the  Foregoing  Principles  By  Test  Data: 

The  extensometer  test  of  the  Shredded  Wheat  Building  at  Buffalo, 
N.  Y.,  by  W.  S.  Slater,  described  in  the  Journal  of  the  C'oncrete 
Institute,  October-November  1914,  furnishes  verification  of  the  fore- 
going analysis  in  that  the  moment  coefficient  of  the  steel  stress  in 
the  respective  directions  under  uniform  load  was  twice  as  great  as 
the  corresponding  stresses  in  the  tests  of  the  Franks,  Larkin,  and 
Deere  &  Webber  Building  referred  to  in  Chapter  II  and  as  tabulated 
page  1561  Transactions  American  Society  Civil  Engineei-s,  LXXXII. 

Nine  panels  of  the  Shredded  Wheat  Building  20X22  feet  were 
loaded.  The  slab  was  7"  thick  in  the  central  portion  of  the  panel 
and  increased  to  a  thickness  of  9"  in  an  area  8'6"  square  around 
each  column.  The  columns  were  octagonal  25'^  in  diameter.  The 
reinforcement  of  the  panel  in  the  central  portion  consisted  of  J" 
round  oornigated  bars  at  II ?"  centers  the  long  way  of  the  panel. 
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and  9J"  eentera  the  short  way,  bent  up  abruptly  at  about  nine  feet 
from  the  center  line  between  columns  to  the  top  of  the  slab  as  shown 
in  Fig.  88. 


Referring  to  the  j  and  k  curves  in  the  preceding  chapter,  the 
center  of  the  steel  would  be  3.6"  from  the  neutral  plane.  The  dia- 
gonal of  the  reinforcing  mesh  was  14.5"  and  the  half  diagonal 
twice  the  distance  from  the  center  of  the  steel  to  the  neutral  plane. 
Therefore  we  have  the  same  relation  as  that  with  the  |"  round  rods 
compared  with  the  7/16"  ro<ls  in  the  previous  example  and  the  same 
relative  division  between  lateral  and  vertical  bond  stress. 

From  the  location  of  the  bars  in  the  slab  it  will  be  observed  that 
only  se^en  of  these  bars  are  in  contact  with  those  at  right  angles 
with  them  in  the  central  portion  of  the  slab  and  that  accordingly 
whatever  eircumfei-ential  action  takes  place  must  be  nearer  to  the 
diagonal  center  of  the  panel  than  would  be  the  case  were  these 
rods  carried  to  a  greater  radial  distance  from  the  center  of  the 
panel,  and  because  of  this  arrangement  the  increased  efficiency 
brought  about  by  moving  the  centroid  of  circumferential  action 
to  a  gi-eater  radius  is  lost,  so  that  the  efficiency  of  the  steel 
would  be  reduced  not  only  by  the  wide  spacing  but  also  by  the  loss 
of  this  additional  element  of  strength  to  an  amount  expressed  by  the 
ratio  of  1  to  1—^^  found  for  such  slabs  with  a  fine  grained  reinforce- 
ment in  mats  covering  the  areas  of  synclastic  curvature. 

A  computation  of  the  relative  lateral  and  vertical  rigidities  m 
the  fk)or  of  the  Shredded  Wheat  Building,  shows  that  23j  [wrcent  of 
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the  bond  stress  would  be  distributed  laterally  and  76l  percent  ver- 
tically as  against  622  percent  laterally  and  37i  percent  vertically  in 
a  slab  of  the  same  thickness  and  cross  section  of  steel  distributed 
scientifically  in  fine-grained  reinforcement. 

This  computation  is  fully  corroborated  by  an  analysis  and  nimier- 
ical  comparison  of  the  results  of  published  tests,  which  show  that  the 
metal  in  this  floor  has  only  about  one  half  the  efficiency  dis- 
closed in  many  other  published  tests. 

10.  A  Qiven  Bending  Moment  will  Bend  a  Flat  Plate  Syn- 
clastically  less  than  Half  as  much   as   it   will    Cylindrically.     It 

has  already  been  shown  that  in  a  circular  plate,  or  in  a  piece  of  a  con- 
tinuous plate,  so  situated  around  a  point  of  symmetry  that  it  acts 
like  a  circular  plate,  the  radial  and  circumferential  stresses  caUed 
into  play  at  any  point  by  symmetrical  loading  are  equal  to  each  other. 
But  where  this  plate  has  a  dish  shaped  curvature  the  magnitude  of 
these  resisting  stresses  compared  with  the  applied  forces  is  a  ques- 
tion about  which  a  detailed  investigation  is  given  later  in  this  treatise. 
It  will  be  sufficient  for  our  present  purposes  to  pictiu-e  to  ourselves  a 
circular  piece  of  a  plate  which  has  an  approximately  spherical  curva- 
ture at  its  center  point  0.  Pass  a  plane  XY  tangent  to  the  surface 
at  0  and  let  OZ  be  normal  to  it  at  0.  Then  if  a  bending  moment  be 
applied  about  OX  it  will  not  only  make  the  curvature  of  the  plate 
greater  in  the  plane  ZOY  but  at  the  same  time  it  will  make  its  cur- 
vature less  in  the  plane  ZOX  to  an  equal  amoimt  as  is  evident  by 
experiment  on  a  shell  of  any  elastic  material,  and  as  is  proven  in 
Gauss'  theorem  of  the  curvature  of  thin  shells.  Since  the  force 
applied  to  produce  the  given  bending  moment  must  produce  both 
these  equal  changes  of  curvature  simultaneously  by  producing 
elongations  and  compressions  in  twice  as  much  material  as  in  a  plane 
plate  of  equal  cross  section,  each  of  them  is  only  half  as  great  as  would 
be  produced  in  a  plane  plate  in  a  single  direction  by  this  same  moment. 
Hence  it.  appears  that  the  extensometer  deformations  produced  by 
an  applied  moment  are  not  more  than  half  as  great  in  a  spherical 
dish  shaped  plate  as  in  a  plane  plate,  because  in  the  latter  the 
elongations  are  in  one  direction  only,  while  in  the  former  they  are 
in  two  directions  at  once,  at  right  angles  to  each  other.  In  a  homo- 
geneous convex  plate  the  actual  deformations  are  less  than  one  half 
of  those  in  cylindrical  curvature  by  reason  of  a  further  reduction  due 
to  Poisson  action,  and  in  a  reinforced  plate  the  stressed  are  made 
less  than  50%  of  those  due  to  cylindrical  curvature  by  the  transfer 
of  the  centroid.of  the  circumferential  stresses  by  the  bond  shear  ac- 
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tion  to  a  greater  distance  from  the  center  than  in  a  homogeneous 
plate.  So  that  with  a  fine  grained  mat,  the  stress  due  to  the  applied 
moments  is  not  more  than  half  as  great  in  a  radial  direction  and  not 
more  than  half  as  great  in  a  circumferential  direction  as  in  case  of 
cylinderical  curvature,  but  because  of  the  operation  of  the  circular 
stresses  on  the  whole  at  a  greater  radius  than  would  be  the  case 
in  a  plate  of  homogeneous  material,  in  which  K<i,  the  maximum 
radial  and  circular  stresses  are  both  still  further  reduced  in  magni- 
tude by  20  to  25  percent. 

Taking  the  smaller  figure  to  cover  a  somewhat  wider  range  of 
variation  than  would  be  covered  by  a  reduction  of  25  per  cent, 
we  would  have  the  stresses  in  a  relatively  fine  grained  mat  amounting 
to  not  more  than  0.4  as  much  in  the  steel  in  one  direction  as  would 
be  required  to  resist  the  applied  moment  when  treating  the  applied 
moment  in  the  manner  of  beam  theory. 

11.  The  Equivalence  of  a  Diagonal  and  a  Rectangular  Mat  of 
Rods.  In  the  case  of  a  rectangular  arrangement  of  crossed  rods, 
one  set  only  would  cross  any  section  parallel  to  column  lines  at  mid 
span  and  we  need  to  provided  on  this  basis  only  0.4  of  the  nietal  in 
the  dish  shaped  area  that  would  }:e  necessary  on  beam  theory  to 
resist  the  applied  moment  there  found,  while  in  the  area  of  saddle 
shaped  curvature,  with  parallel  rods,  the  full  cross  section  of  steel 
would  be  required  according  to  beam  theory  to  resist  the  moment 
there  applied.  Where  the  mat  about  the  center  of  the  panel  is  formed 
by  two  series  of  diagonal  crossed  rods  of  proper  width  a  similar  sec- 
tion would  cut  all  of  these  rods  at  an  angle  of  45°  and  the  efficiency 
of  the  metal  normal  to  the  section  would  be  1.414  times  the  cross  sec- 
tional area  of  one  belt,  but  whereas  these  rods  have  in  the  direction  of 
their  length  to  resist  only  0.4  of  the  moment  applied  along  their  length, 
at  an  angle  of  45°  they  would  have  to  resist  a  proportion  of  that  mo" 
ment  of  2  X  .4  X  cos45°  or  .8  X  707  =  .566  of  the  moment.  We  see  that 
the  ratio  of  566  to  1  414  the  relative  cross  sectional  area  equals  the 
ratio  of  0.4  to  1,  or  for  the  dish  shaped  area  of  synclastic  curvature 
we  may  c(m.si(Vr  the  metal  2}  times  as  effective  as  a  single  layer  of 
rods  normal  thereto,  whether  the  mat  be  made  up  of  rods  crossing 
each  other  in  a  rectangular  direction  or  crossing  each  other  in  a 
diagonal  direction.  Equivalence  under  uniform  load  does  not 
establish  equivalence  und?r  non-uniform  load  as  will  be  shown  later. 

12.  Early  Development  and  Diverse  Present-Day  Views  of 
Flat  Slab  Analysis:      The  fact  that    a  reinforcing  rod  can  itself  re- 
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sist  tension  along  its  length  onlj%  early  led  to  the  firm  conviction  that 
crossed  rods  in  a  concrete  slab  could  not  possibly  produce  any  greater 
effect  than  the  aggregate  of  all  the  rods  taken  separately.  That  this 
was  the  consensus  of  opinion  among  the  engineering  profession  fully 
appears  from  the  discussion  by  twenty  members,  of  the  paper  of 
Captain  John  S.  Sewell,  Trans.  Am.  Soc.  C.  E.  Vol.  LVI,  1906,  in 
which  he  made  the  statement  that  no  economical  system  of  con- 
crete flooring  could  be  constructed  without  rolled  steel  beams  or 
ccmcrete  tee-beams.  Turner  only,  of  twenty  members  discussing  this 
paper  took  issue  with  Capt.  Sewell  on  this  point,  and  disclosed  a 
design  embodying  the  principle  of  the  mat  which  was  at  that  time 
being  incorporated  in  the  first  commercially  successful  flat  slab  and 
column  constniction. 

The  difficulty  of  properly  analyzing  this  type  of  construction 
forced  Turner  to  adopt  at  first  the  simple  method  of  proportion  dis- 
cassed  in  Chapter  II,  in  order  to  arrive  at  a  successful  reduction  of 
his  new  construction  to  practice.  This  method  was  first  published 
by  Turner  in  1909.  This  was  followed  in  1913  by  Eddy's  adaptation 
of  the  classical  flat  plate  theory  to  Jhe  exact  analysis  of  the  problem 
of  the  flat  slab  uniformly  loaded  on  rigid  columns.  This  analysis 
was  based  upon  the  consideration  of  the  deformation  of  an  imaginary 
homogeneous  plate  which  would  deflect  or  bend  in  the  same  dish 
shaped  curvature  as  a  non-homogeneous  slab.  Given  the  elastic 
coeflicients  of  this  imaginary  material  the  geometry'  of  deformation 
could  be  detennined  mathematically  from  the  flat  plate  theory  and 
the  linear  deformation  or  change  in  shape  thus  found  was  then 
translated  into  stress  from  the  known  elastic  coefficients  of  concrete 
and  metal  for  the  composite  plate.  As  a  mathematical  invention  to 
arrive  at  the  desired  result,  it  seemed  to  the  junior  author  very 
ingenious.  It  gave  rise,  however,  to  much  real  or  pretended  mis- 
undei-standing,  perhaps  because  it  was  not  carefully  studied.  Not^ 
withstanding  the  fact  that  there  have  been  numerous  extensometer 
tests  of  flat  slab  and  column  construction  and  that  it  has,  since  the 
first  disclosure  by  TiUTier,  of  the  principle  of  the  mat  in  imitating 
flat  plate  action,  been  widely  introduced,  the  conflicting  opinions 
regarding  its  proper  analysis  are  almost  legion.  Some  of  them  are 
curiouslv  inconsistent.  Thus  the  steel  stress  moment  of  the  Shredded 
Wheat  Building  which  is  one  hundred  percent  greater  than  that 
found  in  the  Franks,  Schulze  and  Larkin  Buildings,  is  accounted  for 
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by  the  Joint  Committee  member  Hatt,  on  the  gromid  of  the  tensile 
strength  of  the  concrete,  common  to  all.  The  Shredded  Wheat  job 
had  the  stronger  concrete,  the  initial  modulus  found  being  5X10* 
(on  short  time  test),  but  figured  at  only  3X10  (Slater,  Am.  Cone. 
Inst.  1914).  But  the  Shredded  Wheat  job  gave  the  highest  steel 
stress  instead  of  the  lowest. 

Mr.  Hatt,  Final  Report  Joint  Committee  Trans.  Am.  Soc.  C.  E.,' 
Vol.  LXXXII,  p.   1560,  says: 

"It  is  evident  that,  even  at  stetl  stresses  when  the  concrete  is 
broken  down  in  tension  at  some  sections  there  is  a  marked  dis- 
crepancy between  internal  and  external  moment."  (Amounting  to 
350  to  500%). 

Quoting  further,  page  1562: — 

"The  evidence  at  hand  points,  probably,  to  a  more  'persistent 
operation'  of  the  tensile  stresses  in  the  case  of  flat  slabs  with  about 
half  of  one  percent  reinforcement  than  in  beam  structures  which 
are  more  heavily  reinforced 

"Individuals  will  no  doubt  attribute  these  remarkable  discrepan- 
cies between  steel  and  internal  moments,  appearing  in  steel  strains 
and  external  hioments,  to  some  other  action  than  the  tension  in  the 
concrete.  The  writer  would  rather  look  to  the  latter  than  to  some 
poorly  defined  and  unproved  agency." 

Thus  extensometer  measurements  are  universally  conceded  to 
demonstrate  the  existence  of  a  state  of  stress  in  column  supported 
flat  slab  floors  radically  different  from  that  found  in  beam  action. 

To  conclude  from  this  evidence  that  there  is  a  "more  pei*sistent'* 
operation  of  the  tensile  resistance  of  the  concrete  in  the  ease  of  flat 
slal  s  than  in  beams  after  the  concrete  has  admittedly,  become  broken 
down  in  tension  and  the  particles  separated,  is  as  irrational  as  to  ex- 
pe<*t  a  broken  chain  or  cable  to  * 'persistently'^  resist  after  parting,  the 
tension  that  caused  it  to  part. 

In  developing  a  p:eneral  theory  embodying  the  principles  which 
are  applicable  broadly  to  a  wide  divergence  of  details,  considerable 
agreement  should  be  found  with  specific  analyses  developed  to  cover 
specific  details.  For  example,  consider  the  steel  arrangement  re- 
commended in  Taylor  and  Thompson's  work  on  Plain  and  Reinforced 
Concrete,  page  484,  1911  Ed. 
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From  the  note  on  the  cross  section  of  the  reinforcement  it  will  be 
observed  that  the  diagonal  bands  only  are  carried  up  to  the  top  of  the 
slab  and  over  the  columns  while  the  direct  bands  are  kept  in  the  bottom 
throughout.  Thus  over  the  columns  the  mat  of  crossed  rods  is  a 
small  square  not  much  larger  than  the  outer  diameter  of  the  capital. 
Its  area  does  not  extend  from  the  edge  of  the  capital  more  than  about 
one  sixth  of  the  distance  in  a  diagonal  direction  to  the  line  of  in- 
flection, as  shown  in  the  lower  part  of  the  figure.  Consequently,  the 
mat  over  the  columns  could  furnish  only  negligible  circumferential 
resistance.  The  mat  about  the  diagonal  cent<>r  of  the  panel  between 
the  colimins  is  likewise  so  restricted  in  area  that  the  advantages  of 
the  operation  of  a  mat  are  greatly  reduced,  with  the  result  that  two 
to  three  times  the  cross  section  of  the  steel  will  be  required  that  would 
be  necessary  were  the  areas  of  crossed  rods  of  proper  length  and  breath 
We  find  that  Messrs.  Taylor  &  Thomson's  analysis  of  the  construc- 
tion of  this  specific  type  requires,  as  docs  the  author's  analysis,  be- 
tween two  and  three  times  the  cross  section  of  steel  necessary  for  the 
distribution  adopte<l  by  Turner  in  the  original  Mushroom  construction. 

Let  us  now  investigate  the  specific  details  illustrated  in  Fig.  90. 

In  this  flat  slab  type  the  roiU  are  large  in  cross  section  spaced 
relatively  far  apart,  and  the  points  where  they  dip  downward  are 
staggered  thus  preventing  the  mat  from  extending  in  a  broad  area 
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about  the  center  of  the  panel.  With  this  coarse  grained  arrangement 
of  reinforcement  nearly  full  advantage  of  the  twisting  resistance  would 
be  secured  which  would  not  be  the  case  in  the  arrangement  in  the 
specific  details  recommended  by  Taylor  and  Thompson.  On  the  other 
hand,  the  coarse  grained  distribution  of  the  metal  and  the  relatively 
small  diameter  of  the  mat  of  crossed  rods  about  the  center  of  the  panel 
would  necessitate  its  operation  more  largely  in  a  radial  than  in  a 


circiunferential  direction  under  the  principles  before  investigated  and 
nearly  twice  the  weight  of  8t«et  would  be  here  required  that  has  been 
found  neccBSary  where  a  fine  grained  distribution  of  the  material  has 
been  adopted.  For  these  specific  details  the  designers  have  very 
wisely  used  a  large  excess  of  steel  over  that  essential  in  the  pioneer 
flat  slab  construction.  These  ■  designers,  from  experience  in  their 
customary  use  of  such  distribution  of  metal  as  above  shown,  have 
erroneously  attempted  to  draw  the  general  conclusion  that  the  use 
of  Buch  an  excess  is  required  regardless  of  its  manner  of  distribution. 
13.  Bond  With  Deformed  Bars.  Mdrsch  discusses  the  action 
of  deformed  bar  reinforcement  thus:* 

"In  America  various  Torma  of  reiDforccment  are  employed 
all  of  which  are  designed  to  prevent  slipping  of  the  rod  in  the 
concrete.  In  the  Ransomc  rod,  thia  ia  secured  by  twisting  the 
square  steel  bar;  in  the  Johnaon  bar,  elevations  on  the  surface  of 
the  rods  are  produced  in  the  rolling;  and  the  Thacher  or  knotted 
IwT  ia  provided  with  Hweilinga,  whfle  maintaining  a  constant  aec- 

•  Concrete  Steel  Construction  p.  17, 
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tional  area.  These  'knots'  may  well  have  the  desired  effect  when 
the  rod  is  anchored  in  a  large  mass  of  concrete,  but  they  will  act 
in  an  opposite  manner  in  the  small  stems  of  T-beams,  especially 
at  their  bottoms,  where  they  will  have  a  splitting  effect  and  thus 
cause  premature  failure  of  bond.  It  will  be  shown  later  that  the 
adhesion  in  the  case  of  ordinary  round  rods  with  hooked  ends  is 
ample  to  transfer  all  actual  stresses,  and  furthermore,  the  arran|;e- 
ment  of  the  principal  reinforcement  may  be  so  designed  with 
respect  to  the  shearing  stresses  that  no  occasion  should  arise  to 
make  up  any  deficiency  through  the  use  of  those  costly  special  bars." 

As  regards  the  mechanics  of  embedment,  the  effect  of  the  ** knots" 
as  Morsch  terms  them,  would  cause  slight  irregularities  in  the  inten- 
sity of  the  indirect  stresses,  assuming  that  there  was  any  over-strain 
tending  to  tause  the  bar  to  slip  and  to  bring  into  action  the  mechan- 
ical bond.  This  variation  from  the  condition  of  uniformity  of 
bond  shear  with  the  plain  bars  would  not  be  material  under  loads 
producing  stresses  not  exceeding  those  which  are  safe,  tho  the  dis- 
advantage suggested  by  Morsch  in  the  ca^  of  the  thin  ribs  might 
be  looked  for  under  loads  approaching  the  ultimate  strength. 

It  has  been  found  that  a  piece  of  polished  cold  rolled  shafting 
has  about  one  half  the  bond  that  a  rolled  rod  with  black  mill  sur- 
face has.  Therefore,  it  appears  that  a  difference  in  roughness 
makes  a  great  difference  in  the  bond  resistance. and  leads  to  the 
conclusion  that  the  best  form  of  deformation  is  that  of  relatively 
small  projection  rather  than  of  large  widely  spaced  deforma- 
tions. From  the  tests  quoted  in  Article  9,  Chapter  1,  it  may  be  noted 
that  the  round  bars  gave  greater  adhesive  resistance,  than  square  bars. 
Because  the  concrete  shrinks  around  the  bar  in  hardening,  there  is 
evidently  a  localization  of  shrinkage  stress  on  the  square  bar,  render- 
ing that  foi-m  of  cross  section  less  satisfactory  than  the  round  bar 
while  flat  bars  in  the  tests  referred  to  give  very  low  values  indeed. 
Longitudinal  ribs  act  in  the  same  manner  as  comers,  localizing  the 
shrinka|2;e  stresses  and  rendering  that  form  of  section  objectionable 
and  less  satisfactory  than  the  round.'  Wedge  shaped  changes  in  the 
section  of  the  bar  are  objectionable  for  the  reasons  pointed  out  by 
Morsch.  Viewed  as  a  tensile  reinforcing  element,  large  deformations 
or  irregular  changes  in  the  form  of  a  bar  are  a  source  of  weakness 
both  from  the  standpoint  of  possible  damage  in  bending  the  bar  and 
because  planes  of  weakness  are  f  frequently  produced  in  bars  of  irregular 
shape  during  the  process  of  mlling.  While  deformed  reinforcement 
has  little  value  in  buildings  where  the  concrete  sets  in  air,  it  is 
desirable  in  subaqueous  work.  There  are,  however,  man}'  who  favor 
deformed  reinforcement  even  under  the  former  conditions  and  the 
foregoing  discussion  may  serve  as  a  guide  to  the  selection  of  the  most 
satisfactory-  type  of  section. 
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14.  Summafy.  The  mechanical  action  of  the  concrete  matrix 
as  a  field  of  force  which  by  the  action  of  bond  stresses  between  it 
and  the  steel  reinforcement  brings  the  crossed  rods  into  mutual 
action  as  a  mat  is  here  developed  in  some  detail.  And  in  particular 
its  action  in  a  reinforced  plate  differs  from  that  of  the  stresses  in  a 
homogeneous  plate  in  virtue  of  the  fact  that  their  effective  action  is 
principaUy  in  the  rims  of  the  dish  shaped  areas  where  they  co- 
operate to  resist  the  applied  circimiferential  tensions. 

Synclastically  deformed  areas  of  flat  plates  when  subjected  to 
single  applied  bending  moments  suffer  less  than  one  half  as  much 
additional  deformation  as  would  be  produced  in  flat  plates  by  the 
same  moments  according  to  beam  theory.  This  diminution  of  de- 
formation in  conjunction  with  localizing  the  circumferential  ten- 
sions near  the  rim  of  the  S3niclastic  areas  reduces  the  steel  stresses  in 
such  areas  to  less  than  0.4  of  those  required  by  beam  theory  to  resist 
by  direct  tension  the  actual  appUed  bending  moment  which  in  turn 
is  less  than  indicated  by  beam  theory  because  of  the  twisting  resis- 
tance of  the  plate  when  bent  in  double  curvature.  Since  rim  action 
is  more  effective  than  Poisson  action,  steel  stresses  in  general  are 
reduced  more  below  beam  theory,  in  well  reinforced  plates,  than  in 
homogeneous  plates. 

ITie  principle  from  which  the  remarkable  strength  of  the  flat  slab 
arises  is  that  of  a  mat  of  crossed  rods  covering  the  full  area  thereby 
furnishing  the  advantages  of  radial  and  circular  resistance  to  oppose 
the  applied  moments  of  the  load.  A  part  of  the  remarkable  strength 
exhibited  is  brought  aboiit  by  the  presence  of  internal  twisting  resist- 
ance which  hold  part  of  the  applied  moments  in  equilibrium.  The 
development  of  the  full  possibilities  of  this  combination  requires 
arrangement  of  the  metal  in  mats  covering  the  two  tension  zones, 
the  one  in  the  top  of  the  floor  over  the  supports  and  the  other  in  the 
bottom  about  the  panel  center,  for  without  such  continuous  top  and 
bottom  arrangement  of  metal  sjniclastic  curvature  over  the  tops  of 
the  supports  and  about  the  central  portion  of  the  panel  is  impossible. 

The  effectiveness  of  this  resistance  depends  also  on  the  fine  grained 
nature  of  the  reinforcement,  that  is,  upon  its  distribution  in  the 
form  of  small  rods  closely  spaced.  Wide  spacing  or  unreinforced 
areas  of  any  considerable  magnitude  cut  off  the  action  of  indirect 
stresses  and  largely  destroy  slab  action.  The  manner  of  support 
and  the  distribution  of  rigidities  must  be  such  that  synclastic  curva- 
ture is  secured  about  the  diagonal  center  and  over  the  supports  be- 
cause this  phenomenal  resistance  cannot  be  developed  under  cylin- 
drical or  anticlastic  curvature. 
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CHAPTER  IX 

DEFLECTIONS   AND   MODE  OF  OPERATION   AS  SHOWN  BY  CON- 
TOUR     LINES.  DISTRIBUTION    OF    REACTIONS      AND 
MOMENTS  AS  SHOWN  BY   LINES  OF  ZERO  SHEAR. 

1.  Because  the  external  work  of  the  load  is  equal  to  the  internal 
work  of  deformation  under  loads  within  the  limits  of  elasticity  of  a 
floor,  deflection  is  a  function  of  the  internal  strains  and  has  certain 
definite  mathematical  and  mechanical  relations  to  them. 

In  a  plate  bent  under  load  in  synclastic  curvature  in  which  the 
upper  surface  was  a  true  horizontal  plane  before  bending,  we  might 
find  the  position  of  lines  connecting  points  having  the  same  elevation 
by  pouring  water  into  the  depressions  formed  under  deflection  and 
plotting  the  position  of  the  water  marks.  But  to  experiment  in  this 
way  would  require  a  true  horizontal  surface  which  would  be  difficult 
to  secure.  For  purposes  of  investigation,  all  that  is  needed  is  to 
find  what  change  from  the  original  vertical  elevation  the  various 
points  in  the  member  have  undergone.  After  loading  and  deter- 
mining this  change  in  elevation  at  a  sufficient  niunber  of  points  and 
plotting  the  same,  if  contour  lines  connecting  all  points  which  have 
undergone  the  same  vertical  change  in  position  are  drawn  at  elevations 
which  differ  by  equal  vertical  amounts  the  map  of  these  lines  cor- 
rectly represents  the  change  in  curvature  of  the  member  produced 
by  the  applied  load.  The  change  in  elevation  produced  by  the  load 
at  any  point  may  be  measured  with  great  precision  by  the  use  of 
vernier  scales  on  sliding  vertical  rods  or  by  gage  dials  properly  con- 
nected to  such  rods*  Since  the  upper  surface  of  a  floor  is  occupied 
by  the  load,  test  measurements  of  deflection  may  be  made  most 
readily  from  below. 

When  members  under  transverse  stress  are  restrained  by  the 
manner  of  the  support  in  different  ways  the  different  characteristic 
modes  of  operation  resulting  therefrom  are  clearly  disclosed  by  the 
relative  position  and  curvature  of  the  contours  under  imiform  load 
and  the  direction  of  the  lines  of  zero  shear,  among  which  we  may 
enumerate  the  following: 

I.  When  a  plate  is  bent  in  cylindrical  curvature  between  parallel 
level  supports,  it  operates  on  the  beam  principle.  The  contoiu^  are 
then  a  series  of  straight  lines  parallel  to  the  supports,  and  all  the  lines 
of  iQTO  shear  would  be  parallel,  and  normal  to  the  supports,  except 
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one  parallel  to  the  supports  at  which  the  moment  ia  a  maximum. 
See  Fig.  100. 

II  In  a  circular  reinforced  concrete  plate  supported  around  its 
outer  edge  and  having  a  uniform  moment  of  resistance  in  all  direc- 
tions comparable  to  a  homi^neous  plate,  the  contour  lines  would  be 
a  series  of  concentric  circles  about  the  center  and  the  lines  of  zero 
shear  would  be  a  series  of  radial  lines  from  the  center  to  the  support- 
ii^  walls.     See.  F%.  95. 

III.  A  floor  slab  of  Type  III  supported  on  four  sides  by  beams 
dishes  downward.  The  contours  differ  from  circles  in  that  they  are 
flatter  toward  the  sides  and  curve  more  sharply  across  the  diagonals 
of  the  panel.  In  case  of  square  panels  the  lines  of  zero  shear  radiate 
from  the  center.     See  Fig.  91. 

IV.  In  floors  of  Type  IV  the  convex  surface  about  the  column 
and  the  concave  surface  about  the  diagonal  center  of  the  panel  are 
indicated  by  approximately  circular  contours  and  the  typical  saddle 
shaped  areas  along  direct  column  hnes  is  indicated  by  the  45°  con- 
tour lines  in  the  Figure  representing  Type  IV  at  the  right.  The 
lines  of  zero  shear  radiate  in  each  quarter  panel  from  the  column 
center.     See  Fig.  92. 

Where  contour  lines  are  straight  and  parallel  to  each  other,  hori- 
zontal stresses  of  bending  normal  to  these  lines  occur  with  no  stress 
whatever  along  their  length.  Wherever  there  are  curved  contour 
lines  about  a  given  center  convex  outward  the  material  is  compressed 
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radially  and  circularly  on  the  compression  side  of  the  plate  and  is 
stretched  radially  and  circularly  on  the  tension  side  of  the  plate  about 
the  center.  Pointe  at  ,which  contour  lines  draw  nearest  to  each  other 
are  points  of  greatest  slope,  and  indicate  points  of  inflection  in  the 
vertical  sections  of  the  slab. 

In  Case  of  Symmetry  about  the  median  lines  of  a  panel  a  curved 
contour  indicates  there  are  stresses  both  normal  to  the  median  line 
and  coincident  with  it  along  its  length  at  the  siu^ace  represented  by 
the  contour,  and  these  stresses  are  principal  stresses. 

Thus  the  contour  map  becomes  not  only  a  graphical  indication  of 
the  elastic  deflection  but  shows  at  lines  of  symmetry  the  direction 
of  the  principal  horizontal  stresses.  Observations  determining  de- 
flection contours  thus  form  an  efficient  method  of  experimental 
analysis  in  the  investigation  of  distribution  of  stresses  in  concrete 
plates. 

The  contours  previously  illustrated  are  typical  of  plates  in  which 
there  is  a  condition  of  approximate  uniformity  and  symmetry  of  the 
reinforcing  elements.  Any  localization  of  the  rigidity  of  a  floor  by 
heavy  reinforcement  in  strips  changes  the  distribution  of  the  stresses 
and  the  curvature  of  the  contour  lines  in  a  manner  whose  general 
characteristics  are  well  known  and  may  be  made  clear  by  considering 
a  circular  plate  uniformly  supported  at  the  edge  and  reinforced  uni- 
formly in  the  bottom  throughout  with  small  rods  closely  spaced  at 
right  angles  to  each  other  compared  with  another  circular  plate  of 
the  same  dimensions  and  manner  of  support  but  reinforced  with 
rods  concentrated  in  narrow  strips  of  great  rigidity. 

The  contour  lines  of  such  a  plate  supported  around  the  edge  un- 
der a  ufttiform  load  when  uniformly  reinforced  would  be  a  series  of  con- 
centric circles  about  the  center  of  the  plate,  further  apart  toward  the 
center  and  closer  together  as  the  circular  support  is  approached. 
The  surface  would  be  a  surface  of  revolution  approaching  spherical 
curvature  or  more  closely  a  parabolic  surface  of  revolution  with  the 
apex  at  the  center  of  the  plate  as  in  Fig.  95. 

( 'Onsider  now  a  plate  of  the  same  size,  say  18'0"  diameter  and  of 
6"  thickness,  similarly  supported  and  imiformly  loaded,  but  reinforced 
differently,  as  follows: 

Strips  of  six  5"  rods  spaced  2"  apart  in  strips  at  right  angles  to 
each  other  on  diametral  lines.  A  light  reinforcement  of  5/ 16,"  rods 
6"  on  centers  covering  the  rest  of  the  area.  The  contours  would  no 
longer  be  circular  lines  concentric  about  the  center.     The  curvature 
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would  no  longer  be  approxiinately  spherical  but  scallop  shaped  with 
ridges  running  along  the  lines  of  the  concentration  of  reinforcement 
and  hollows  between  them.  The  localisation  of  the  reinforcement  tn 
strips  liaR  changed  the  surface  from  synclastic  to  anticlastic  across 
the  line!?  of  localized  rigidity.     See  Figs.  93  and  94. 
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2.  Localization  of  Reinforcement  Chaises  the  Manner  of  the 
Stor^e  of  Internal  Work.  Where  the  reinforcement  is  localized  in 
strips  of  relatively  great  ridigity,  the  contours  of  the  surface  which 
were  circular  in  the  evenly  reinforced  slab,  t"^,  95,  are  bent  in- 
wardly making  them  nonvex  toward  the  center  across  the  strip  in- 
stead of  concave,  as  shown  in  Fig,  94.  This  produces  the  change 
from  the  charact«ri3tic  contours  of  the  circular  plate  with  uniform 
reinforcement  to  that  just  described  and  causes  an  increase  in 
the  actual  deflection  of  the  plate  as  &  whole  because  the  storage  of 
internal  work  is  no  longer  divided  between  elastic  resistance  to  radial 
and  circular  stresses. 

Under  load  scallop ,  shaped  curvature  occurs  across  the  strips 
heavily  reinforced  as  in  Fig.  93.  A  state  of  synclastic  stress  such 
as  is  found"  in  a  uniformly  reinforced  slab  with  contours  as  shown  in 
Fig.  95,  is  changed  to  an  anticlastic  state  of  stress  with  contours  as 
'shown  in  Fig.  94,  which  are  alternately  concave  and  convex  toward 
the  center  of  the  plate.  Now  plate  action  depends  on  the  storage  of 
enei^  circumferentially  by  ring  compressions  on  the  upper  and  ring 
tensions  on  the  lower  surface  of  this  plate,  but  when  the  dish  shaped 
curvature  of  this  plate  is  changed  to  a  scallop  curvature,  tension  and 
compression  attemat*  circumferentially  both  above  and  below  as  the 
contours  change  from  convex  to  concave  toward  the  center.  At  the 
points  where  this  change  from  tension  to  compression  occurs  there  is 
no  rii^  stress  at  all,  consequently  there  can  be  no  stor^e  of  enei^y 
in  a  circumferential  direction  to  oppose  deflections.     Accordingly  the 
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mode  of  operation  is  reduced  to  that  of  radial  resistance  alone  and  the 
strength  of  the  plate  degenerates  to  that  of  mere  beam  strip  action 
radially  with  correspondingly  increased  deflection  and  decreased 
ultimate  strength. 

Where  the  concentration  of  the  reinforcement  is  less  pronounced 
that  is  where  there  is  but  a  small  difference  between  the  cross  sec- 
tion of  the  metal  in  the  strips  and  that  of  the  average  distribution  be- 
tween them  such  for  instance  as  would  be  produced  by  the  use  of 
J"  rods  in  place  of  J"  in  the  strips  and  7/l6"  rods  distributed 
through  the  slab  instead  of  5/l6",  the  change  in  contours  would  be 
less  marked.  Such  moderate  concentration  would  reduce  the  amount 
of  ring  compression  normal  to  the  -  strips  of  heavy  reinforcement 
without  developing  the  scallop  shaped  curvature  sufficiently  to  make 
the  circumferential  stress  change  sign.  The  eflSciency  of  circum- 
ferential action  although  impaired  would  not  be  entirely  destroyed 
thereby  until  the  sign  of  the  resultant  stress  is  changed. 

3.  Relation  of  Cross  Section  of  Reinforcement  That  Resists 
Bending  in  Dish  Shaped  Curvature  to  the  Form  of  the  Contour. 

When  the  form  of  the  contours  indicates  the  presence  of  anticlastic 
curvature  in  circumferential  directions  which  destroys  the  coopera- 
tion of  circular  and  radial  stresses  it  is  important  to  deteimine  the 
relative  cross  sections  of  the  reinforcement  which  produces  such 
anticlastic  curvature. 

If  in  a  circular  section  described  around  the  center  of  dish  shaped 
curvature  we  plot  to  an  appropriate  scale  the  relative  cross  sections 
of  the  material  upon  different  radii,  by  laying  these  points  off  con- 
i&ecutively  in  plan  from  the  circumference  of  the  circle  toward  the 
center  and  connect  the  points  by  curved  lines,  a  figure  is  formed  which 
is  similar  to  the  curve  of  the  contour. 
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Fig.  96  is  a  resistance  diagram  of  the  material  corresponding  to 
a  non-unifonn  distribution  of  reinforcement  in  the  circular  plate 
supported  at  its  edges  as  shown  in  Fig.  93.  Fig.  97  represents  the 
resistance  diagram  lengthwise  and  crosswise  of  a  sheet  of  expanded 
metal.  There  is  uniformity  of  strength  in  the  diagonal  direction  ef  and 
6'/',  but  this  imiformity  in  two  directions  does  not  control  the  re- 
sistance in  all  directions  since  any  elongation  along  e  toward  /'  would 
allow  deflection  along  the  axis  ah  substantially  the  same  as  though 
the  resistance  were  that  of  beam  action  only.  Consequently,  a  slab 
reinforced  with  expanded  metal  in  one  direction  only  cannot  resist 
bending  both  radially  and  circularly  but  its  operation  is  confined  prac- 
tically to  that  of  beam  resistance. 

From  the  foregoing  it  appears  that  plate  action  depends  for  its 
viiliiy  on  substantial  uniformity  of  resistance  radially  and  circularly. 
We  cannot  reduce  the  resistance  in  one  direction  greatly  below  that 
in  another  without  changing  the  mode  of  operation  in  such  wise  that 
it  degenerates  into  substantially  that  of  mere  beam  resistance. 

4.  Warping  and  Twisting  of  Flat  Plates.  Let  us  consider  the 
action  of  a  single  concentrated  load  W  applied  at  the  center  0  Fig. 
98  of  a  thin  square  plate  which  is  freely  supported  upon  but  not 
fastened  to  four  rigid  side  beams  that  extend  from  column  to  column. 
Let  the  load  be  large  enough  to  produce  a  center  deflection  of  one 
or  two  percent  of  the  span  L.  Under  such  deflection  the  comers  of 
the  plate  would  rise  from  their  supports.  The  statical  moment  of 
the  reactions  at  two  supports  like  a  and  6  on  a  single  side  about  a 
median  line  XX  of  the  plate  would  be  JWL.  Since  the  plate  curves 
upward  from  the  beams  at  and  near  its  comers,  the  applied  load  is 
distributed  unevenly  along  the  beams  and  the  plate  will  remain  in 
contact  with  them  only  along  a  middle  segment  in  each  one  extend- 
ing from  mid  span  each  way  to  some  points  PP  on  each  beam  where 
the  distributed  vertical  pressure  will  have  zero  intensity.  Starting 
from  any  one  of  the  points  P  the  intensity  of  the  load  applied  to 
the  beam  will  therefore  increase  from  zero  at  P  to  a  maximum  be- 
tween P  and  mid  span.  There  will  be  eight  of  these  points  P,  two 
on  each  side  beam,  and  radial  sections  drawn  from  the  center  0  to 
each  o:  them  will  be  sections  of  zero  vertical  shear,  in  the  panel. 
Any  other  vertical  sections  whatever  thru  0  will  also  be  sections  of 
zero  vertical  shear. 

But  the  area  between  any  such  line  OP  and  the  nearest  median 
line  XX  or  YY^  is  one  in  which  the  total  vertical  shear  on  any  sec- 
tion perpendicular  to  that  median  line  amounts  to  W'/S  on  that  part 
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of  the  section  between  OP  and  the  median  line.  The  mean  intensity 
of  this  vertical  shear  decreases  proportionately  to  its  distance  from 
O,  because  the  constant  total  amount  of  the  shear  on  each  vertical 
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section  within  the  triangle  POP  amounting  to  \W  is  spread  over  a 
length  of  section  which  increases  uniformly  with  its  distance  from  0. 
It  thus  appears  that  the  upward  reaction  that  the  segment  PP  of 
the  beam  ad  exerts  upon  the  plate  is  \W,  Its  moment  about  YY 
amounting  to  WL/%  is  a  bendmg  moment.  This  moment  com- 
prises only  one  half  of  \WLy  the  moment  about  YY  due  to  the  re- 
actions at  a  and  d,  and  is  resisted  by  bending  resistance  in  the  plate 
it^^lf. 

It  appears  therefore  that  while  \W  is  transmitted  to  a  and  d 
tog(  ther,  and  \W  by  way  of  the  beam  ad,  W /%  is  transmitted  to  a 
})y  way  of  the  beam  ofe,  and  W /%  to  d  by  way  of  cA,  Consequently 
the  load  HVS  which  is  carried  b}'  vertical  shears  on  sections  parallel 
to  ah  and  apphed  to  the  beam  ah  along  the  segment  PY  of  it  between 
a  and  Y  has  a  center  of  application  between  P  and  mid  span,  so  that 
the  moment  applied  to  bend  the  beam  is  less  than  WL/I6  by  reason 
of  the  faot  that  its  arm  is  less  than  \L.    The  amount  by  which  the 
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moment  resisted  by  the  beam  is  less  than  WL/I6  is  that  of  the  twist- 
ing moment  in  the  slab  about  YY  called  into  play  by  applying  the 
load  W/%  which  originates  at  0  to  the  beam  ah  at  a  distance  from  a 
less  than  L/2.  This  twisting  moment  and  the  bending  moment  in 
the  beam  ab  together  amomit  to  WL/I6. 

The  importance  that  attaches  to  the  present  discussion  of  the 
action  of  a  concentrated  load  on  a  square  plate  arises  from  the  fact 
that  it  is  here  shown  how  the  load  is  distributed  and  applied  to  the 
side  beams  by  means  of  bending  and  twisting  moments  in  the  plate, 
and  that  the  distribution  of  the  load  along  the  supporting  beams  is 
due  solely  to  the  twisting  moments,  which  as  will  be  seen  later,  are 
also  principally  responsible  for  the  warping  of  the  plate.  It  is  further 
shown  that  whatever  may  be  the  magnitude  of  the  twisting  moments 
they  reduce  by  just  so  much  the  total  amoimt  of  the  applied  bending 
moment  below  the  statical  moment  of  the  applied  forces  due  to  the 
loads.  Hence  it  is  evident  that  if  twisting  moments  are  called  into 
play  in  distributing  a  single  concentrated  load  upon  the  supports, 
they  are  also  necessarily  called  into  play  by  any  distribution  of  loads, 
uniform  or  otherwise,  since  these  may  be  regarded  as  made  up  of  a 
combination  of  concentrated  loads  placed  more  or  less  closely  to- 
gether. 

The  twisting  moment  in  that  part  of  a  section  parallel  to  ab  which 
is  on  one  side  of  FF  is  resisted  and  held  in  equilibrium  by  an  equal 
and  opposite  twisting  moment  on  that  part  of  the  section  on  the  other 
side  of  FF  thru  horizontal  shearing  resistances  of  opposite  signs  above 
and  below  the  neutral  surface.  These  horizontal  shears  are  zero  and 
change  sign  at  FF  and  increase  in  intensity  to  OP  where  they  are 
greatest.  They  are  also  resisted  by  those  portions  of  the  same  sec- 
tions between  OP  and  the  outside  edges  of  the  plate.  It  is  the  de- 
formation produced  in  these  last  mentioned  portions  by  the  hori- 
zontal shears  that  is  the  primary  cause  of  the  curling  up  of  the  plate 
near  the  comers. 

The  magnitude  of  the  twist  about  an  axis  lying  in  an  initially  flat 
plate  is  measured  by  the  difference  of  slope  produced  between  the 
tangents  to  two  normal  sections  of  the  neutral  surface,  which  are 
made  by  planes  perpendicular  to  the  given  axis  drawn  at  a  distance 
of  one  unit  apart  along  the  axis. 

Now  the  distribution  of  the  load  \W  which  is  carried  to  ah  and 
applied  along  PP  by  the  vertical  shears  on  sections  parallel  to  PP 
may  be  represented  by  drawing  a  series  of  radial  sections  of  zero 
shear  between  OY  and  OP  such  that  they  cut  off  distances  along  PY 
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to  which  equal  shears  are  applied.  The  segments  are  shortest  where 
the  intensity  of  the  beam  load  is  greatest  and  the  segments  become 
longer  the  nearer  they  are  to  P.  The  twisting  moment  about  OY 
is  formed  by  elements  due  to  vertical  shears  which  are  shifted  parallel 
to  ab  in  transmitting  an  element  of  the  load  toward  ab.  For  example 
the  element  of  vertical  shear  acting  on  ef  is  equal  and  opposite  to 
that  on  gh.  The  product  of  that  element  of  shear  by  the  perpendicu- 
lar distance  between  ef  and  gh  is  an  element  of  bending  tnoment 
about  XX f  but  the  product  of  it  by  the  distance  it  is  shifted  parallel 
to  XX  is  an  element  of  twisting  moment  about  YY.  It  is  evident 
that  the  twisting  moment  vanishes  at  FF  on  sections  perpendicular 
to  yF,  and  reaches  a  maximum  of  intensity  at  PO  in  such  sections. 

The  twisting  moment  applied  to  the  faces  ef  and  gh  tends  to  pro- 
duce right  hand  distortion  or  angular  motion  along  OY  from  0  toward 
ab  with  horizontal  shears  of  the  same  signs  in  prolongations  of  ef 
and  gh  toward  ad.  Such  a  distortion  makes  the  prolongation  of  gh 
toward  OY  slope  downward  and  makes  the  prolongation  toward  ab 
slope  upward  so  as  to  raise  the  plate  off  from  the  beams  near  a. 
The  slopes  produced  in  sections  near  to  ad  and  parallel  to  it  also 
cooperate  to  the  same  effect. 

The  contour  lines  in  this  plate  are  shown  in  Fig.  98,  where  they 
differ  from  those  of  a  circular  plate  carrying  a  concentrated  load  at 
its  center  and  supported  around  its  circimiference  in  that  the  contour 
lines  near  the  sides  are  flattened  out  so  those  that  are  nearest  become 
almost  parallel  to  the  sides  near  mid  span.  Those  further  away  from 
the  sides  are  not  so  much  changed  from  a  circular  form.  The  de- 
flection curve  for  a  mid  section  is  shown  immediately  below  the 
plan  view  and  the  side  elevation  after  bending  below  that. 

The  foregoing  analysis  is  applicable  to  plates  having  a  thickness 
of  the  order  of  l/40th  of  the  span.  For  a  plate  whose  thickness  is 
of  the  order  of  l/400th  of  the  span  length,  this  analysis  would  not 
be  applicable.  The  difference  in  the  mode  of  operation  of  a  very 
thin  plate  of  homogeneous  material  and  a  thicker  plate  under  a 
concentrated  load  at  the  center  brings  out  clearly  the  fundamental 
difference  between  plate  action  and  beam  action. 

Support  a  sheet  of  celluloid  l/l6"  thick,  12"  square,  freely  along 
its  edges  at  about  }"  in  from  the  edge.  Set  a  block  2"  in  diameter  in 
the  center  of  the  plate  and  apply  a  gradually  increasing  load  on  this 
block.  Under  a  load  of  6  or  8  pounds  it  will  be  found  that  the  comers 
of  the  plate  rise  slightly  from  the  supports  and  the  contours  are 
approximately  those  shown  in  the  preceding  figure  for  T3npe  III 
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floor.  When  this  load  is  gradually  increased  to  16  or  20  pounds,  a 
sudden  change  in  the  phenomena  is  observed  at  some  intermediate 
load,  where  the  plate  no  longer  remains  in  contact  with  the  supports 
at  and  near  the  middle  of  the  sides  but  rises  from  the  supports  at 
these  points  as  much  as  j"  or  f  as  the  load  is  increased  as  indicated 
in  Fig.  99.  The  contours,  previously  concave  toward  the  center  of 
the  panel,  now  become  convex  toward  the  center  opposite  the  middle 
of  the  sides,  and  become  star  shaped  outward  along  the  diagonals. 
When  with  in<^rease  of  load  the  plate  commences  to  curl  up  along  its 
median  lines  at  the  support' the  deflection  at  the  load  suddenly  in- 
creases, illustrating  the  phenomena  before  explained  that  as  the  con- 
tours change  from  convex  outward  to  a  form  alternately  concave  and 
convex  or  star  shaped  the  circumferential  resistance  is  thereby  des- 
troyed and  the  mode  of  operation  changed.  Coaction  of  circular  and 
radial  stress  then  ceases  and  deflection  increases  suddenly  with  this 
change.  By  curling  up  at  the  middle  of  the  sides  the  radial  resis- 
tance of  the  plate  is  increased  since  the  moment  of  inertia  of  a  cor- 
rugation is  greater  than  that  of  the  plane  plate.  Nevertheless,  by 
the  removal  of  the  cooperation  of  circular  ring  stress  with  the  radia' 
the  deflection  has  increased  although  the  corrugations  formed  in  the 
plate  have  increased  the  radial  resistance  to  bending.  Twisting 
moments  also  have  increased  at  the  same  time,  since  they  throw  the 
load  carried  by  the  side  supports  nearer  to  the  comers  of  the  panel 
and  distribute  it  as  shown  at  the  top  of  Fig.  99.  No  load,  of  course, 
can  be  brought  upon  a  side  support  at  points  at  and  near  the  middle 
of  a  side  where  the  plate  has  risen  from  it,  and  each  half  length  of  a 
side  beam  has  a  loaded  segment  PQ  at  and  near  each  of  its  quarter 
points.  The  triangular  area  QOQ  has  zero  vertical  shear  in  all 
sections  parallel  to  QQ,  The  only  vertical  shears  are  in  the  eight 
triangles  QOP. 

The  action  of  such  a  plate  shows  the  absurdity  of  attempting  to 
treat  a  flat  plate  supported  on  four  sides  by  beam  strip  theory  with 
strips  parallel  to  the  sides  since  the  load  not  only  does  not  travel  to 
the  supports  in  accordance  with  that  theory  but  is  carried  in  a  large 
measure  towards  the  comers  of  the  plate  by  twisting  moments  in- 
duced in  the  plate  by  double  bending. 

The  peculiar  phenomenon  of  unstable  equilibriiun  reached  under 
a  certain  load  which  causes  the  plate  to  rise  suddenly  from  the  sup- 
ports at  the  center  of  the  sides  and  its  deflection  to  increase  suddenly 
as  it  rises  from  those  supports,  indicates  that  the  twisting  moment, 
because  of  the  intensity  of  the  load,  has  risen  to  such  a  magnitude 
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that  the  plate  is  bent  thereby  and  rises  from  the  support,  an  action 
which  as  just  stated  illustrates  forcibly  the  inapplicability  of  the 
beam  strip  theory  with  strips  parallel  to  the  sides,  a  theory  which 
has  been  incorrectly  adopted  in  many  building  codes  and  endorsed 
by  the  Joint  Committee  of  the  Am.  Soc.  C.  E.  etc. 

If  the  single  load  upon  the  celluloid  plate  be  now  removed  and  four 
loads  be  placed  one  on  each  of  the  four  quarter  points  of  the  span  on 
the  median  lines  the  plate  will  carry  a  much  heavier  total  load  than 
before  without  buckling  up  from  the  middle  of  the  side  supports  at 
all.  If,  however,  the  points  of  application  of  the  load  be  at  the  four 
quarter  points  of  the  diagonals,  instead  the  same  phenomena  which 
occurred  with  the  central  load  are  observed.  Under  a  uniformly 
distributed  load,  no  curling  up  of  the  comers  nor  apparent  inequahty 
in  distribution  of  the  load  along  the  sides  of  the  plate  has  been  ob- 
served. 

The  star  shaped  contours  before  described  are  illustrated  in  Fig. 
99.  Also  an  elevation  of  the  edge  of  the  plate  as  it  curled  up  from 
its  side  supports. 

5.  Distribution  of  Reactions  Determined  by  the  Direction  of 
Lines  of  Zero  Shear.  In  uniform  plates  vertical  shearing  forces  travel 
in  straight  lines  toward  their  supports  in  directions  determined  by 
the  most  rigid  parts  of  the  structure  considered  with  reference  to 
their  resistance  to  shearing  and  twisting.  The  twisting  moments 
brought  into  action  by  the  restraint  of  the  plate  by  its  supports 
takes  effect  by  changing  the  direction  of  travel  of  the  load  and  they 
thereby  alter  the  distribution  of  the  reaction  of  the  load. 

Consider  the  Type  I  slab,  Fig  100,  under  beam  curvature,  in 
which  the  contours  are  straight  lines  drawn  in  the  figure  at  the  left. 
If  we  draw  lines  aa  and  a'a'  parallel  to  XX  which  is  normal  to  the 
supports  we  have  a  beam  strip  between  the  planes  aa  and  a'a'  along 
the  sides  of  which  there  is  zero  shear  and  these  lines  of  zero  shear 
are  normal  to  the  straight  line  contours  parallel  to  YY,  There  is 
only  one  other  line  of  zero  shear  and  that  is  along  YY  which  is 
coincident  with  the  contour  itself  and  that  one  contour  is  the  only 
element  which  is  coincident  with  the  Une  of  zero  shear.  All  other 
lines- of  zero  shear  are  normal  to  the  contours.  This  is  typical  of 
beam  action  and  cylindrical  curvature. 

Because  all  other  lines  of  zero  shear  make  symmetrical  angles 
with  FF  it  is  the  axis  of  zero  shear  for  a  type  I  slab  and  where  there 
is  cylindrical  bending  in  but  one  direction  there  can  be  but  one  axis 
of  zero  shear. 
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YY  and  XX,  Figs*.  101  and  102  in  types  III  and  IV  are  similar 
axes  of  zero  shear  since  other  Unes  of  zero  shear  in  adjacent  octants 
on  opposite  sides  of  XX  and  YY  make  synmietrical  angles  with 
them. 


I  Mpi  HwF^, 
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Fig.  100 
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The  intersection  of  the  lines  of  zero  shear  at  the  center  forms  a 
focus  of  zero  shear  lines  in  these  panels.  For  a  square  panel  of 
Type  III  there  is  but  one  focus  of  zero  shear  Unes  while  in  a  rectangu- 
lar panel  there  may  be  more  than  one  as  will  be  shown  later. 

In  dish  shaped  curvature  all  axes  of  zero  shear  are  normal  to  the 
contour  lines,  see  Figs.  91  and  92,  and  one  of  the  principal  stresses 
lies  along  the  contour  and  the  other  along  the  axis  of  zero  shear  at 
their  point  of  intersection.  This  is  true  of  anticlastic  curvature  as 
well  except  at  .one  point  in  the  center  of  the  saddle  shaped  areas 
where  the  contour  intersects  the  axis  of  zero  shear  at  an  angle  which 
is  45°  for  simple  anticlastic  curvature  such  as  that  at  the  middle  of 
either  side  of  a  square  panel  of  Type  IV  floor  uniformly  reinforced 
and  unifonnly  loaded. 

In  section  1  we  discussed  the  localization  of  reinforcement  in 
respect  to  contours  in  a  circular  flat  plate  supported  on  walls  and  the 
change  produced  in  contours  and  mode  of  operation  by  localization 
of  reinforcement.  In  Fig.  103  the  same  plate  is  again  illustmted 
locating  the  axes  of  zero  shear  aa  and  bfe  which  bisect  the  angle  made 
by  the  rigid  strips  of  reinforcement.  There  are  two  other  axes  of 
zero  shear  which  pass  through  the  center  of  the  heavily  reinforced 
strips.     The  lines  of  zero  shear  make  an  angle  with  these  axes  and 


]    BHBAR    UNEB 


for  the  quadrant  in  the  upper  left  hand  comer  the  foci  of  these  lines 
of  zero  shear  will  be  found  on  6ft  at  points  F,  and  F3.  As  the  rigidity 
of  the  strips  increases  Fi,  and  F^  move  out  along  bb.  As  their  rigidity 
decreases  these  foci  approach  each  other  and  as  the  njate  becomes 
more  and  more  nearly  unifonn  in  its  reinforcement  they  would 
finally  coincide  at  the  center  of  the  plate. 


We  will  now  consider  a  similar  plate  similarly  reinforced  but 
instead  of  being  supported  around  its  edge  consider  it  supported  on 
a  column  at  its  center  and  monolithic  therewith.  Under  uniform  load 
tbip  would  be  a  circumferential  cantilever.  Lines  aa  and  bb  would 
likewise  be  lines  of  zero  shear  and  the  contour  lines  would  differ  from 
the  circular  contours  of  the  imiformly  reinforced  plate  Fig.  96, 
section  1  as  shown  in  Fig.  104,  and  would  resemble  those  of  Fig.  94 
rotated  through  an  angle  of  45°.  The  position  of  the  foci  of  zero 
shear  would  be  identical  with  those  for  the  plate  supported  at  ita 
periphery,  Fig,  103,  with  the  same  reinforcement  except  that  the 
lines  of  zero  shear  would  be  on  opposite  sides  of  the  a'xis  aa  of  zero 
shear  as  shown  in  Fig.  105. 

6.  Distribution  of  Reactions  of  Wall  and  Beam  Su|^>orts  in 
Rectangular  Panels  as  Determined  by  the  Direction  of  the  Lines 
of  Zero  Shear.  Employing  the  principle  that  vertical  shearing 
forces  in  uniform  plates  travel  in  straight  lines  toward  the  supports, 
let  us  consider  now  the  case  of  a  rectangular  panel  supported  on  four 
rigid  beams  or  walls.  When  such  a  panel  is  uniformly  loaded  it  is 
well  known*  that  the  plat*  will  form  valley  lines  at  45°  from  the 
comers  of  the  plate  as  shown  in  Fig.  106.  Now  the  formation  of 
such  valley  lines  induces  twisting  in  the  plat*  and  such  twisting 
moments  will  cause  the  lines  of  zero  shear  at  the  ends  to  radiate 
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from  the  focus  Fj  approximately  at  the  intersection  of  the  45®  lines 
at  the  ends  of  the  plate,  thus  distributing  the  load  within  the  45® 
lines  unifoiTOly  along  the  supporting  walls  or  rigid  beams  at  the  ends. 
In  like  manner  the  rest  of  the  load  on  the  plate  will  be  distributed 
uniformly  along  the  side  walls  or  beams  but  this  load  will  be  of 
greater  intensity.  The  focus  of  the  lines  of  zero  shear  will  lie  at  F2 
on  the  axis  Y  through  the  center  of  the  plate  and  the  diagonal  aFi, 
The  intensity  of  the  uniform  distribution  of  the  load  on  oeFi  along 
ae  and  the  load  on  agoF2  along  ag  is  readily  calculated,  (gf  being  the 
intersection  of  ab  and  YY,) 


Fig.  106 


The  magnitude  of  the  twisting  moment  about  XX  called  into 
play  by  the  travel  of  the  load  W\  that  rests  on  oeFi  to  ae  in  such 
manner  that  the  lines  of  zero  shear  radiate  from  Fi  may  be  readily 
calculated  as  follows: 

If  Li=cm/,  then  the  statical  moment  of  Wi  acting  at  its  center 
of  gravity  about  XX  is  I/6  TTiLi,  and  the  statical  moment  of  the 
reaction  W^  uniformly  distributed  along  the  beam  is  JWiLi.  The 
difference  of  these  statical  moments  =  }riLi/l2  is  the  twisting  mo- 
ment about  XX  produced  by  the  vertical  shears  along  ae.  But  Wi  = 
1/8  wL\  when  w^  =  the  load  per  square  unit.  Hence  the  twisting 
moment  about  XX  —  wL\/^^, 

Again,  let  L2  =  a6,  then  similarly  the  twisting  moment  of  the  load 
upon  aFi  og  about  oF  is  the  difference  between  that  produced  by  a 
uniform  load  on  agF2  and  that  due  to  a  uniform  load  on  Fi  oF-i  viz. 

ti?L|/96— u;(L2— ^OV^G  where  oF^  =  \{L2—Li) 

These  twisting  moments  are  produced  by  the  shifting  of  the 
vertical  shears  which  act  on  sections  parallel  to  a  side.  These  shears 
represent  the  travel  of  the  load  to  the  side  and  they  shift  along  the 
side  at  the  same  time  that  they  progress  toward  the  side.     That 
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part  of  this  progress  which  is  directly  toward  the  side  produces  bending 
moment,  while  the  shift  parallel  to  a  side  produces  twisting  moment. 
The  shift  at  any  point  of  a  section  increases  in  proportion  to  its  dis- 
tance from  the  median  line,  consequently  the  intensity  of  the  twist- 
ing moment  increases  uniformly  on  any  section  parallel  to  a  side  from 
zero  at  the  median  line  to  the  diagonal  line,  where  it  has  twice  the 
mean  intensity  of  the  section. 

We  find  the  total  bending  moment  applied  to  the  plate  about 
yy  by  multiplying  the  load  2Wi=ioLf/4  that  travels  to  ad  by  the 
perpendicular  distance  l/6  Li  of  its  center  of  gravity  from  ad. 
Hence  the  bending  moment  about  YY  is  wLl/2^. 

Similarly  the  total  bending  moment  appUed  to  the  plate  about 
XX  is  found  by  multiplying  the  load  {wLi{2L2 — Li),  lying  on  the 
trapezoidal  area  between  XX  and  the  side  db  =  L2  which  is  transmitted 

to  ab,  by  the  perpendicular  distance -^^ — ? from  ab  to  the  cen- 

6(2L2 — Li) 

ter  of  gravity  of  the  trapezoid.  The  total  applied  bending  moment 
about  ab  is  therefore  wL^  (3L2 — 2Li)/24.  This  is  one  part  of  the 
total  statical  moment  I/8  wL\L2  about  XX  of  the  load  \wL1L2  of 
which  the  other  parts  are  the  two  twisting  moments  on  the  ends, 
which  together  amoimt  to  i(?L?/48,  and  the  sum  of  the  bending  ny)- 
ments  in  the  two  end  beams,  viz.  t£?L?/l6,  which  beams  each  carry 
a  uniformly  distributed  load  of  intensity  ioLi/4.  The  sum  of  these 
three  parts  added  together,  gives  the  total  statical  moment  about 
XX  of  the  applied  load  as  above  stated. 

We  will  now  consider  the  case  where  the  rectangular  slal)  is  vsup- 
ported  on  flexible  beams  instead  of  upon  rigid  beams  or  walls.  As 
the  beams  bend  or  deflect  since  the  slab  possesses  the  same  l^ending 
resistance  in  all  directions  a  distribution  of  the  load  will  occur  that 
will  differ  from  that  in  case  of  rigid  beams  or  walls.  More  load  will  , 
be  thrown  upon  the  shorter  beams  od  and  be  than  was  thrown  upon 
the  walls  ad  and  be  in  the  case  of  rigid  inflexible  supports.  The 
bending  moment  will  therefore  be  increased  and  the  twisting  moment 
will  increase  with  it.  The  foci  Fi  and  F2  of  the  radiating  lines  of 
zero  shear  will  approach  each  other,  F2  moving  along  FF  toward  0 
and  Fi  moving  along  XX  toward  0  imtil  when  the  beams  dc  and  ab 
deflect  a  sufficient  amount  more  than  the  beams  ad  and  be  the  foci 
will  meet  at  0  and  a  quarter  of  the  load  will  then  be  transferred  to 
each  of  the  respective  sides  and  the  lines  of  zero  shear  will  be  as  re- 
presented in  Fig.  107. 
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The  bending  moment  in  the  plat«  about  YY  will  be  due  to  the 
transfer  of  the  load  iwLiL^  which  lies  inside  the  triangular  area  aad 
to  the  side  ad  a  distance  l/6  L2  and  will  amount  to  u>LiL2/24. 
The  twititing  moment  about  YY  due  to  shifting  a  total  load  of  the 
same  amount  parallel  to  ab  and  cd  through  a  distance  L2/12  is 
■u'LiLj '48  whieh  is  one  half  as  great  as  the  bending  moment  in  the 
panel  about  YY.  The  sum  of  these  moments,  viz.  ioLiL|/16,  is 
the  total  applied  moment  in  the  plate  about  YY.  The  total  statical 
moment  about  YY  of  the  panel  load  is  I/8  wLiLl  one  half  of  which 
is  held  in  equilibriimi  by  the  resistance  of  the  combined  trending  and 
twisting  moment  aI>out  YY,  while  the  other  half  is  borne  by  the 
moment  in  the  side  beams  ab  and  cd  each  of  which  carries  a  uniformly 
distributed  load  of  intensity  {wLi,  thus  offering  a  total  bending 
moment  in  eacSi  beam  of  wLjLl/Z2  due  to  the  load  in  this  panel. 

If  these  results  in  Fig.  107  be  compared  with  those  in  Fig.  106  we 
notice  that  the  movement  of  the  foci  Fi  and  F2  to  the  panel  center  o 
has  had  the  effect  of  transmitting  a  smaller  part  of  the  total  panel 
load  to  the  longer  sides  and  a  larger  part  to  the  shorter  sides.  This 
has  made  the  bending  moment  in  the  plate  about  YY  larger  in  Fig. 
107  than  in  Fig.  106,  but  has  made  that  about  XX  smaller  in  Fig. 
107  than  in  Fig.  106,  wliile  the  statical  moments  are  unchanged, 
and  further  the  landing  moment  about  F  V  in  Fig.  107  is  larger  than 
thai  altout  XX,  while  the  opposite  is  true  in  Fig.  106.  There  is 
consequently  some  intermediate  degree  of  beam  rigidity  between 
these  two  causes  where  the  bending  moments  in  the  plat«  will  be  the 
same  aliout  XX  as  about  YY  in  which  case  the  foci  will  be  situated 
somewhat  nearer  0  than  in  Fig.  106.  In  such  case  somewhat  more 
than  one  <|uai'ter  of  the  load  will  be  carried  to  each  of  the  longer  sides. 


Consider  a  still  further  reduction  in  the  rigidity  of  the  side  l«'ams 
ab  and  cd  in  Fig.  108.     The  focus  of  the  linea  of  zero  shear  which  waf? 
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at  0  in  Fig.  107  will  move  for  each  quadrant  away  from  o  along  the 
diagonals  of  the  panel  to  positions  Fi  and  F2  for  two  quadrants  above 
XX  and  to  positions  F\  and  F'2  for  the  quadrants  below  XX.  Thus 
the  outside  lines  radiating  from  the  foci  to  points  at  mid  span  on  the 
sides  would  cross  each  other  thus  forming  a  star  with  six  points. 

Thus  Fig.  104  with  four  foci  represents  what  occurs  in  practice 
with  sufficient  accuracy,  but  cases  may  be  supposed  where  the 
rigidity  of  the  side  beams  ad  and  cd  is  very  different  from  that  of  the 
end  beams  ad  and  6d.  In  such  cases  the  focus  from  which  radiating 
lines  are  drawn  to  the  end  of  a  quadrant  would  be  at  a  different  dis- 
tance from  o  along  the  diagonal  from  the  focus  from  which  lines  are 
drawn  for  the  adjacent  side  of  that  quadrant. 

Consider  now  a  further  reduction  in  the  relative  rigidity  of  the 
beams  ab  and  arf,  illustrated  in  Fig.  109.  There  would  be  a  further 
movement  of  Fi  and  F2  along  the  diagonals  which  movement  would 
become  very  rapid  indeed  with  reduction  in  the  rigidity  of  the  beams 
until  the  lines  of  zero  shear  would  become  parallel  to  each  other  and 
Fi  and  F2  had  moved  along  the  diagonal  to  infinite  distances.  Then 
with  a  slight  further  reduction  in  the  rigidity  of  the  beams  the  lines 
of  zero  shear  would  not  remain  parallel  but  would  make  an  angle 
with  each  other  in  the  other  direction  and  F^  and  F2  would  then  re- 
appear at  an  infinite  distance  on  the  opiK)site  side  of  the  center  o 
and  then  gradually  move  backward  toward  a  and  c  along  the  diagonals. 
They  thus  approach  the  positions  of  the  lines  of  zero  shear  in  the  flat 
slab  of  uniform  moment  of  inertia  on  comer  supports.  Such  a  dis- 
tribution of  lines  of  zero  shear  as  is  seen  in  Fig.  109  would  occur  in 
the  column  supported  flat  plate  when  additional  material  is  placed 
in  the  center  of  a  direct  belt  or  along  column  lines,  thus  increasing 
the  moment  of  inertia  in  that  portion  of  the  panel  above  that  along 
XX  and  YY  through  the  middle  of  the  panel. 

Various  methods  have  been  proposed  at  different  times  for 
attempting  to  obtain  a  square  panel  of  area  L^  and  supported  on  side 
beams  which  shall  be  practically  equivalent  to  a  rectangular  panel 
of  size  Li  by  L2  when  both  carry  the  same  load  W.  If  the  load  per 
square  unit  as  well  as  the  total  load  be  the  same  in  both,  then  L^  = 
L1L2,  and  that  is  frequently  assumed  to  give  the  size  of  an  equivalent 
square  panel,  in  which  the  side  of  the  square  is  a  geometrical  mean 
between  the  sides  of  the  rectangle. 

Another  frefjuent  assumption  is  that  the  side  of  the  square  is 
the  arithmetical  mean  of  the  sides  of  the  rectangle,  i.  e.  L  =  i(Li  + 
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L2). .  But  no  method  proposed  so  far  has  been  found  to  give  so  good 
an  approximation  to  the  side  L  of  a  square  that  is  equivalent  to  a 
rectangle  with  sides  Li  and  L2  as  the  formula  proposed  by  Turner  in 
1909  as  follow^: 

L1+L2 

This  formula  is  based  upon  the  supposition  that  the  intensity  of 
the  load  is  practically  the  same  at  "all^  points  of  all  the  sides,  viz. 
iw/(Li  +  Z/2)  aiid  that  the  moment  of  inertia  of  the  beams  is  the 
same  on  the  long  as  on  the  short  sides,  when  they  have  a  depth  be- 
low the  slab  of  two  or  three  times  the  thickness  of  the  slab. 

Further  considerations  by  which  this  formula  for  the  side  of  an 
equivalent  square  was  arrived  at  had  to  do  with  the  impairment  of 
the  circumferential  action  iyi  rcctanfeular  panels  below  that  which 
occurs  in  square  panels,  but  these  considerations  will  not  be  given 
here.  However,  it  is  clear  from  previous  discussions  of  circumferential 
action  that  it  affords  one  cf  the  necessary  bases  for  calculating  the 
equivalence  of  panels,  and  that  to  take  a  geometric  or  an  arithmetic 
mean  is  a  mere  guess  based  on  nothing  at  all. 

This  value  of  L  when  substituted  in  the  formulas  both  for  mo- 
ments and  deflections  in  square  panels  has  been  found  to  give  the 
moments  and  deflections  in  the  eqivalent  rectangular  panels  sup- 
ported by  beams  L/lO  in  depth. 

7.  Continuity  in  Plate  Action.  In  flat  slabs  of  Type  IV, 
colimin  supported,  continuity  between  panels  is  one  of  the  essentials 
necessary  to  render  the  construction  feasible  or  commercially  prac- 
tical. To  effect  this  the  steel  is  required  to  be  placed  at  the  top 
over  the  supports.  The  remarkable  effects  of  full  continuity  on  the 
resistance  of  slabs  of  Tynpe  IV  are  developed  in  certain  important 
aspects  in  the  next  section.  If,  however,  the  steel  was  all  of  it  placed 
in  the  bottom  throughout  and  distributed  uniformly  or  in  stripy  no 
practical  continuity  could  be  said  to  exist  between  panels,  for  the  col- 
umn supiK)rts  would  induce  anticlastic  curvature  by  reason  of  the 
wide  difference  in  rigidity  between  the  reinforced  tension  zones  at 
the  bottom  and  the  unreinforced  tension  zones  over  the  supports. 
The  slab  would  then  tend  to  bend  in  predominantly  cylindrical  cur- 
vatiu'e  across  the  column  lines  which  would  tend  to  form  a  hip  along 
.each  diagonal  line  with  tension  in  the  upper  surface  across  the  diago- 
nals and  compression  below  but  with  compression  across  the  top  of 
the  median  line  and  tension  below  throughout.     Thus,  little  or  no 
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cooperation  of  ring  stresses  would  be  possible  in  such'  a  slab  since  in 
the  change  from  tension  across  the  diagonal  to  compression  across 
the  median  line  there  must  be  some  point  where  the  stress  would 
pass  through  zero  and  change  its  sign  and  consequently  no  con- 
tinuous circumferential  action  could  exist. 

With  a  beam  supported  slab  of  T>'pe  III  continuity  .over  the  beam 
supports  is  of  relatively  small  importance.  The  rigidity  of  the 
beam  lines  in  the  Type  III  slab  produce  the  45°  valleys  before  dis- 
cussed  and  the  formation  of  these  valleys  limits  the  negative  mo- 
ment over  the  beams  to  a  nearly  negligible  area.  The  radical  dif- 
ference shown  to  exist  between  slabs  of  Type  III  and  continuous 
column  supported  slabs  of  Type  IV  is  the  result  of  the  difference  in 
the  magnitude  and  mode  of  operation  of  the  twisting  moments  in 
the  two  tjTpes.  The  twist  in  a  Type  III  slab  shifts  the  shears  and 
moments  along  the  beams  or  sides  of  the  panels  and  has  an  effect  to 
reduce  bending  moments  in  the  slab  only  about  half  as  much  as  in 
the  column  supported  slab  where  the  twist  shifts  the  shears  and 
moments  in  a  direction  nonnal  to  the  side  of  the  panel. 

8.  The  Elastic  Bending  of  Thin  Plates  in  Synclastic  Cur- 
vature* The  curvatiwe  at  any  point  P  of  a  curved  surface  is  most 
readily  measured  by  finding  the  radii  of  curvature  of  two  curved 
plane  sections  of  the  surface  made  by  a  pair  of  planes  drawn  normal 
to  the  surface  at  P  and  at  right  angles  to  each  other.  Normal 
planes  are  those  perpendicular  to  the  siuiface  at  P,  and  they  inter- 
sect each  other  in  the  normal  to  the  surface  at  P.  If  R  is  the  radius 
of  curvature  of  any  plane  section  at  the  point  P,  then  l/fi  is  defined 
as  its  curvature  at  P. 

At  every  point  of  a  convex  surface  there  must,  except  in  case 
when  the  curvature  of  all  of  the  sections  is  the  same,  be  some  one 
of  the  normal  sections  in  which  the  curvature  is  the  greatest, 
and  also  another  section  in  which  the  curvature  is  least.  These 
are  called  principal  planes  and  principal  curvatures.  According  to 
Euler's  Theorem  these  principal  sections  he  in  normal  planes  which 
are  at  right  angles  to  each  other,  and  further,  the  sum  of  the  cur- 
vatures of  any  pair  of  rectangular  normal  sections  whatever,  at  a 
given  point  P  is  constant,  so  that  in  rotating  a  pair  of  normal  planes 
that  remain  perpendicular  to  each  other  about  the  normal  the  in- 
crement of  the  curvature  of  either  normal  section  is  equal  to  the 
decrement  of  the  other,  and  the  sum  of  the  two  normal  curvatures 
is  equal  to  that  of  the  principal  curv'atures. 
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In  his  great  treatise  on  the  Mathematical  Theory  of  Elasticity* 
Love,  following  the  original  investigations  of  Gauss^  demonstrates 
on  page  473  that  when  a  piece  of  a  thin  elastic  shell  or  plate  that  has 
a  spherical  curvature  of  \/R  is  deformed  by  a  small  bending  without 
stretchinp',  then  in  the  case  of  initial  spherical  curvature  one  principal 
curvature  of  the  deformed  surface  will  exceed  the  initial  curvature 
\/R  by  the  same  amount  as  the  other  will  be  less  than  l//?.  That 
this  is  the  fact  in  this  case  seems  evident  without  following  the 
abstruse  analysis  of  Love  which  treats  the  bending  of  thin  curved 
non-spherical  surfaces  in  general,  because  if  x  and  y  be  lines  drawn 
tangent  to  two  rectangular  normal  sections  at  P,  and  the  spherical 
surface  be  bent  slightly  about  x  so  as  to  alter  the  cm^ature  of  the 
section  in  the  normal  plane  at  right  angles  to  x  by  alternately  in- 
creasing and  decreasing  it,  it  is  evident  from  sjmmetry  that  the 
curvatures  of  the  section  in  the  normal  plane  at  right  angles  to  y 
will  undergo  at  the  same  time  alterations  of  curvature  which  are 
equal  and  opposite  to  those  in  the  first  normal  plane,  altho  this 
equality  (^ot^s  not  in  general  hold  true  in  shells  that  are  not  spherical 
in  shape.  Ncv€;rlheleFs,  the  ?ame  statement  evidently  holds  true 
for  surfaces  of  revolution  about  the  normal  at  P  as  an  axis. 

Having  established  the  fact  that  any  slight  bending  about  x  of 
a  piece  of  a  thin  elastic  spherical  shell  or  a  thin  elastic  plate  in  the 
form  of  a  surface  of  revolution  about  the  normal  is  necessarily  ac- 
compabied  by  an  equal  opposite  bending  about  y  in  case  its  neutml 
surface  undergoes  no  stretching,  let  us  consider  the  bending  moments 
that  must  be  applied  to  produce  such  a  deformation. 

It  is  evident  from  the  fundamental  equation  El/R  =  M  of  the 
ordinary  theory  of  bending  that 

Efd{l/R)=d  M 

is  the  equation  which  expresses  the  relation  between  the  increment 
(or  decrement)  of  curvature  d{l/R)  and  the  increment  (or  decrement) 
d  Af  of  the  applied  moment  which  produces  this  change  of  curvature 
about  X  (or  y)  in  which  the  value  of  /  may  be  calculated  in  case  of 
only  slight  curvature  just  as  in  a  flat  plate.  It  is  evident  that  in 
order  to  produce  this  kind  of  deformationi  it  is  sufficient  to  apply  one 
positive  and  one  negative  moment  increment,  each  of  the  same  magni- 
tude dMy  simultaneously  about  each  of  the  rectangular  axes  x  and 
y,  respectively.  These  moments  produce  elongations  and  shorten- 
ings in  the  exterior  and  interior  fibers  of  the  plate  or  shell  inde- 


*Second  Eklition  published  at  the  rnivereity  Press,  Cambridge,  Enxland,  1906 
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pendently  in  two  directions  at  right  angles  to  each  other  in  the  same 
manner  as  in  a  beam  but  none  whatever  are  produced  in  the  neutral 
surface,  so  that  the  resistance  that  is  offered  to  this  bending  arises 
from  the  resistance  which  the  fibers  offer  to  such  elongation  and 
shortening.  The  principal  curvatures  of  the  surface  after  bending 
will  be  1//2+  dil/R)  and  l/ft— d(l/ft)  respectively. 

It  is  furthermore  to  be  noted  that  the  same  deformation  may  be 
otherwise  produced  by  applying  the  sum  total  of  both  moment  in- 
crements, viz.  2dMy  about  either  x  or  y  alone,  and  no  moment  in- 
crement whatever  about  the  other  axis.  We  may  review  and  re- 
state this  demonstration  as  follows: 

Consider  two  thin  elastic  plates  of  the  same  material,  and  of  equal 
area  and  of  equal  thickness,  the  only  difference  between  them  being 
in  their  curvatures.  Let  one  have  a  small  initial  cylindrical  curva- 
ture l/R  where  R  is  large  and  the  other  an  equal  spherical  curva- 
ture in  all  directions.  These  curvatures  may  either  be  natural  to 
the  plates  in  their  unstressed  condition,  or  they  may  be  initial  elas- 
tic deformations.  Let  dM  be  an  element  of  bending  moment  that 
increases  the  cylindrical  curvature  by  a  given  small  amount  d(l/i2), 
i.  e. 

EId{l/R)=dM 

just  as  in  an  initially  flat  plate.  When  this  bending  moment  acts 
on  the  plate  it  changes  the  initial  curvature  by  the  same  amount 
whether  the  initial  curvature  was  or  was  not  produced  by  initial 
stresses,  provided  the  bending  does  not  exceed  the  limits  of  elasticity. 

But  if  an  element  of  bending  moment  dM  could  be  applied  to 
produce  elongations  and  compressions  in  the  fibers  perpendicular  to 
a  given  axis  z  in  the  spherical  plate  and  in  these  filers  alone,  it  would 
produce  an  increment  of  curvature  in  sections  perpendicular  to  x 
equal  to  that  in  the  cylindrical  plate.  But  dM  when  so  applied  to 
the  spherical  plate  cannot  act  to  do  this  independently  and  without 
hindrance  as  it  is  able  to  do  in  the  cylindrical  plate  because  this  in- 
crement of  curvature  +  d(l/R)  in  planes  perpendicular  to  x  is  neces- 
sarily accompanied  by  an  equal  decrement  of  curvature  — dil/R) 
in  sections  perpendicular  to  y  which  decrement  requires  the  applica- 
tion either  of  an  additional  element  of  bending  moment  of  the  same 
amount  dM  about  x  or  of  a  negative  element — dM  about  y  to  diminish 
the  curvature  in  sections  perpendicular  to  y  by  the  amount  — dM{l/R 
with  its  equal  elongations  and  compressions. 

That  the  action  of  an  element  of  bending  moment  — dM  about  y 
is  equivalent  in  its  action  to  a  numerically  equal  element  +dM  about 


SYNCLASTIC  BENDING  OP  THIN  PLATES  257 

z  follows  from  the  fact  that  the  amount  of  work  stored  in  the  elonga- 
tions and  compressions  of  the  fibers  parallel  to  x  is  the  same  as  in 
those  parallel  to  y  during  alterations  of  curvature,  and  whether  that 
work  is  performed  by  the  bending  moment  about  x  or  by  the  bending 
moment  about  t/,  is  immaterial.  The  forces  involved  in  +dM  act- 
ing about  X  move  thru  the  same  distance  as  -dM  about  y,  since  the 
deformation  +d{l/R)  about  x  is  numercially  equal  to  the  deforma- 
tion -d{l/R)  about  y. 

Hence  the  spherical  plate  or  shell  when  acted  on  by  an  increment 
of  bending  moment  -|-2dM  about  x  alone  will  receive  the  same  in- 
crement of  curvature  d{l/K)  about  x  as  an  equal  cylindrical  plate 
would  receive  when  acted  on  by  an  increment  dM  one  half  as  large, 
but  the  spherical  shell  will  also  at  the  same  time  suffer  a  decrement 
of  curvature  -d{l/R)  about  y. 

Now  let  us  consider  a  piece  of  a  thin  elastic  plate  or  shell  which 
has  first  been  slightly  deformed  from  its  initial  shape  of  a  surface  of 
revolution  about  the  normal  at  P,  into  a  surface  whose  principal 
curvatures  at  P  are  l/R  +  d(l/R)  and  l/R  -  d(l/R)  respectively, 
by  the  application  of  a  bending  moment  =  2dM  about  x  and  no  mo- 
ment about  y.  Secondly,  let  a  positive  bending  moment  equal 
2dM  be  also  applied  to  it  about  y  in  addition  to  the  positive  moment 
2dM  already  appUed  about  x. 

It  is  thus  subjected  to  equal  positive  bending  moments  about  both 
X  and  y.  This  will  increase  the  sum  of  the  curvatures  in  sections  at 
right  angles  to  each  other  and  make  the  sirni  have  a  value  greater 
than  it  had  previous  to  the  application  of  these  moments,  and  will 
involve  a  stretching  of  the  neutral  surface,  and  a  resistance  due  to 
such  stretching  besides  that  due  to  bending. 

In  the  first  deformed  state  where  the  moment  2dM  was  applied 
about  X  alone  opposite  alterations  of  curvature  of  +  d{l/R)  were 
produced  about  x  and  y,  and  the  entire  effect  of  this  applied  moment 
was  employed  in  producing  bending,  but  when  a  positive  applied 
moment  2dM  about  y  is  superposed  upon  the  foregoing,  only  part  of 
its  effect  acts  to  overcome  resiistance  to  bending  while  part  produces 
stretching  of  the  neutral  surface. 

The  consequence  of  this  is  that  the  application  of  the  additional 
moment  2d.M  about  y  while  it  produces  a  certain  amount  of  positive 
curvature  about  y  and  of  negative  curvature  about  x  does  not  pro- 
duce so  much  alteration  in  those  curvatures  as  it  would  were  2dM 
not  acting  about  x.  From  this  it  is  evident  that  when  moments  each 
equal  to  2dM  are  simultaneously  applied  about  both  x  and  y  to  the 
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convex  surface  whose  initial  curvatures  were  both  l/R,  then  the 
equal  resulting  curvatures  of  the  stretched  surface  will  be  less  than 
I/R  +  d{l/R)  i.  e.  the  elongations  of  extreme  fibera  sho^\^l  by  ex- 
tensometer  measurement  will  be  less  than  half  as  much  as  the  mo- 
ment 2dM  would  produce  in  cylindrical  bending  of  a  beam  or  flat 
plate. 

But  a  thin  flat  plate  or  slab  after  double  curvature  has  begun  to 
take  place  in  it  is  a  thin  shell  in  which  the  normal  curvatures  affect 
each  other  in  the  manner  just  investigated,  and  require  in  order  to 
produce  given  chatiges  of  curvature  and  given  surface  elongations 
more  than  twice  the  applied  moment  that  would  be  required  in  pro- 
ducing cylindrical  curvature  in  the  flat  plate. 

The  question  that  arises  in  connection  with  this  employment  of 
the  fundamental  principle  of  the  mutual  relation  of  changes  in  the 
principal  curvatures  of  thin  shells  in  its  application  to  flat  plates  in 
which  double  curvature  htets  been  produced  by  bending,  is  this: 
How  much  curvature  must  be  produced  in  a  flat  plate  to  require  the 
application  to  it  of  this  principle  which  controls  the  changes  in  the 
curvatures  of  thin  shells.  The  answer  is  this:  Whenever  the  double 
bending  is  such  that  the  tensions  and  compressions  due  to  the  bend- 
ing are  sufficient  to  produce  actual  stresses  and  strains  in  the  fibers 
of  the  plate  in  directions  parallel  to  the  two  principal  planes  of 
magnitudes  approximately  equal  to  each  other  the  plate  then  acts 
on  the  principle  of  a  thin  shell  and  the  above  demonstration  as  to  a 
thin  shell  holds  true  of  the  plate;  but  when  the  stresses  and  strains 
in  one  direction  have  magnitudes  very  different  from  those  at  right 
angles  thereto,  the  mutual  effect  of  changes  of  curvature  is  very  much 
reduced. 

9.    Concrete  Slabs  in  Which  Plate  Action  is  Partially  Developed. 

By  staggering  the  columns  where  the  ordinarj'^  arrangement  would 
interfere  with  the  desired  arrangement  of  lines  of  boxes,  shelving 
and  walls  an  economical  column  spacing  may  be  adopted.  This 
diagonal  arrangement  of  columns  is  merely  placing  each  column 
opposite  the  mid  point  between  columns  of  adjacent  rows. 

The  first  concrete  structure  of  this  type  was  the  Bostwick  Braun 
wholesale  hardware  building  at  Toledo,  built  in  1907,  on  the  Mush- 
room system.  The  column  spacing  was  17'0"  centei*s  on  diagonal 
lines  giving  rows  12'0"  center  to  center  on  lines  parallel  to  the  walls, 
thus  permitting  lines  of  boxes  to  be  built  from  column  to  column  par- 
allel to  either  wall  and  still  only  12'0"  center  to  center.  The  column 
spacing  17'0"  on  diagonal  lines  was  more  economical  than  12'  by  12' 
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or  12' by  24' or  24'  by  24',  one  of  which  would  be  required  to  give  the  i 
same  box  or  shelf  arrangement  without  loss  of  space,  allowing  the 
columns  to  go  through  the  boxing  if  a  strictly  rectangular  arrange- 
ment of  columns  were  adopted. 

Mr.  David  W.  Morrow  of  Cleveland  in  U.  S.  Patent  1,064,850 
discloses  a  modification  of  the  Turner  arrangement  of  the  Bostwick 
Braim  Building  in  which  the  columns  are  likewise  staggered  but 
arranged  in  triangular  formation  instead  of  rectangular,  as  shown  in 
Fig.   110.     In  this  Figure  the 
■  full  lines  represent  the  reinforce- 
ment, with  the  columns  at  C,  C, 
cross  hatched  above  the  slab. 
The  lines  of  slab  reinforcement 
intersect  at  an  angle  of  60°.     A 
c  ircum  ferentialcantileverof  sub- 
stantially   uniform  strength  is 
formed   in    the   slab   over   the 
column  heads  but  the  suspended 
plate  between  the  columns  is 
not  uniformly  reinforced.     The 
lines  of  zero  shear  radiate  from 
the  columns  and  there  are  six 
axes  of  zero  shear  which  are 
shown  by  dotted  lines.     These 

axes  form  hexagonal  figures  en-  '  ^,  no 

closing  a  panel  area  support- 
ed by  three  columns  which  figure  is  subdivided  by  the  axes  of 
zero  shear  into  three  diamonds.  The  axes  of  zero  shear  are  not 
continued  beyond  their  intersection  between  the  columns  as  would 
be  necessary  were  all  lines  (rf  zero  shear  under  uniform  load  drawn. 
The  contours,  it  will  be  observed  are  circular  in  the  cantilever  por- 
tion of  the  slab  but  are  not  circular  in  the  suspended  span  portion 
where  the  triangular  areas  of  the  massed  reinforcement  tend  to 
cause  anticlastic  or  scallop  shaped  curvature.  The  effect  of  such 
curvature  has  been  discussed  in  Section  2  of  this  chapter. 

This  construction  therefore  presents  a  continuous  concrete  plate 
that  develops  little  if  any  plate  action  in  the  suspended  span  portion, 
but  full  plate  action  in  the  circumferential  cantilever  portion. 

The  zero  shear  lines  under  uniform  loads  radiate  from  the  columns 
to  the  center  of  the  diamond  between  the  colimms  in  a  manner  similar 
to  that  discussed  for  the  column  supported  square  panel  in  Chapter 


III.  The  twisting  momenta  normal  to  the  column  lines  shift  the 
moment  and  shears  toward  the  column  lines  in  the  travel  of  the  load 
toward  the  support,  as  in  the  square  panel  before  treated. 

The  lack  of  uniform  distribution  of  the  reinforcement  about  the 
center  of  the  suspended  span  necessitates  the  treatment  of  this  por- 
tion of  the  slab  on  substantially  beam  theory  of  action  and  necessi- 
tates heavier  reinforcement  or  a  thicker  slab  than  i.s  required 
where  uniformity  of  distribution  produces  synclastic  cun-ature. 

Another  form  of  reinforcement  embodying  the  defect  just  dis- 
cussed in  a  more  iv^ravated  form  is  presented  in  the  illustration  of 
the  S-M-I  system  in  the  Engineers  Handbook  on  conca'te  b\-  Hool, 
Johnson  and  Hollister,  page  474,  reproduced  in  Fig.  Ill  in  whiuh  the 
cantilever  reinforcement  consists  of  circumferential  rings  and  radial 
reinforcement  similar  to  various  forms  of  the  prior  Turner  construc- 
tion as  described  in  patenit  No.  1,003,384  in  which  Claim  24  reads: 

"The  combioatioD  of  a  concrete  column  compriiing  a  series 
of  vertical  baia,  nie«na  connecting  said  bats  and  forming  a  frame- 
work therewith,  a  framework  at  the  top  of  the  column  extending 
laterally  outward  in  different  directions  and  conaiating  of  a  series 
of  radial  memb^  and  concentric  circular  members  supported  by 
the  radial  memberB,  and  a  concrete  slab  supported  by  tne  columns 
and  integral  with  the  column." 

The  radial  bars  in  the 
S-M-1  construction,  are 
hairpinned  to  extentl  out- 
ward radially  in  the  bottom 
as  well  as  the  top.  The 
contours  appear  in  this  fig- 
ure as  light  dotted  lines. 
The  convex  direction  of  the 
contours  toward  the  cenfer 
of  the  panel  which  is  un- 
doubtedly correct ,  is  brought 
about  by  the  lack  of  uni- 
formity in  distribution  of 
the  diagonal  rod.«  relative 
Fig.  Ill  to  the  ring  reinforcement  in 

the  suspended  span  portion 
about  the  panel  center,  produces  anticlastic  curvature  as  shown  by 
the  contours  and  destroys  imitation  of  plate  action  in  the  center  of 
the  plate  under  the  principles  explained  in  Section  2  of  this 
Chapter.  But  the  pointed  apices  of  the  contours  have  no  justifica- 
tion by  scientific  measurements.     This  stracture  therefore  requires 
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either  additional  thickness  of  the  slab  or  an  excessive  amount  of 
steel  and  the  additional  exponse  of  fa})ricating  the  rings  for  the 
central  part  of  the  slab. 

The  statement  that  this  is  the  best  known  if  not  the  only  type  of 
circumferential  system  which  appmrs  on  page  471  of  this  handbook, 
shows  that  the  authors  of  the  handbook  were  not  familiar  with  the 
prior  patent  above  referred  to  nor  with  the  disclosures  of  U.  S. 
Patents  No.  1,036,384,  August  1912,  of  patent  1,072,532  of  Septem- 
ber 1913,  and  others,  all  of  wjiich  disclose  circumferential  members 
but  obviate  that  concentration  of  metal  which  produces  anticlastic 
curvature.  Had  these  writei*s  taken  occasion  to  state  th(^  fact  that 
this  is  the  only  circumferential  system  in  which  circumferential  rods 
are  introduced  to  resist  longitudinal  stress  on  direct  column  lines 
where  economy  would  indicate  straight  rods  they  would  have  called 
attention  to  the  mD3t  outstanding  p?cuHarity  of  the  system. 

Circumferential  reinforcement  in  the  fonn  of  flat  spirals  combined 
with  radial  rods  has  certain  advantages  in  areas  of  s>Ticlastic  cur- 
vature, for  it  enables  the  designer  to  secure  a  fine  grained  mat  of 
crossed  rods  while  avoiding  the  piling  up  of  too  great  a  thickness  of 
metal  wh'^n*  it  is  masscnl  over  the  column. 

In  the  Engineering  Tecord,  Fcl  ruary  19,  1916,  certain  tests  of 
cant ilc- vers  with  strip  reinforcements  are  described.  Some  of  them 
had  radial  and  ring  rods  in  crossi;d  relation  for  reinforcement  and 
others  had  narrow  strips  of  rods  crossed  at  90°.  From  these  tests 
it  appears  that  the  use  of  rinf;s  without  a  proper  proportion  of  radial 
bars  is  inefficient  which  is  in  accordance  with  the  principles  we  have 
previously  (demonstrated.  It  appeal's  further  that  the  mat  of  crossed 
rods  must  cover  the  outc  r  portion  of  the  cantilever  area  to  get  effec- 
tive coaction  of  metal  and  concrete  to  resist  jointly  the  radial  and 
circuncferential  stresses.  In  tests  7  and  8  for  example,  the  crossed 
ro('s  at  90°  extending  outside  the  cap,  cover  a  square  in  which  the 
ring  shaped  area  within  a  circle  tangent  to  the  sides  of  the  square  and 
between  that  circle  and  the  column  cap  where  the  reinforcement  was 
effective,  was  about  one  fifth  as  great  as  the  area  covered  by  the 
crossed  radial  and  ring  roc's  of  tests  1,  2,  3  and  4.  There  was  thus 
little  coaction  of  radial  and  circumferential  stresses  in  specimens  7 
and  8.  Hence  the'con  paripon  of  these  cases  with  the  mat  of  crossed 
radial  and  ring  rods  covering  the  entire  area  was  no  criterion  what- 
ever of  the  relative  advantage  (A  tl  e  respective  kinds  of  mat  where 
the  crossed  rods  cover  tlie  outer  portion  of  the  cantilever  in  both 


'  cases. 


In  the  same  article  a  further  comparison  waa  made  of  tests  of  flat 
slab  panels  in  which  the  loading  was  differently  distributed.  The 
slab  tested  was  20'  square  and  over-hung  four  columns  spaced  twelve 
feet  center  to  center.  The  load  was  approximately  uniform  with  a 
shght  increase  at  the  center  of  the  panel  and  this  test  was  compared 
with  another  previously  published,  in  which  the  load  was  very  largely 
concentrated  at  mid  span.  A  computation  of  the  applied  moment 
on  the  median  lines  of  the  slabs  in  the  cases  compared  reveals  the 
fact  that  this  moment  is  five  times  as  great  in  the  case  of  the  slab  with 
unbalanced  load  as  in  the  case  of  the  slab  with  balanced  load  which 
was  treated  as  its  equivalent,  a  fact  that  renders  the  conclusion  as 
faulty  as  the  premises  from  which  it  was  drawn. 
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10.  Concrete  Floors  That  Do  Not  Develop  Plate  Action.  Again, 
consider  a  panel  of  a  flat  plate  supported  on  columns  but  reinforced 
with  belts  of  rods  lengthwise,  crosswise  and  diagonally  from  column 
to  column  as  shown  in  Fig.  112,  then  the  rigidity  of  the  respective 
strips  aft,  bo  and  ao  would  be  such  that  the  strip  ao  being  along  a 
diagonal  which  is  longer  than  a  side  would  deflect  about  one  and  a 
half  times  as  much  as  ab,  the  direct  span.  The  greater  rigidity  of 
the  strips  a6,  ao  and  bo  above  that  of  a  plate  without  reinforcement 
in  the  triangle  abo  would  cause  valley  lines  that  would  nearly  bisect 
the  angles  between  the  successive  lines  of  greatest  rigidity  at  each 
support.  The  foci  of  the  Hnes  of  zero  shear  are  moved  from  o  along 
the  lines  bisecting  the  apices  of  the  triangle  abo  to  new  positions 
Fi  and  F'l  and  these  lines  would  radiate  therefrom.  All  contour 
lines  would  be  normal  to  the  lines  of  symmetry,  viz.  to  the 
diagonals  and  median  lines  of  the  panel,  and  the  contours  would  be 
four  pointed  star-like  figures  approaching  that  of  a  four  leaf  clover 
about  the  center.  There  would  be  eight  foci  of  lines  of  zero  shear 
against  four  as  fourd  in  a  panel  of  the  Mushroom  type  slab,  and 
sixteen  axes  of  zero  shear  against  eight  in  the  Mushroom  type. 

The  change  in  curvature  in  the  contoura  from  concave  at  all 
points  toward  the  center  of  the  panel  to  alternately  concave  and  con- 
vex is  conclusive  proof  that  there  can  be  in  such  a  plate  no  coopera- 
tion  of  circular  and  radial  stresses  since  the  circular  or  ring  stress 
passes  through  zero  with  the  change  of  the  curvature  of  the  contours 
from  concave  to  convex  toward  the  center  of  the  plate.  Thus  the 
radical  difference  in  mode  of  operation  is  graphically  disclosed  by  the 
radical  difference  in  the  form  of  the  contours  as  compared  with 
those  of  the  plate  reinforc?d  to  imitate  the  action  of  the  homo- 
geneous plate. 

In  order  to  determine  the  bending  moments  resisted  by  the  beam 
strips  in  Fig.  112  we  must  consider  the  distribution  of  the  load  upon 
them  as  determined  by  the  lines  of  zero  shear.  Assume  for  simplicity 
that  the  foci  Fi  and  F'l  fall  upon  the  diagonals,  let  e  designate  the 
middle  of  ab  ia,nd  call  the  point  c  where  the  hne  aFj  intersects  bF'i 
on  the  median  line  YYy  then  the  load  situated  upon  the  area  aco  is 
transmitted  to  the  beam  ao,  while  the  load  situated  upon  ace  is 
transmitted  to  ae,  the  total  load  upon  ao  being  usually  greater  than 
that  upon  a^,  while  the  intensity  of  distribution  increases  nearly 
uniformly  from  the  mid  spans  o  and  e  respectively  to  the  support  a. 
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Such  distribution  is  brought  about  by  twisting  moments  in  the  plate 
about  axes  perpendicular  to  the  beams,  and  they  reduce  by  so  much 
the  bending  moments  in  the  beam  strips  below  the  statical  moments 
of  the  loads  they  would  otherwise  be  called  on  to  resist. 

For  example,  the  statical  moment  of  the  load  W/\%  on  ace 
about  YY  is  at  least  W''L/48,  but  when  the  distribution  of  this  load 
increases  unifonnly  from  e  to  a,  the  bending  moment  is  only  half 
that  amount,  the  rest  of  the  statical  moment  being  resisted  by  the 
twisting  moment  in  ace  about  YY. 

It  appears  therefore  that  altho  the  arrangement  of  reinforcement 
in  four  directions  in  strips  with  open  areas  between  as  in  Fig.  112. 
affects  some  reduction  in  bending  by  reason  of  the  twisting  moments 
between  the  strips,  to  less  than  the  statical  moment  of  the  load,  by 
the  amount  of  the  twisting  moment,  it  nevertheless  does  not  secure 
the  advantage  of  reduction  of  steel  stresses  through  cooperation  of 
radial  and  circumferential  action  such  as  is  secured  in  a  plate  where 
the  rigidities  permit  the  continuously  concave  contours  of  synclastic 
curvature. 

The  foregoing  principles  may  be  illustrated  by  the  details  of  a 
test  made  on  two  slabs  shown  in  the  Figs.  113-114  and  115.  This 
test  was  undertaken  to  investigate  the  diverse  effect  on  the  amount  of 
deflection  and  mode  of  operation  of  steel  arranged  to  cover  the  area 
as  cantilever  and  suspended  span  reinforcement  on  the  one  hand 
and  arranged  in  the  bottom  as  flat  arch  ties  with  open  areas  on  the 
other  hand. 

The  test  slab  with  the  narrow  belts  and  open  areas  has  an  ar- 
rangement of  st^el  covering  the  areas  shown  reinforced  in  the  Nor- 
cross  flat  arch  patent  No.  698»542  and  was  freely  supported  on  the 
column  caps. 

The  Mushroom  slab  was  rigidly  built  into  the  columns  following 
the  usual  custom.  The  freely  supported  slab,  because  the  steel  was 
in  the  bottom,  was  given  but  a  small  overhang  over  the  supports 
since  the  concrete  would  have  been  liable  to  crack  under  the  weight 
of  any  one  walking  on  it  had  it  over-hung  any  farther,  and 
in  order  to  make  the  test  most  favorable  this  arrangement  with  the 
steel  in  the  bottom  the  load  was  applied  in  the  form  of  a  cross.     It 


will  be  evident  that  had  the  load  been  applied  uniformly  instead  of 
concentrated,  that  the  over-hanging  portions  of  the  freely  supported 
slab  because  of  the  bottom  position  of  the  steel  would  have  broken 
off  at  a  very  low  intensity  of  loading  since  the  concrete  in  the  top 
would  obviously  furnish  but  negligible  resistance.  In  fact  the  over- 
hangiitg  ends  broke  off  when  about  one  hundred  pounds  per  foot  was 
later  placed  thereon. 

On  the  other  hand,  had  the  load  been  applied  uniformly  to  the 
Mushroom  slab,  the  balanced  cantilever  loading  would  have  greatly 
reduced  the  moment  at  mid  span  so  that  the  slab  would  have  carried 
two  or  three  times  the  load  with  no  greater  stress.  For  that  reason 
the  test  was  most  favorable  for  the  flat  arch  slab  with  the  steel  in 
the  bottom  throughout. 

Fig.  118  shows  load  4  applied  to  the  Mushroom  slab  with  the 
areas  marked  on  plan  view  of  the  reinforcement.  Fig.  117  indicates 
the  position  of  the  load  tabulated  in  the  accompanying  tables. 

In  the  flat  arch  slab  the  embedment  of  steel  under  the  foregoing 
principles  imparts  rigi<iity  to  the  slab  along  the  reinforced  areas 
thereby  producing  saddle  back  curvature  across  the  diagonal  ac- 
companied by  tension  in  the  top  and  ultimate  cracking  in  the  con- 
crete along  the  diagonal  as  was  observed.  Such  saddle  back  curva- 
ture produces  star  shaped  contours  similar  to  those  illustrated  in 
Fig.  112.  Such  star  .shaped  contours  indicate  that  in  circumferen- 
tial lines  about  the  panel  center  there  are  points  where  the  stress  is 
zero  and  hence  no  cooperation  of  radial  and  circular  stresses  could 
occur.     Accordingly   the   carrj'ing    capacity    of   the   flat   arch  slab 
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Fig.  114.      Flit  Arch  Type  SUb. 


Fi«.  115.      Collop^P  of  KJal  Arch  Sliib. 

ifinforci'd  in  foui"  directions  <'an  be  readily  accounted  for  )>y  beam 
thpon.',  AVhatevcr  twisting  moments  are  induced  merely  distri!)Ute 
the  load  along  the  diaguiials  to  some  extent.  Moreover,  from  the 
principles  before  developed  governing  the  distribution  of  bond  shear 
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stress  it  is  obvious  that  indirect  stresses  would  be  unable  to  operate 
across  the  wide  unreinforced  areas  and  for  that  reason  no  circum- 
ferential action  by  bond  stress  would  be  possible.  Only  linear  arch 
tie  action  would  be  possible. 


Fi(.  116.      RrioforoemeDC  ol  Miuhroom  Slab. 
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Table  3.     Loads  on  Flat  Arch  Slab  in  Pounds 


No. 

1 

2 

3 

4 

Areas 

por  sq.  ft. 

ToUl 

per  sq.  ft. 

Total 

per  sq.  ft. 

Total 

per  sq.  ft. 

Total 

A 

114.1 

3138 

228.7 

6288 

228.7 

6288 

228.7 

6288 

B 

114.1 

3138 

228.7 

6288 

228.7 

6288 

228.7 

6288 

C 

114.1 

2852 

240.1 

6002 

456.8 

11420 

456.8 

11420 

D 

114.1 

3138 

228.7 

6288 

228.7 

6288 

228.7 

6288 

E 

114.1 

3138 

228.7 

6288 

228.7 

6288 

228.7 

6288 

F 

250 

7660 

G 

Corner 

Areas  Not 

Loaded 

250. 

7560 

H 

250 

7560 

I 

250 

7560 

Slab 

60 

15404 

121 

31154 

143 

36572 

276 

66812 

Table  5.    Loads  on  Mushroom  Slab  in  Pounds 


Load                       1                             2              !              3 

1 

1 

4 
1 

s 

per 

per 

per 

per 

per 

Area        iflq.  ft. 

ToUl      sq.  ft. 

Total  1  sq.  ft. 

Total 

sq.  ft. 

Total 

sq.  ft. 

Total 

A             100.8 

3276     201.6 

1 

6552     201.6 

6552 

425.3 

13822 

625.3 

20322 

B          ,  100.8 

3276  ,201.6 

6552     201 .6 

6552 

425.3 

13822 

625.3 

20322 

C          '  100.8 

2532     201.6 

5040     418.3 

10458 

861.8 

21546 

1261.8 

31546 

D         i  100.8 

3276  1  201.6 

6552 

201.6 

6552 

425.3 

18822 

625.3 

20322 

E            100.8 

3276     201.6 

6552 

201.6 

6552 

425.3 

13822 

625.3 

20322 

Corner  areas  no 

t  loaded 
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15624       96.4 
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36666 

237 
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Difference  in  Mode  of  Operation. 
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The  graphical  representation  of  the  experimental  observations 
in  the  deflections  at  the  points  V,  W,  X,  Y,  Z,  of  the  two  slabs 
found  in  Fig.  120,  shows  in  a  striking  manner  how  small  the  loads 
and  how  great  the  deflections  were  in  the  Flat  Arch  T>T)e  slab  on 
the  one  hand,  and  how  large  the  loads  and  how  small  the  deflections 
were  in  the  Mushroom  slab  on  the  other  hand. 

The  following  table  shows  the  marked  difference  between  the 
ratio  of  deflection  and  steel  stress,  because  of  the  diflferenee  in  the 
operation  of  bond  shear  stresses  in  these  two  slabs.  The  effect  in 
detail  of  the  rigidity  of  the  column  supports  will  be  investigated  as 
a  general  problem  later. 


TABLE 

Load 

,    Steel    ' 

* 

Stress 

On  each 

Average , 

Type 

Area 

On  Area 

Total 

on  belts 

Ratio 

De- 

Ratio 

ABED 

c 

•  at  mid  i 

flection 

span 

Flat  Arch 

3138 

2852 

15404 

7690    1 

.2207 

Mushroom. . .  . 

3276 

2532 

15624 

643     ; 

12 

.017 

12.8 

Flat  Arch .... 

6288 

6002 

31164 

27133 

.707 

Mushroom. . . . 

6552 

5040 

31248 

1154    i 

23.5 

.0353 

20. 

Flat  Arch 

6288 

11420 

36572 

34894    1 

1.020 

Mushroom. . . . 

6532 

10458 

36666 

1472 

1 

.23.4 

.0463 

22. 

That  the  difference  in  deportment  cannot  be  accounted  for  by 
difference  in  the  restraint  of  the  supports  is  apparent  upon  the 
application  of  the  law  of  moment  magnitudes.  Five  times  the 
stiffness  in  the  case  of  full  restraint  at  the  support  for  the  same  sec- 
tion at  mid  span  is  all  that  would  be  possible  were  there  not  a  dif- 
ferent mode  of  operation  brought  about  by  spreading  out  the  same 
amount  of  steel  so  that  it  covers  the  area  and  operates  upon  the 
radically  different  principle  of  plate  action  instead  of  upon  the  principle 
of  the  arch.  With  the  distribution  of  metal  in  narrow  belts  with 
open  areas,  anticlastic  curvatiu*e  is  produced  under  flexure,  across 
the  diagonal  belts  of  the  flat  arch  type  of  slab,  thereby  cutting  off 
all  circumferential  resistance  for  the  reasons  given  in  Section  2 
of  this  chapter.  A  plot  of  the  contours  and  lines  of  zero  shear  would 
be  similar  to  that  drawn  for  the  belts  lengthwise,  crosswise  and 
diagonally,  of  the  Speer  patent  of  1900. 

9.  Remarks.  From  the  foregoing  discussion  of  contours  and 
elastic  bending  in  double  curvature  the  error  of  the  customary  treat- 
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ment  of  flat  plates  in  building  codes  and  theoretical  treatises  on 
leinforced  concrete  becomes  apparent.  The  applied  bending  mo- 
ments computed  according  to  the  ordinary  buildmg  ordinances 
are  more  than  twice  as  great  as  the  loacls  actually  produce  in  such 
plates,  and  in  many  instances  they  permit  plates  that  are  too  thin 
relatively  to  the  span  length  for  light  loads,  while  requiring  plates 
excessively  thick  and  lacking  in  enconomy  for  heavy  loads,  as  will 
appear  later.  City  Building  Departments  have  been  very  slow  to 
use  results  of  actual  tests  as  a  basis  for  their  codes.  Few  of  them 
have  made  a  conscientious  endeavor  to  utilize  any  sound  theory  for 
the  formulas  they  adopt. 

The  following  conclusion  may  be  drawn  from  the  discussion  of 
the  elastic  bending  of  the  thin  plate  regarding  a  wall  panel  which  is 
supported  on  a  relatively  rigid  beam  on  one  side  and  upon  columns 
at  two  corners.  In  order  to  secure  bending  approaching  that  of 
synclastic  curvature  so  that  practically  the  same  law  of  operation 
holds  tnie  with  respect  to  a  wall  panel  that  holds  true  with  respect 
to  an  interior  panel  the  rigidity  along  the  sides  from  the  wall  to  the 
adjacent  columns  must  be  increased  over  that  of  a  similar  side  in  an 
interior  panel  to  such  an  extent  that  the  deflection  along  that  side 
will  be  nearly  a  mean  between  the  deflection  occurring  between  the 
corners  supported  by  columns  ^nd  the  deflection  of  the  beam  sup- 
ported side.  AVhen  this  is  done  the  material  about  the  diagonal 
center  of  the  panel  will  operate  as  a  mat  or  sheet  just  as  is  the  case 
in  the  regular  interior  panel. 

It  will  be  observed  that  the  elastic  theory  of  bending  thin  plates 
which  shows  that  the  resistance  in  synclastic  curvature  is  double 
that  of  cylindrical  curvature  can  be  applied  only  to  fairly  uniform 
distribution  of  reinforcement  and  is  not  applicable  where  such  dis- 
tribution is  lacking  as  in  the  case  where  there  are  large  unreinforced 
areas. 

Any  considerable  irregularity  in  the  distribution  of  reinforce- 
ment in  areas  of  synclastic  or  approximately  synclastic  curvature 
changes  that  curvature  to  anticlastic  curvature  in  those  areas  thereby 
changing  the  mode  of  operation  to  approximately  that  of  beam  strip 
action.  On  the  other  hand,  concentration  in  the  areas  of  anticlastic 
curvature,  such  as  the  saddle  shaped  area  of  the  column  supported 
flat  plate  does  not  so  greatly  alter  either  the  mode  of  operation,  the 
stiffness  or  the  strength,  as  is  the  case  in  the  areas  of  synclastic 
curvature. 
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CHAPTER  X 

THE  CONTINUOUS  UNIFORM  SLAB  ON  SEPARATED  SUPPORTS 

UNDER  UNIFORM  LOADING 

h  The  Vertical  Shears.  Draw  the  panel  diagonals  thereby 
joining  the  centers  of  the  supports  si  the  corners  of  the  panels. 
The  total  area  of  the  slab  will  then  be  subdivided  in  all  its  interior 
portion  into  diamond  shaped  areas  or  rhombs  each  of  which  has  an 
area  equal  to  one  half  that  of  a  panel. 

Since  the  vertical  section  along  each  of  these  diagonals,  as  well 
as  along  each  of  the  sides  and  median  lines  of  the  panels,  is  a  line  of 
zero  vertical  shear  at  all  points,  these  diamond  shaped  areas  each 
constitute  a  separate  beam  whose  sole  supports  are  at  its  two  ends 
at  the  edges  of  the  caps.  Mutual  restraint  exists  all  along  the  edges 
at  each  diagonal  and  at  the  edges  of  each  cap  but  no  vertical  sheai* 
exists  anywhere  on  the  perimeter  of  a  diamond  except  at  the  edges 
of  the  caps.  Each  of  the  diamond  shaped  beams  that  radiate  from 
a  column  cap  may  be  regarded  as  subdivided  into  four  equal  parts 
by  a  median  line,  and  a  side  line  of  a  panel,  and  is  to  be  treated  as 
part  of  a  continuous  beam  so  restrained  as  to  remain  horizontal 
at  the  median  Une  and  the  edges  of  the  caps. 

It  is  self-evident  that  when  the  load  on  each  diamond  has  been 
thus  subdivided  into  four  equal  parts  each  part  travels  to  its  support 
by  vertical  shears  in  that  area  of  the  diamond  on  which  it  rests  and 
the  analysis  of  the  slab  is  identical  with  the  analysis  of  these  diamond 
shaped  beams  of  which  it  is  composed  when  each  is  subjected  to  a 
load  uniformly  distributed  over  its  area  and  to  the  restraints  just 
mentioned.  This  uniformly  distributed  load  constitutes  a  kind  of 
loading  whose  amount  increases  uniformly  along  the  span  between 
column  centers  from  zero  at  each  end  to  its  largest  value  at  mid 
span.  Two  separate  analyses  of  this  problem  are  given  in  the  fol- 
lowing sections  in  addition  to  the  statical  demonstration  already 
given  in  Section  23  Chapter  III. 

The  first  of  these  analyses  treats  loads,  total  shears  and  bending 
moments,  and  in  it  no  assumption  is  made  other  than  the  single 
fundamental  equation  of  beam  action  which  states  that  in  trans- 
mitting loads  to  the  supports  every  element  of  a  bending  moment 
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about  an  axis  is  due  to  a  shift  perpendicular  to  that  axis  of  a  shear 
that  is  parallel  to  that  axis.  The  second  analysis  assumes  in  addi- 
tion to  the  foregoing  that  every  element  of  a  twisting  moment 
about  an  axis  is  due  to  a  shift  sidewise  perpendicularly  to  that  axis 
of  a  shear  that  is  also  perpendicular  to  that  axis.  These  assump- 
tions may  both  be  regarded  as  merely  accepted  definitions  of  the 
inherent  nature  of  bending  and  twisting  moments.  It  has  been 
thought  desirable  to  insert  these  several  demonstrations  of  the  same 
result  in  order  to  establish  beyond  any  question  of  doubt  a  point 
in  the  theory  of  plates  and  slabs  that  has  apparently  been  heretofore 
overlooked  and  treated  erroneously  in  all  current  engineering  litera- 
ture. 

It  should  also  be  said  respecting  each  of  these  diamond  shaped 
beams  that  while  there  can  be  no  possible  difiference  of  opinion  as 
to  the  bending  moments  about  the  right  cross  sections  due  to  trans- 
mitting its  loading  to  the  supports  when  subjected  to  the  restraints 
at  its  ends,  nevertheless,  the  moments  about  longitudinal  sections 
have  not  been  regarded  with  the  same  unanimity  of  opinion  and  they 
must  therefore  be  here  considered  more  particularly. 

« 

In  order  to  do  this,  suppose  the  diamond  shaped  beam  were- 
separated  into  two  equal  beams  by  making  a  longitudinal  section 
along  the  panel  side*from  the  edge  of  the  supporting  cap  at  one  end 
to  that  at  the  other  end.  The  diamond  shaped  area  would  thea 
afford  no  resistance  whatever  to  a  cross  bending  moment,  so  that 
the  statical  moment  of  the  load  about  the  panel  side  would  necessarily 
be  resisted  by  twisting  moments  alone. 

The  question  therefore  is  whether  the  statical  moment  of  the 
loading  upon  the  diamond  shaped  area  when  not  so  subdivided  calls- 
into  play  bending  moments  about  the  line  joining  the  column  cen- 
ters or  are  they  twisting  moments.  In  which  ever  way  that  question 
may  be  answered  in  case  of  an  isolated  diamond  shaped  beam  that 
is  not  separated  into  two  equal  parts  by  a  longtidinal  section,  it 
is  known  by  experience  when  this  beam  is  continuous  with  the  rest 
of  the  slab,  that  the  statical  moments  mentioned  are  resisted  almost 
entii^ly  if  not  entirely  by  twisting  moments  because  in  many  slabs: 
both  those  that  have  been  tested  and  those  that  have  not  been  tested 
which  have  no  top  reinforcement  across  the  panel  sides  very  small 
cracks  only  appear  from  column  to  column  along  the  sides. 

Were  the  bending  moments  across  the  sides  of  more  than  negligible- 
size  these  cracks  would  increase  with  the  loading  and  be  much  larger- 
than  they  are.     The  fact  is  that  of  the  two  kinds  of  resistance  to  the* 
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statical  moment  about  a  side,  viz.  bending  and  twisting,  the  more 
rigid  of  the  two  will  be  the  one  principally  in  action.  Since  the 
resistance  to  twisting  which  consists  of  horizontal  shears  calls  into 
play  not  merely  the  width  of  the  right  sections  of  the  diamond  shaped 
beam  but  the  entire  width  of  the  panel  as  well,  and  these  shears  fur- 
nish far  more  rigid  resistance  to  twisting  than  the  resistance  of  the 
slab  to  bending,  the  statical  moments  mentioned  are  resisted  in 
continuous  slabs  almost  entirely  by  twisting.  This  result  may  be 
taken  as  a  confirmation  of  the  principle  of  the  statical  analysis 
employed  in  Section  23  Chapter  III  and  in  Section  4  of  the  present 
chapter. 

2.  Analytical  Investigation  of  Bending  Moments  in  a  Square 
Panel.  Let  OADB  in  Fig.  121  represent  one  quarter  of  a  square 
panel  of  a  continuous  flat  plate  or  slab  carrying  a  uniform  load  of  w 
pounds  per  square  unit  of  area,  in  which  0  is  at  the  middle  of  the 
panel,  D  is  at  the  center  of  one  of  the  corner  supports,  and  L  is  the 
distance  between  colimin  centers.  Let  W  =  wL^  be  the  total  panel 
load.  Then  taking  the  origin  of  coordinates  at  D  let  z  =  DF  and 
y  =  DE  be  the  coordinates  of  any  point  P  on  the  diagonal  DO.  By 
reason  of  symmetry  the  vertical  shear  is  zero  at  every  point  of  the 
diagonal  DO  and  at  every  point  of  th^  four  sides  of  the  quarter 
panel  OADB.     Also  OA=OB=-  \L, 

Disregarding  the  small  part  of  the  load  that  rests  directly  upon 
the  column  cap,  a  total  vertical  shear  =  JW  acts  in  that  quarter 
part  of  the  perimeter  of  the  column  cap  which  lies  inside  the  quarter 

panel.  But  in  any  case  the  total  vertical 
shear  acting  at  the  sides  PE  and  PF  of  the 
square  area  PEDF  is  the  difference  between 
the  vertical  reaction  IW  at  the  support  D 
and  the  load  wx^  on  the  area  PEDF  =  x^; 
hence  the  expression  for  the  total  vertical 
shear  at  the  two  edges  PF  and  PE  of  any 
area  PEDF  is 

\W^^X'  =  S^+     Sy (1) 

in  case  S^  and  Sy  represent  components  of 
the  total  vertical  force  perpendicular  to  x 
and  y  res])ectively  which  are  transferred  by  shearing  stresses  across 
the  perinieter  of  the  area  PEDF  within  a  quarter  panel  area. 

This  equation  (1)  is  a  particular  case  of  the  general  condition  of 
equilibrium  for  the  vertical  forces  acting  upon  any  given  piece  of 
t^ie  plate,  since  it  requires  that  the  algebraic  sum  of  all  the  applied 
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vertical  forces,  such  as  reactions  of  supports  and  loads  which  are 
applied  to  it  inside  of  its  perimeter,  shall  be  equal  and  opposite  to- 
the  sum  of  all  the  separate  components  of  the  vertical  shears  applied 
at  the  entire  perimeter  of  the  piece.  Now,  whatever  size  the  cap 
may  have,  JTT,  and  wo?  are  -the  only  vertical  forces  applied  inside 
the  permieter  of  PEDF  while  S,  and  Sy  are  the  only  separate  com- 
ponents of  the  vertical  shears  at  the  perimeter.  Since  as  already 
stated  DOf  DA  and  DB  are  sections  of  zero  shears,  iS^  and  Sy  are 
shears  on  PF  and  PE  respectively.    We  have  thus  by  symmetry 

-S, = Sy=KiW-wx^)  =  U\W^wy^) (2) 

Again,  let  JA/,  and  ^My  be  the  z  and  y  components  distributed 
across  the  width  of  one  quarter  of  the  panel  of  the  bending  moments 
due  respectively  to  Sj^  and  iSy.  Since  S,  and  Sy  act  separately  upon 
sections  taken  perpendicular  to  each  other  they  each  generate  bend- 
ing moments  separately.     Hence 

idM^^S^y  and  ^dMy^Sydy (3) 

in  which  JIf  x  and  My  refer  to  moments  across  the  entire  panel  width.. 
The  fundamental  equ£^tions  (3),  since  they  refer  to  applied  mo- 
ments as  well  as  shears  at  right  angles  to  each  other  treat  of  shears 
as  well  as  bending  moments  that  act  wholly  independently  of  each 
other  on  OADBj  one  along  x  and  the  other  along  i/,  just  as  truly  as« 
if  they  acted  on  two  separate  plates. 

By  symmetry    Af ,  =  My 

By  (2)  and  (3),  we  have 

idM^--i(W-4wx^)dx.^ (4) 

or  Wx=^i(Wx-Awxy3) 

when  taken  between  suitable  limits. 

Integrating  (4)  between  x  =  0  (for  a  mere  point  of  support)  and. 
x  =  §L  at  mid  span,  we  have  for  the  quarter  panel 

iM,=   -{WL'lwL^)=  -WL (5) 

16  24 

Hence,  the  total  increase  of  the  bending  moment  between  a  median, 
line  of  a  panel  and  a  parallel  edge  for  the  entire  panel  width  is 

Afx=   ~W'L (6) 

12 

It  can  be  shown  in  like  manner  that  in  case  the  panel  is  not 
square,  but  has  a  length  L,  and  a  width  Ly  between  column  centers,. 
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that  the  total  bending  moments  produced  between  the  median  lines 
and  the  edges  are  respectively 

WL^12,  andTFLy/12. 

The  total  bending  moments  are  reduced  below  this  in  case  of 
larger  caps,  by  reason  of  their  size  and  the  consequent  reduction 
of  the  effective  span.  For  example,  if  we  assume  a  cap  having  an 
effective  length  of  edge  of  C  =  \Ly  which  is  as  small  as  is  ordinarily 
allowable,  (4)  must  be  integrated  between  the  limits  x  =  L/lO  and 
X  =  L/2  and  we  find 

M^  =  WL/l7+ (7) 

so  that  the  total  bending  moment  in  the  practical  case  is  less  than 

For  a  cap  of  still  larger  size  the  moment  will  be  smaller,  and  in 
case  of  an  edge  of  effective  length  C=0.225L,  such  as  is  frequently 
employed,  we  find  the  bending  moment 

M^  =  WL/lS  + 

It  is  to  be  particularly  noted  with  respect  to  the  foregoing  demon- 
stration that  it  is  wholly  independent  of  any  consideration  whatever 
of  the  shape  or  position  of  lines  of  zero  shear,  and  is  also  wholly  in- 
dependent of  any  question  of  twisting  moments.  It  rests  solely  upon 
the  fundamental  equations  (3)  of  the  necessary  relations  defined  by 
all  writers  to  exist  between  bending  moment  and  shear,  viz.  that  the 
increment  c/AA,  of  the  bending  moment  between  two  right  sections 
at  a  distance  dx  apart  is  the  elementary  couple  that  is  the  product 
of  +  *Sx  the  shear  on  those  sections  multiplied  by  their  arm  rfx., 

That  this  is  the  correct  meaning  of  Eqs  (3)  has  been  called  in 
question  by  those  who  have  not  recognized  the  fact  that  one  part  of 
the  statical  moment  of  the  load  consists  of  twisting  moments;  but  a 
reference  to  Church's  Mechanics,  Art.  240,  Merriman's  Applied 
Mechanics,  Art.  48,  Morley's  Strength  of  "Materials  Art.  59,  will 
show  that  the  definition  given  above  is  in  strict  accordance  with 
accepted  principles,  so  that  bending  moment  and  statical  moment 
are  not  necessarily  the  same.  In  fact,  it  has  been  previously  shown 
that  they  differ  from  each  other  wherever  twisting  or  warping  occurs. 
It  is  to  be  further  noted  that  the  bending  moment  here  found  is  the 
same  as  that  already  obtained  in  Chapter  III  and  confirms  its  cor- 
rectness. It  was  there  shown  that  the  sum  of  the  bending  and 
twisting  moments  which  are  called  into  play  in  transmitting  the 
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load  upon  the  panel  to  the  supports  is  equal  to  the  total  statical 
moment  of  the  load  about  the  supports. 

The  numerical  coefficient  of  TTL,  or  the  so  called  moment  co- 
efficient for  caps  of  different  sizes  relative  to  the  span  is  tabulated 
in  the  accompanying  diagram,  in  which  ordinates  represent  C/L 
the  relative  size  of  the  cap,  and  abscissas  express  calculated  values  of 
the  moment  coefficient  which  diminish  with  the  decrease  of  the  clear 
span  between  caps. 
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N.  B.  The  eflFective  dimeter  of  the  cap  is  from  4  to  6  ins.  leas  than  the  actual. 


These  coefficients  apply  only  where  there  is  such  uniformity  of 
distribution  of  metal  radially  and  circularly,  about  the  diagonal 
center  of  the  panel  and  about  the  column  centers  respectively,  as  Ls 
necessary  to  make  the  slab  imitate  the  action  of  a  homogeneous 
plate.  This  uniformity  is  not  departed  from  by  providing  a  greater 
moment  of  inertia  in  the  cantilever  area  corresponding  to  the  greater 
moment  there  found  than  in  the  suspended  span  area,  but  it  is  de- 
parted from  wherever  the  area  of  the  mat  is  insufficient  to  cover  the 
areas  of  synclastic  curvature.  Any  considerable  deviation  from  this 
relation  so  impairs  the  operation  of  the  reinforcement  that  imitation 
of  plate  action  is  impossible,  and  the  moment  coefficients  do  not 
apply  because  of  the  different  values  of  the  twisting  moments  pro- 
duced by  the  modification  in  the  uniformity  of  the  distribution  of 
the  metal. 

Under  the  principle  of  rigiditias,  change  in  the  resisting  moment 
of  inertia  of  the  plate  changes  the  distribution  of  moments  of  re- 
sistance.    But  where  the  same  thickness  of  concrete  is  used  through- 
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out  the  slab  and  the  flare  of  the  capitals  is  depended  on  to  give  the 
proper  shear  areas  under  load,  the  only  change  that  occurs  in  the 
moment  of  inertia  is  that  brought  about  by  distribution  of  the  steely 

In  the  original  Mushroom  type,  approximately  2i  times  as  much 
slab  steel  was  distributed  per  square  unit  in  a  mat  over  the  support 
as  was  distributed  in  the  mat  about  the  diagonal  center  at  mid  span. 
But  the  thickness  of  the  mat  over  the  supports  reduced  the  lever  arm 
of  the  steel  in  that  part  of  the  slab  to  such  an  extent  that  the  total 
resistance  normal  to  the  column  line  at  the  top  of  the  slab  as  compared 
with  that  normal  to  median  lines  of  the  panel  parallel  thereto  would 
not  vary  greatly  from  that  present  in  a  plate  of  homogeneous  material, 
and  the  rigidities  over  the  support  and  between  the  supports  for 
uniform  load  might  be  taken  as  corresponding  approximately  to 
that  of  homogeneous  material. 

This  statement  is  true  only  where  the  reinforcing  bars  are  of  such 
size  that  they  can  be  compactly  placed  vertically  in  the  mat  over  the 
column  head.  Thus,  four  layers  of  5/l6"  or  3/8"  rounds  in  an  8" 
slab  over  the  column  cap  would  be  within  the  scope  of  the  rule  laid 
down,  but  four  or  five  layers  of  5/8"  slab  rods  in  a  slab  of  that 
thickness  would  not  come  within  the  rule.  In  the  latter  case  the 
moment  of  inertia  at  the  support  would  be  reduced  by  so  large  a 
percentage  that  the  subdivision  of  resisting  moment  would  differ 
greatly  from  that  in  a  homogeneous  plate. 

The  effect  of  variations  of  the  moments  of  inertia  on  the  distribu- 
tion of  resisting  moments  will  be  considered  later. 

3.  The  Magnitude  of  the  Total  Bending  and  Twisting  Moments 
and  the  Center  Deflection  in  a  Rectangular  Panel  of  a  Uniform 
Continuous  Slab.  In  order  to  find  the  total  bending  moment  be- 
tween a  mid  section  and  a  margin  of  a  panel  arising  from  a  uniformly 
distributed  load,  in  a  continuous  homogeneous  flat  plate  supported 
on  rows  of  columns,  let  0  be  the  panel  center  and  OBDA  be  a  quarter 
panel  of  a  uniform  homogeneous  plate  supporting  a  load  of  iv  units 
per  square  unit  of  area  thruout,  by  means  of  the  vertical  shear  across 
HJK  one  fourth  of  the  perimeter  of  the  column  cap.  Assume  that 
in  such  a  plate  the  loading  is  carried  from  every  point  by  vertical 
shear  directly  toward  the  column  center  D  until  it  reaches  the  column 
cap,  since  the  uniform  rigidity  of  the  plate  in  all  directions  apparently 
requires  that  the  shears  be  so  distributed  as  to  make  the  loading 
proceed  to  the  supports  along  straight  lines.  Then  the  magnitude 
of  the  total  vertical  shear  across  any  section  such  as  PQ  in  Fig.  123 
will  be  the  product  of  w  by  the  number  of  square  units  in  the  area 
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OPQOi  regardless  of  whether  the  direction  of  the  section  PQ  be 
perpendicular  to  OD  or  noti  The  intensity  of  this  vertical  shear 
will  be  larger  the  shorter  the  section  is,  provided  it  cuts  off  an  equal 
loaded  area.  Hence  a  section  in  some  other  direction  than  PQ  such 
for  instance  as  a  section  perpendicular  to  OD  will  have  a  greater 
intensity  of  vertical  shear  than  PQ  l)ut  that  fact  is  of  no  consequence 
in  the  following  developments. 

Take  the  axes  of  x  and  y  along  the  sides  OA  and  OB  respectively 
and  let  OA—a,  and  OB  =  b,  Let 
X  and  y  be  the  coordinates  of  any 
point  P  upon  the  diagonal  OD  and 
X  +  dxj  and  y  +  dy  the  coordinates 
of  the  consecutive  point  P\ 
Then  the  total  vertical  shear  S^  ^-^A^ .  ;^^: 
across  the  section  PF  is  the  total 
loading  on  the  area  OPFB,  hence 
S^=  w(bx~^xy);  and  similarly  the 
total  vertical  shear  across  PE  is 
Sy  =  IV  (ay-^Qcy) ,  in  which 

a  :x  :  :b  :yj  or y  =  bx/a 
Hence,        Sj^  =  Sy, 

It  is  evident  from  the  elementary  triangles  with  vertices  at  D 
and  bases  each  the  same  fraction  of  the  median  lines  OA  and  OB 
into  which  the  loaded  area  may  be  divided  aS  shown  in  the  accom- 
panying Fig.  123  when  the  load  proceeds  in  straight  lines  toward 
D,  that  the  total  vertical  shear  Sy  is  uniformly  distributed  along  PE. 

■ 

The  center  of  action  of  Sy  is  consequently  at  G  at  mid  point  of 
PE  and  as  P  moves  to  P'  the  point  G  moves  along  the  line  GD  to  G', 

Let  3/x  denote  the  total  difference  of  bending  moment  between 
median  line  and  margin  acting  about  the  axis  of  y  and  due  to  25,, 
which  moment  is  distributed  acrass  the  entire  width  of  the  panel, 
i.  e.  iMx  =  total  difference  of  bending  moments  due  to  S,^  between 
OB  and  the  opposite  margin  of  this  area  of  one  quarter  panel. 


Fig.  123 


Hence  idM^  =  S^x  =  iv{bx-ixy)dx. 


(8) 


For  convenience  of  computation  assume  that  the  length  of  the  edges 
of  the  cap  have  the  same  ratio  to  each  other  as  those  of  the  panel. 
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Let  the  size  of  the  cap  be  such  that  DK  =  a/b,  then  integrating 
between  x=0  and  x=4a/5 

M,=  2wf{bx~)  dx=^bw(x^~y^^^  ..{9) 

Hence  if  a  =  iLi,  M^==0A7a%w=0A7  ?^i=0.94— ^..(10) 

8  16 

Were  we  to  take  DK  =  0.22oa  the  value  of  M^  would  be  still  smaller. 

If  the  support  is  a  mere  point  then  DK=^0,  and  in  tliat  case 
Afx=fWLi/8.      Similar   values   are   likewise  found  for  My. 

Let  N^  denote  the  total  moment  about  the  axis  of  y  due  to  Sy 
for  the  entire  width  of  the  panel,  i,  e.,  \Ny.^t\iQ  total  difference  of 
moments  about  y  due  to  Sy  between  OA  and  the  opposite  margin  of 
this  quarter  panel,  hence 

\dN^  =  \Sydx^\w{ay-^xy)dx    )  . 

or  diVx  =  w(bx-^bx^/a)dx  ) 

Hence         iV, = ^Mj^,  and  Ny  =  ^My 

But  the  moment  A^^^  is  a  twisting  moment  and  not  a  bending 
moment  at  all,  as  it  heretofore  has  been  often  tacitly  assumed  to  be. 
From  Fig.  123  it  is  evident  from  consideration  of  the  vertical  shears 
upon  the  faces  PQ  and  P'Q'  of  an  element  that  the  only  moment 
they  have  about  y  is  due  to  displacement  of  the  center  of  applica- 
tion on  the  face  P'Q'  to  the  right  of  that  on  the  face  PQ,  which  is 
merely  an  element  of  a  twisting  moment  and  not  a  bending  moment, 
which  total  twisting  moment  between  PE  and  P'j&'  has  been  calcu- 
lated above  about  y  correctly  by  multiplying  the  shear  Sy  upon  PE 
and  P'E'  by  ^dx  the  distance  by  which  the  center  of  action  of  Sy 
has  been  displaced  from  y  in  passing  from  PE  to  P'E\ 

It  therefore  appears  by  this  analysis  that  the  only  shears  that 
operate  to  increase  JM ,  are  those  designated  above  by  *S„  and  that 
the  shears  Sy  that  transmit  the  load  resting  upon  the  area  OAHJ  to 
the  column  and  apply  it  as  a  vertical  shear  along  HJ  in  doing  so 
generate  a  total  twisting  moment  ^A^,  about  the  axis  of  y  which  is 
one  half  as  large  as  the  total  bending  moment  ^M,  in  a  quarter  panel 
between  median  section  and  margin.  Now  the  resisting  moment 
called  into  play  in  the  slab  to  hold  the  applied,  bending  moment  M, 
in  equilibrium  is  subdivided  into  two  parts,  a  resisting  moment  at 
the  margin  and  one  at  median  line,  the  relative  size  of  these  parts 
being  controlled  as  is  well  known,  by  the  relative  rigidities  of  the 
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panel  at  margin  and  mid  span,  but  the  distribution  of  each  of  these 
parts  along  the  marginal  and  mid  sections  is  not  so  well  understood. 
This  distribution  of  moment  intensity  depends  in  each  case  on  two 
factors,  viz.,  on  the  relative  rigidity  along  the  section  and  on  the 
position  of  the  point  in  the  plate  at  which  the  bending  moment  to 
be  resisted  was  originated  by  shear.  It  is  evident  from  this  that 
while  the  intensity  of  the  resisting  moment  along  the  mid  section  of 
a  uniform  homogeneous  plate  will  not  be  verj*^  much  less  near  the 
panel  center  than  near  the  edges,  such  is  not  the  case  along  the 
marginal  section  in  which  the  applied  bending  moment  will  be  much 
larger  per  unit  near  the  edges  at  the  columns  than  between  them. 

Resistance  to  bending  moments  takes  effect  by  producing  longi- 
tudinal tensions  and  compressions  at  and  near  the  surface  of  the 
plate  in  directions  at  right  angles  to  the  axis  of  bending,  viz.  M^ 
causes  longitudinal  tensions  and  compressions  parallel  to  a:,  and 
My  parallel  to  y. 

But  twisting  moments  are  not  resisted  in  this  manner,  for  they 
are  resisted  by  shearing  resistances  in  parallel  vertical  planes,  so 
distributed  as  to  afford  resisting  moments  equal  and  opposite  to  the 
applied  twisting  moments.  But  such  shearing  resistances  call  for 
no  longitudinal  tensions  or  compressions  parallel  to  x  or  y.  Hence 
the  moments  that  resist  bending  are  unaffected  by  the  twisting 
moments  arising  from  JV,  and  Ny. 

Just  as  the  vertical  resistance  at  the  section  KJ  holds  S,  in 
equilibrium  and  supplies  the  upward  force  for  the  bending  moments 
^Mx  about  y  in  this  quarter  panel  so  likewise  does  the  vertical  re- 
sistance at  the  section  HJ  hold  Sy  in  equilibrium  and  furnish  the 
upward  force  to  resist  the  twisting  moment  \Nx  acting  about  y  in 
this  quarter  panel.  It  is  an  entire  mistake  to  ascribe  to  this  vertical 
supporting  shear  at  HJ  any  additional  function  except  that  of  re- 
distributing the  shears  in  sections  like  PE  as  the  load  between  OA  and 
HJ  is  carried  to  HJ,  The  shears  in  such  distributed  twisting  moments 
as  have  been  here  discussed  are  readily  resisted  by  a  plate  or  slab  in 
-addition  to  other  known  stresses  without  producing  dangerous  con- 
ditions. 

The  twisting  moment  \N^  about  y  which  is  produced  by  the  re- 
distribution of  Sy,  and  the  similar  moment  \Ny  about  x  produced 
by  5,  is  not  to  be  confused  in  any  way  with  the  twisting  moment 
independently  produced  by  horizontal  shears  in  vertical  planes  due 
to  the  kind  of  restraint  to  which  the  plate  is  subjected  at  the  edges 
and   to   the   consequent   distribution   of   the   longitudinal   stresses 
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arising  from  the  bending  moments.  For  example,  in  a  continuous 
slab  of  many  panels  there  is  compression  at  and  near  the  upper  sur- 
face along  each  panel  edge  at  mid  span  and  tension  across  each  edge 
which  is  replaced  respectively  by  tension  and  compression  at  mid 
span  at  the  lower  surface.  These  states  of  stress  are  equivalent  to 
simple  horizontal  shears  on  vertical  plane  sections  which  cut  these 
edges  obliquely  but  are  of  opposite  signs  above  and  below  the  neutral 
axis.  Such  opposite  horizontal  shears  on  oblique  vertical  planes 
constitute  twisting  moments  about  axes  perpendicular  to  the  oblique 
vertical  planes  mentioned.  But  these  twisting  moments  due  to 
horizontal  shears  are  independent  of  those  arising  from  vertical 
shears,  as  will  be  evident  when  we  compare  the  case  of  a  panel  in  a 
continuous  plate  such  as  has  just  been  considered  with  that  of  a. 
single  isolated  panel  with  free  edges  supported  at  the  four  corners 
either  freely  or  built  in.  In  this  case  of  free  edges  there  are  longitudinal 
tensions  and  compressions  along  the  edges  as  in  the  continuous  plate 
but  no  tensions  or  compressions  across  the  edge,  and  there  are  con- 
sequently no  horizontal  shears  in  vertical  planes  that  cut  the  edges 
obliquely  as  in  the  continuous  slab. 

It  is  evident  therefore  that  there  are  twi§;ting  moments  due  ta 
horizontal  shears  in  vertical  planes  that  originate  in  the  distribution 
of  the  longitudinal  stresses  arising  from  the  distribution  of  3/x  and 
My  which  distribution  is  controlled  by  the  relative  rigidities  of  the 
several  parts  of  the  plate  and  its  supports,  in  their  resistance  to- 
bending  moments.  These  are  entirely  independent  of  the  twisting 
moments  arising  from  the  distribution  of  the  vertical  shears  which  is 
controlled  by  the  relative  rigidities  of  the  various  parts  of  the  plate 
in  their  resistance  to  vertical  shears. 

The  general  results  reached  by  the  foregoing  detailed  analysis 
may  be  established  and  made  clear  by  elementary  considerations, 
as  follows: 

■ 

The  load  upon  the  area  OAHJ  produces  a  total  shear  upon  HJ 
equal  to  the  load  upon  this  area  which  has  a  limiting  value  of  ^wab  = 
W/S.  It  also  produces  a  total  bending  moment  about  x  which  is 
the  product  of  the  total  load  upon  that  area  by  its  arm  perpendicular 
to  Xj  viz.  the  peipendicular  distance  of  its  center  of  gravity  from  JH, 
This  arm  approaches  the  limiting  value  of  2fe/3=L2/3  as  the  cap 
diminishes  in  size,  and  the  load  approaches  W/Sj  so  that  the 
limiting  largest  value  of  the  bending  moment  due  to  this  load 
-2-3/y  =  f  WL2/IQ,  for  cap  of  vanishing  size. 
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In  addition  to  the  shear  and  bending  moment  just  mentioned  the 
load  upon  this  area  in  being  transferred  to  the  column  also  produces 
a  twisting  moment  about  y  which  is  the  product  of  the  load  by  an 
arm  perpendicular  to  i/,  which  is  the  difference  in  distance  from 
the  axis  of  y  between  the  center  of  gravity  of  the  load  and  the  cen- 
ter of  action  of  the  shear  upon  HJ,'  The  limiting  largest  value  of 
this  twisting  moment  is  ^N^  =  iwabXa/S  =  iWLi/l6. 

The  load  upon  the  area  OBKJ  acts  in  a  precisely  similar  manner 
producing  a  shear  on  KJ  of  limiting  value  TT/S,  a  limiting  bending 
moment  of  JAfx  =  fW^Li/l6  about  y,  and  a  twisting  moment 
about  X  whose  limiting  value  is  \  WL2/\^- 

The  distribution  of  the  total  twisting  moment  \N^  along  PE  is 
governed  by  the  amount  of  the  shift  of  the  several  equal  parts  of  the 
total  vertical  shear  Sy  along  PE  parallel  to  x  as  the  load  is  transmitted 
from  PE  to  P'JE"  while  an  element  of  Sy  situated  at  P  is  shifted  a  dis- 
tance dx  that  at  G  is  only  shifted  a  distance  \dx  while  that  at  E 
suffers  no  shift  whatever. 

The  intensity  of  the  total  twisting  moment  JATj^  which  is  distri- 
buted along  PE  increases  uniformly  therefore  from  E  to  its  greatest 
value  at  P  on  the  diagonal.  Similarly  the  intensity  of  the  total  twist 
\Ny  along  PF  increases  uniformly  along  PF  from  zero  at  F  to  its 
greatest  value  at  P. 

The  results  of  this  analysis  are  in  full  accord  with  those  arrived 
at  previously  by  two  independent  processes  and  may  be  regarded  as 
a  complete  confirmation  of  the  assumption  here  employed  that  the 
lines  of  zero  shear  are  straight  lines  radiating  from  the  supports, 
because  it  leads  to  results  identical  with  those  where  no  such  assump- 
tion was  made.  This  assumption  therefore  involves  no  contradic- 
tion of  estabUshed  theory. 

4.  Moments  at  Median  Section  and  Margins  of  Interior  Panels 
jn  Uniform  Column  Supported  Flat  Slab  Floors  When  Uniformly 
Loaded.  It  has  been  shown  in  Section  2  that  the  total  statical 
moment  of  the  load  TTL/S,  acting  in  a  half  panel  between  mid  span 
and  supports  must  be  reduced  by  some  factgr  dependent  upon  the 
effective  reduction  of  span  due  to  the  size  of  the  cap  in  order  to  ob- 
tain the  sum  total  of  the  applied  moments  that  must  be  resisted  by 
the  slab  at  mid  section  and  at  one  side  taken  together,  and  further 
that  this  applied  moment  is  subdivided  in  its  action  between  a 
bending  and  a  twisting  moment.  This  statement  may  be  put  in 
alge])raic  form  as  follows 

m  WL/S  =  M+  N, (12) 
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in  which  m  is  the  fractional  multiplier  by  which  the  total  statical 
moment  of  the  load  must  be  diminished  on  account  of  reduction  of 
its  effective  span  in  order  to  obtain  the  actual  appUed  moment  M  +  iV, 
of  which  the  applied  bending  moment  M  is  so  related  to  the  applied 
twisting  moment  N  that  M  =  2N.  Hence  lM  =  7nWL/Sf  or 
M  =  hnWL/S. 

It  has  been  further  shown,  that  with  the  usually  prescribwl  sizes 
of  caps  the  value  of  the  multiplier  m  is  such  that  M  is  less  than 
TTL/lG.  Consequently  the  total  applied  bending  moment  to  be  re- 
sisted by  the  slab  at  mid  section  and  edge  of  the  cap  when  taken  to^ 
gether  is  less  than  one  half  of  the  statical  moment  of  the  load  between 
mid  section  and  edge  of  the  panel. 

It  has  also  been  shown  still  further  that  a  homongeneous  plate  or 
a  floor  slab  that  is  initially  flat  and  is  reinforced  in  the  tension  zones 
by  a  fine-grained  mat  of  crossed  rods  which  is  so  firmly  held  together 
by  the  concrete  matrix  that  it  acts  like  a  continuous  sheet  of  metal 
when  it  undergoes  synclastic  curvature  or  double  bending  such  as 
to  produce  nearly  equal  unit  elongations  e^  of  the  steel  in  two  mutually 
rectangular  directions  in  the  dish  shaped  areas,  requires  the  applica- 
tion of  a  bending  moment  in  each  of  these  two  directions  of  more 
than  twice  the  amount  that  must  be  applied  in  a  single  direction  to 
produce  an  equal  elongation  e^  in  that  one  direction  alone,  under 
cylindrical  curvature.  This  is  so  because  each  of  the  moments  that 
are  mutually  at  right  angles  to  each  other  not  only  produces  positive 
bending  in  the  direction  of  its  action  in  its  own  plane  but  Ukewise  at 
the  same  time  produces  negative  bending  in  a  plane  at  right  angles 
thereto. 

It  therefore  appears  that  in  calculating  steel  deformatioas  and 
slab  deflections  due  to  the  total  applied  bending  moments  which 
act  to  produce  longitudinal  stresses  across  vertical  planes  mutually 
at  right  angles  to  each  other  the  deflection  will  not  exceed  one  half 
of  the  deflection  of  the  same  slab  in  cylindrical  curvature  as  a  beam 
under  the  action  of  one  of  these  moments  alone,  but  the  total  re- 
sisting moment  shown  by  the  longitudinal  strains  may  be  less  even 
than  one  half  that  in  the  slab  when  considered  as  a  beam  under 
the  action  qf  the  total  applied  bending  moment  in  one  direction  only, 
because  that  total  applied  bending  moment  in  case  the  slab  is  thick 
or  has  a  thick  drop  may  be  resisted  partly  by  arch  action,  and  con- 
sequently only  partly  by  the  stresses  called  inta  play  by  the  actual 
flexure  of  the  slab.  The  moment  acting  to  produce  flexure  alone  is 
consequently  the  remainder  of  the  total  applied  bending  moment  AF 
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after  it  has  been  reduced  by  any  arch  action  that  may  have  been 
developed  by  the  relative  thickness,  etc.,  of  the  slab  or  drop. 

Since  arch  action  in  a  slab  makes  use  of  part  of  the  compressive 
resistance  of  the  concrete  to  resist  the  horizontal  thrust  developed 
by  deflections  in  the  panel  while  the  rest  of  it  coacts  with  the  ten- 
sions in  the  steel  so  that  the  elongations  e^  of  the  steel  at  any  point 
will  be  those  due  to  the  appUed  moments  diminished  by  the  amount 
of  the  moment  that  expresses  the  arch  action,  as  will  be  explained  later. 
Hence  the  computed  stresses  in  the  steel  will  be  less  than  those  produced 
by  the  total  appUed  bending  moment,  but  the  panel  deflections  in  case 
of  continuous  panels  since  they  depend  mostly  on  compressions  in  the 
concrete,  will  not  differ  materially  from  the  deflections  of  flexure  for 
the  same  total  applied  bending  moment  without  such  reduc- 
tion. For  purposes  of  design  this  total  applied  bending  moment 
must  be  subdivided  between  mid  span  and  panel  edge  in  a  ratio  de- 
termined either  by  the  ratio  of  the  moments  of  inertia  at  these 
sections  and  by  restraints  at  the  supports  or  by  the  position  of  the 
points  of  inflection  as  investigated  later. 

By  equations  (8)  and  (9)  the  differential  equation  of  the  deflec- 
tions z  may  be  written  in  the  form 

EI—^  =  m^  =  mo—wb(x^-xy3a) (13) 

dx 

in  which  the  origin  of  x  and  z  is  at  the  center  of  the  panel,  nix  is  the 
value  of  the  appUed  bending  moment  acting  at  any  vertical  section 
of  the  panel  situated  at  a  distance  x  from  the  center,  and  nio  is  that 
at  mid  section  where  x  =  0. 

In  this  equation  the  moment  of  inertia  according  to  Section  11 
Chapter  VI  is. 

/-SUvrf^) 

It  has  a  value  that  we  may  designate  by  I^  at  mid  section  of  the 
panel,  and  another  value  /,  at  the  supports.  These  may  be  cal- 
culated as  explained  later  in  Section  6  by  taking 

A=-Ai+2.5A2 

in  which  Ai  is  that  part  of  the  cross  section  of  the  steel  that  resists 
by  beam  action,  and  A 2  the  cross  section  of  that  part  of  it  which  is 
in  synclastic  curvature,  assuming  that  the  moment  of  inertia  Iq 
is  constant  from  mid  section  to  the  points  of  inflection,  and  /,  is 
constant  from  inflection  points  to  supports. 
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In  case  of  uniform  moment  of  inertia  such  as  is  now  under  con- 
sideration with  dz/dx  =  Of  at  x  =  0,  we  have 

EI^±  =  m^—wb(x'^-xy4a)/3 (14) 

dx 

If  the  slab  is  so  restrained  by  the  caps  that  it  is  horizontal  at  a 
point  at  a  distance  x  =  nLi  from  mid  span,  then  at  that  point  dz/dx  =  0, 
and  after  introducing  x  =  nLi  and  W  =  2wbLi,  we  obtain  by  (14) 
the  moment  at  mid  section. 

mo  =  n^(l-in)W^Li/6; (15) 

« 

and  by  (13)  we  obtain  the  corresponding  moment  at  the  margin 
where  x  —  nLi 

m, = m^—n\  1— n/6)w6L? = — ^1^(4— 3n)  WL^/\2....{1^) 

From  these  we  find  the  total  applied  bending  moment  between  mid 
section  and  margin  is 

M,  =  mo— m,  =  n^(3— 2n)TrLi/6 (17) 

The  fractional  coefficient  n  here  introduced  to  express  the  dis- 
tance of  the  edge  of  the  cap  from  mid  span  is  related  to  C/L  pre- 
viously employed  to  express  the  size  of  the  cap  as  follows: 

In  any  span  L  we  have 

nL  =  \{Lr<!)\  or  n  =  i(l-C/L) (18) 

«o  that  we  have  corresponding  values  of  these  quantities  and  ratios 
of  corresponding  moments  as  shown  in  the  following  table: 

•TABLE  OF  MOMENT  RATIOS  FOR  GIVEN  CAP  RATIOS  C/L 

€/L 0         .1         .2         .3         .4         .5 

n 5         .45       .4         .35       .3         .25 

ino/irLi  =  n^(l-in)/6 030  .026  .021  .017  .013  .009 

-m,/irLi  =  n2(2-|'i)/6 053  .045  .038  .030  .022  .016 

A/y>rL,=n^(3-2n)/6 083  .071  .059  .047  ,035  ,025 

2-ti, 
mjM^=—^ 375  .37   .36   .36   .35   .35 

6-4n 

-mx/A/,  =i:?!? 625  .63   .64   .64   .65   .65 

6-3n 

2-n 
-mo/m,  = 6    .58   .57   .56   .55   .54 

4-3n 

*This  table   applies  when  /x  the  moment  of  inertia  over  the  Columns  equals 
/o  the  moment  of  inertia  at  mid  span. 
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In  this  table  nio  =  applied  bending  moment  at  a  panel  mid  section 

nix  =  applied  bending  moment  at  a  panel  margin 

ilfx  — mo-inx  =  the  total  bending  moment  applied  between  mid 

section  and  margin 

The  values  of  M^/WLi  in  .this  table  have  been  previously  given 
in  Section  2  of  this  Chapter.  For  example,  in  case  the  supports  are 
mere  points  at  the  corners  then  n  =  i,  and  we  have 

mo  =  TFLi/32,    mx=-5W^Li/96,    &nd  M^  =  WLi/ 12, 

The  results  given  in  this  table  undergo  modification  in  case  the 
slab  is  not  uniform  by  reason  of  variations  of  its  moments  of  inertia 
where  for. instance  the  total  moment  of  inertia  at  mid  section  differs 
from  that  at  the  margin.  In  cases,  however,  where  these  moments 
of  inertia  are  equal  it  is  evident  from  the  table  that  the  steel  stresses 
at  the  margin  will  exceed  those  at  mid  section  because  mx>ino.  On 
that  account  a  designer  would  increase  the  marginal  moment  of  inertia 
in  order  to  make  the  steel  stresses  more  nearly  equal  at  mid  span  and 
margin  and  in  so  doing  he  would  according  to  the  principles  of  rigidities 
increase  nix  at  the  expense  of  Tn^,  and  so  decrease  the  ratio  itio/ltix. 
to  some  extent.  While  the  algebraic  analysis  of  the»  case  of  unequal 
moments  of  inertia  at  medium  section  and  margin  meets  difficulties  of 
solution  by  reason  of  the  degree  of  the  unknown  quantities  involved^ 
a  satisfactory  graphical  analysis  may  be  developed  as  follows: 

5.  Bending  Moments  and  Moments  of  Inertia  at  Mid  Section 
and  Margin  in  Interior  Panels  of  Continuous  Column  Supported  Flat 
Slab  Floors  Uniformly  Loaded.  Let  AO''  in  Fig.  124  be  tbe  left 
hand  half  of  a  moment  curve  constructed  as  follows  for  a  load  on  the 
span  L  =  2A0  between  column  centers  where  A  is  a  column  center, 
0  is  the  mid  span  and  the  load  is  distributed  in  the  same  manner  as 
it  is  on  each  of  the  diamond  shaped  areas  of  a  slab  on  separated 
supports,  viz.  a  load  uniformly  increasing  from  support  to  mid  span 
which  may  be  represented  by  the  ordinates  of  the  line  AD.  Sub- 
divide the  span  L  into  some  number  of  equal  parts.  In  Fig.  124 
AO  —  \L  is  subdivided  into  5  equal  segments,  then  the  ordinate  of 
AD  eX  the  mid  point  of  each  of  these  segments  may  be  taken  to 
represent  graphically  the  amount  of  that  segment  of  the  load.  Lay 
these  off  successively  on  some  convenient  scale,  downward  from  Ay 
as  the  applied  loads.  On  the  same  horizontal  as  the  extremity  H 
of  the  total  load  on  the  half  panel  assume  P  at  a  convenient  pole 
distance  from  H,  and  connect  it  by  a  pencil  of  rays  with  the  points 
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of  subdivision  of  the  load  line.  Draw  verticals  thru  the  centers  of 
gravity  of  the  trapezoidal  load  areas.  The  moment  curve  may  then 
be  constructed  as  usual  by  drawing  successive  segments  of  it  between 
these  gravity  verticals  parallel  to  the  successive  rays  of  the  pencil. 


Fig.  124 


The  ordinates  of  this  moment  curve  will  represent  the  relative 
magnitudes  of  the  bending  moments  produced  in  transmitting  a 
load  uniformly  distributed  upon  a  slab  to  its  separated  supports, 
because,  as  has  been  shown,  these  ordinates  represent  the  only  bend- 
ing moments  about  the  sides  called  into  play  by  the  total  loading. 

The  side  AE  oi  this  curve  is  straighter  than  the  side  of  a  parabola 
having  an  equal  center  ordinate  00'' j  and  that  part  of  the  curve 
near  the  vertex  0"  has  a  sharper  curvature  than  such  a  parabola. 
This  is  due  to  the  concentration  of  loading  toward  mid  span  at  0. 
The  two  symmetrical  halves  of  this  moment  curve  do  not  constitute 
a  single  algebraic  curve  because  the  ordinates  of  the  load  curve  does 
not  follow  a  single  law  from  column  center  to  column  center  but 
undergoes  a  sudden  change  at  0. 

Let  the  effective  span  between  column  caps  be  2G0i  =  LrCy  then 
GO"  is  the  left  half  of  a  moment  curve  due  to  that  part  of  the  load 
upon  the  effective  span  L-Cy  when  C  is  the  length  of  those  portions 
of  L  occupied  by  the  caps.  In  Fig.  124,  C  =  .2L,  and  2>C  =  .8L. 
Assume  some  horizontal  closing  line  of  zero  moments  for  this  moment 
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curve  GO"  as  JO'.  We  can  assume  JO'  at  such  a  level  as  to  make  the 
point  of  inflection  E  fall  at  any  desired  distance  from  mid  span  0'. 
If  JO'  is  to  be  the  left  hand  half  of  the  actual  closing  line  for  an 
effective  span  2GOi  =  2JO'  in  which  the  center  moment  is  O'O"  and 
the  negative  end  moment  GJ  is  to  furnish  the  restraint  required 
to  keep  the  end  horizontal,  then  the  total  bending  in  the  span  is  zero. 
Now  actual  bending  is  proportional  to  total  applied  moment  area 
and  inversely  as  the  stiffness  or  moment  of  inertia. 
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Fig.  125 


Let  /o  be  the  moment  of  inertia  of  the  central  part  of  the  span 
between  points  of  inflection  and  /^  that  of  the  end  segments.  Desig- 
nate the  area  EO'O"  by  A,  and  EJG  by  B,     Then  the  condition 
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that  the  slab  remain  horizontal  at  the  ends  and  at  mid  span  is  ex- 
pressed by  the  equation 

A/h  =  B/l,,  or  A/B=I,/I, (19) 

Find  the  ratio  A/B  by  planimeter  measurements,  and  we  thereby 
determine  what  ratio  /q  must  have  to  /,  in  order  that  the  point  of 
inflection  will  fal^on  the  moment  curve  at  the  point  where  the  assumed 
closing  line  JO'  intersects  it.  In  other  words,  if  the  slab  be  so  designed 
that  the  values  of  /q  and  /,  have  a  ratio  to  each  other  of  /o/7x  equal 
to  the  measured  ratio  A/ By  the  point  of  inflection  will  be  at  the  level 
of  the  closing  hne  JO'.  Now  this  required  value  of  the  ratio  Iq/Ix 
can  be  secured  by  a  suitable  distribution  and  design  of  the  reinforce- 
ment at  the  mid  section  and  the  margins  of  the  panel. 

Now  assume  several  successive  trial  closing  lines  at  nearby  levels 
as  at  a,  6,  c,  d,  e  for  a  given  size  of  cap  C/L,  as  for  example  for 
C/L  =  .2,  and  determine  in  each  case  by  planimeter  measurements 
the  corresponding  value  of  A/B,  Then  starting  from  the  vertical 
G  at  the  edge  of  the  cap,  lay  off  these  values  of  A/B  as  abscissas  on 
the  horizontals  thru  a,  5,  c,  d,  e  respectively  to  any  convenient  scale. 
Thru  the  points  so  found  an  interpolation  curve  may  be  drawn  whose 
ordinates  represent  the  levels  of  the  closing  Hnes  a,  fe,  c,  d,  e,  etc., 
and  whose  abscissas  express  the  corresponding  values  of  A/B  =  /©/  /x, 
and  at  the  same  time  the  levels  a,  6,  c,  d,  e,  etc.,  show  the  positions 
of  the  points  of  inflection  where  the  bending  moments  vanish.  By 
means  of  such  an  interpolation  curve  for  a  given  value  of  C/L  we 
may  start  with  any  given  or  assumed  value  of  Ix/  h  and  find  inmie- 
diately  the  level  of  the  closing  line,  the  ratio  mo/nix,  and  the  posi- 
tion of  the  point  of  inflection. 

The  accompanying  table  has  been  obtained  by  this  process.  It 
covers  such  a  range  of  values  of  "C/L  and  Ix/lo  as  to  include  the  usual 
sizes  of  caps  and  ratios  of  reinforcement  at  mid  span  and  margin  and 
shows  moreover  not  only  the  mean  position  of  the  points  of  inflection 
that  correspond  to  these  but  also  the  amount  of  the  total  moment  in 
the  effective  span  and  its  distribution  between  mid  span  and  margin. 
By  this  table,  therefore,  when  we  have  assumed  any  usual  size  of 
cap  and  any  relative  amoimts  of  reinforcement  at  mid  span  and 
margin  of  the  panel  we  are  able  at  once  to  find  the  absolute  and  rela- 
tive magnitudes  of  the  bending  moments  at  mid  span  and  margin 
of  the  panel  as  well  as  the  mean  position  of  the  points  of  inflection 
in  the  span. 
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SQUARE  PANELS 


c 

7x 

/o 

2x, 
L 

2xi 
L-<! 

WL/2 

WL/2 

nio 
mx 

mo 

nix 

L 

nio  +nix 

mo  +  nix 

.2 

.35 

.540 

.675 

.0588 

.0588 

1.000 

.500' 

.600 

.2 

.60 

.516 

.646 

.0538 

.0638 

.844 

,457 

.643 

.2 

1.00 

.456 

.568 

.0432 

.0744 

.580 

.367 

.633 

.2 

2.00 

.385 

.481 

.0325 

.0860 

.383 

.277 

.723 

.2 

3.00 

.350 

.438 

.0275 

.0900 

.306 

.234 

.766 

.2 

4.00 

.328 

.410 

.0237 

.0936 

.253 

.202 

.798 

.2 

5.00 

.305 

.381 

.0212 

.0964 

.221 

.181 

.819 

.3 

.35 

.475 

.677 

.0462 

.0476 

.975 

.494 

.506 

.3 

.50 

.450 

.643 

.0425 

.0512 

.829 

.463 

.547 

.3 

1.00 

.396 

.565 

.0336 

.0603 

.556 

.357 

.643 

.3 

2.00 

.335 

.478 

.0250 

.0687 

.364 

.267 

.733 

.3 

3.00 

.305 

.436 

.0212 

.0725 

.293 

.227 

.773 

.3 

4.00 

.280 

.400 

.0181 

.0766 

.240 

.194 

.806 

.3 

5.00 

.270 

.385 

.0163 

.0775 

.210 

.173 

.827 

.4 

.35 

.455 

.675 

.0350 

.0362 

.965 

.492 

.508 

.4 

.50 

.385 

.641 

.0319 

.0394 

.809 

.447 

.653 

A 

1.00 

.340 

.566 

.0250 

.0463 

.540 

.361 

.649 

A 

2.00 

.290 

.483 

•  .0188 

.0525 

.357 

.263 

.737 

A 

3.00 

.265 

.441 

.0158 

.0565 

.284 

.221 

.779 

A 

4.00 

.245 

.408 

.0138 

.0575 

.237 

.193 

.807 

A  . 

5.00 

.230 

.383 

.0119 

.0594 

.200 

.167 

.833 

In  this  table  nio  is  the  appUed  bending  moment  at  mid  section, 
and  nix  that  at  the  edge  of  the  cap,  /q  the  moment  of  inertia  of  the 
panel  at  mid  section  and  Iq  that  at  the  margin.  In  order  to  facihtate 
the  use  of  the  table  the  relation  between  /x//o  and  nio/nix  is  plotted 
in  Fig.  125  which  shows  for  the  three  values  .2,  .3  and  .4  respectively 
of  C/L  how  the  ratio  of  the  center  moment  nio  to  the  marignal 
moment  m,  diminishes  as  the  relative  stiffness  at  the  margin  /x//© 
increases.  The  striking  character  of  the  results  shown  in  these 
curves  makes  it  clear  how  little  the  ordinary  assumption  of  distribu- 
tion of  the  total  applied  bending  moment  into  one  third  at  mid  sec- 
tion and  two  thirds  at  the  supports  corresponds  to  the  actual  dis- 
tribution in  reinforced  slabs  where  /x//o  differs  from  unity,  as  it 
usually  does. 

6.  Moment  of  Inertia  of  Reinforced  Flat  Plates.  The  moment 
of  inertia  of  a  plate  properly  reinforced  with  a  fine-grained  mat  when 
bent  in  svnclastic  curvature  differs  from  the  moment  of  inertia  of  a 
beam  of  the  same  span  and  reinforced  with  the  same  weight  of  metal 
because  under  synclastic  bending  a  given  weight  of  steel  in  a  sl^b  is 
somewhat  more  effective  in  each  of  two  directions.  This  increase 
of  effectiveness  must  be  taken  account  of  in  comparing  the  resisting 
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moment  and  relative  moment  of  inertia  of  the  reinforcement  over 
the  supports  and  at  mid  span  between  the  supports,  and  in  appor- 
tioning the  applied  moment  which  will  be  resisted  at  these  critical 
sections. 

In  Chapter  III  Section  10,  it  was  shown  that  where  two  equal 
stresses  act  on  planes  at  right  angles  to  each  other  in  any  continuous 
material  the  stress  is  the  same  on  any  other  intermediate  plane,  so 
that  a  condition  of  plane  hydraulic  stress  exists.  Where  the  tensions 
in  two  belts  of  reinforcing  rods  that  cross  each  other  at  right  angles 
in  a  slab  are  practically  equal  they  afford  a  resistance  equivalent  to 
that  of  a  single  sheet  made  up  of  the  two  belts  and  equally  effective 
in  all  directions  about  their  intersection  and  there  is  a  certain  addi- 
tional increase  in  this  effectiveness  to  be  taken  account  of  because 
of  the  double  bending  which  is  to  be  further  taken  into  consideration 
under  the  principles  denionstrated  in  Chapter  VIII.  That  is,  where 
the  steel  is  in  the  form  of  small  rods  and  closely  spaced  it  is  2^  times 
as  effective  as  though  the  same  rods  without  change  of  position  were 
operating  under  the  same  stress  in  cylindrical  or  anticlastic  curvature. 
To  acquire  this  full  ratio  of  efficiency  the  area  of  the  mat  of  crossed  rods 
must  cover  the  area  of  synclastic  curvature.  Otherwise,  its  efficiency 
is  reduced  in  a  ratio  approximating  the  reduction  of  relative  area  for 
changes  of  10  to  25  percent  and  at  an  increasingly  rapid  ratio  for  any 
reduction  imder  these  percentages  which  should  be  carefully  avoided 
in  practice. 

Because  the  greatest  moment  to  be  resisted  occure  over  the  sup- 
ports it  frequently  becomes  necessary  to  obtain  this  increased  resis- 
tance over  the  supports  by  having  the  slab  steel  spliced  over  the 
columns,  and  the  efficiency  of  the  laps  is  added  to  the  resistance  at 
these  points.  The  splice  or  lap  therefore  enters  into  the  determina- 
tion of  the  moment  of  inertia  over  the  supports  and  if  the  lap  is 
suflSciently  long  it  may  form  an  effective  part  of  the  mat.  The  length 
which  renders  the  splice  efficient  is  determined  by  the  question  whether 
the  lap  is  long  enough  to  extend  well  into  the  rim  of  the  area  of 
synclastic  curvature  where  circumferential  action  is  largely  developed. 
Short  laps  serve  only  to  reduce  the  measured  stress  along  the  length 
of  the  splice  while  adding  relatively  little  in  proportion  to  their  ci-oss 
section  to  the  rigidity  of  the  mat  as  a  whole.  Hence  steel  laps  are 
to  be  considered  as  fully  effective  in  increasing  the  rigidity  and 
moments  of  inertia  of  areas  of  synclastic  curvature  only  when  they 
are  long  enough  and  at  the  same  time  are  correlated  to  other  equal 
laps  crossing  them. 
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Supposing  the  size  of  cap  and  the  amount  and  arrangement  of 
the  reinforcement  given  in  any  design  for  a  floor,  the  steel  in  the  area 
of  synclastic  curvature  around  the  panel  center  may  be  treated  for 
the  purpose  of  computation  as  2^  times  as  efficient  in  ever>'  direc- 
tion as  a  single  belt  in  its  own  direction  provided  the  reinforced  area 
of  synclastic  curvature  has  a  diameter  of  approximately  7/lOths 
of  the  panel  width.  The  steel  in  the  remaining  3/lOths  of  the  panel 
width  in  anticlastic  curvature  has  an. efficiency  the  same  as  it  would 
have  in  a  beam  section.  This  treatment  is  permissible  only  when  the 
hilf  diagonal  of  the  mesh  does  not  materially  exceed  the  distance 
from  the  steel  to  the  neutral  plane,  and  the  width  of  the  crossed 
rod  mat  in  the  bottom  of  the  slab  is  not  less  than  7/32nds  of  the 
sum  of  the  sides  of  the  panel,  but  8/32nds  gives  a  better  distribu- 
tion. Having  thus  determined  the  value  of  /«  that  of  /,  is  to  be 
calculated  in  like  manner. 

Where  the  slab  is  of  unifonii  thickness  and  a  spider  of  large  bars 
is  used  to  impart  shearing  rigidity  to  the  slab  at  the  support  the 
neutral  plane  becomes  a  scallop  shaped  surface  instead  of  a  plane 
surface  around  the  supports.  The  moment  of  inertia  added  by  the 
large  radial  rods  is  relatively  small  compared  with  the  moment  of 
inertia  of  the  slab  bars  because  the  latter  function  as  a  mat  which 
the  larger  rods  cannot  effectively  do.  The  efficiency  as  a  tensile 
flange  element  of  the  radial  rods  of  the  spider  is  therefore  relatively 
small  and  an  approximate  estimate  of  their  efficiency  only  is  sufficient. 

With  the  values  of  C/L  and  /o//x  thus  ascertained  for  the  design 
under  consideration  the  table  in  section  5  will  give  nio  and  m,.  If 
the  cross  sections  of  the  steel  required  by  these  bending  moments  at 
mid  section  and  margin  differ  materially  from  those  in  the  proposed 
design  they  should  be  adjusted  to  meet  the  requirements  that  they 
themselves  involve. 

The  area  of  the  steel  section  required  at  any  section  is  to  be  found 
from  the  applied  moment  at  that  section  from  the  equation — 

as  .«ihown  in  Section  11  Chapter  VI,  in  which  A  is  the  effective  cross 
section  of  the  steel  acting  as  in  a  beam,  but  any  steel  that  acts  in 
synclastic  curvature  acts  with  a  multiple  effectiveness  and  can  have 
its  actual  cross  section  diminished  in  a  corresponding  ratio  to  less 
than  half  that  required  in  beam  action.     Hence  the  cross  section 

A  =m/(SJd) 
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is  the  cross  section  that  would  be  required  for  beam  action  which 
may  be  written 

in  which  Ai  is  the  area  of  that  paii  of  the  steel  section  which  acts  in 
a  beam,  and  A2  the  part  in  synclastic  action  which  has  an  effectiveness 
c  greater  than  2.  Ai  and  A2  need  be  taken  only  large  enough  to 
make  A=Ai+  CA2  satisfy  the  value  of  m  given  above. 

The  steel  sections  so  obtained  are  however  to  be  modified  in 
turn  to  afford  the  necessary  resistance  whenever  the  size.end  mo- 
ment of  inertia  of  the  columns  cast  integral  with  the  slab  is  not  sufficient 
to  practically  fix  or  restrain  the  slab  to  a  horizontal  position  at  the 
supports  under  the  unbalanced  loads  to  which  it  will  be  subjected. 

At  exterior  panels,  altho  the  loading  may  be  taken  as  uniformly 
distributed  the  restraint  at  the  outer  edge  of  the  floor  measured  by 
the  moment  of  inertia  of  wall  and  wall  columns  is  usually  insufficient 
to  hold  the  floor  horizontal  at  the  edge  and  considerations  as  to 
distribution  of  applied  moments  are  to  be  introduced  that  are  em- 
ployed, later  for  the  case  of  unbalanced  loads.  It  will  be  found  that 
graphical  constructions  like  that  employed  in  this  chapter  may  be 
used  most  advantageously,  since  they  lead  most  directly  to  results 
of  a  high  degree  of  accuracy. 

7.  Sources  of  Misunderstanding  or  Misconception  Regarding 
the  Operation  of  Flat  Slab  Floors.  In  considering  a  column  sup- 
ported flat  plate,  the  structural  engineer  takes  it  for  granted  that 
the  applied  bending  moment  to  which  the  material  is  subjected  can 
be  computed  by  ordinary  beam  theory,  but  this  theory  has  been  usual- 
ly misapplied  with  the  result  that  not  only  are  the  applied  bending 
moments  over-estimated  as  they  should  not  be  under  beam  theory, 
but  the  resistance  of  the  material  is  also  greatly  under-estimated. 
Take  the  moments  along  diagonal  lines  about  which  the  twisting 
moments  may  be  disregarded  since  they  are  in  equilibrium  and 
figure  these  moments  from  the  known  shears  that  the  loads  produce 
across  the  diagonals  by  considering  the  center  of  gravity  of  the  loids 
where  they  are  known  to  be  applied,  then  a  rational  application  of 
beam  theory  to  the  problem  will  tend  to  make  clear  the  fundameiital 
errors  that  have  been  heretofore  made  in  the  determination  of  the 
magnitude  of  these  moments. 

Under  unifonn  load,  if  the  panel  area  between  four  posts  be  con- 
sidered to  be  sub-divided  by  the  median  lines  into  four  quarters,  it 
is  apparent  that  the  load  on  each  quarter  is  tranferred  from  its  cen- 
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ter  of  gravity  at  the  quarter  point  of  each  diagonal  to  the  adjacent 
column,  and  if  the  column  support  be  considered  to  be  merely  a 
point,  the  total  applied  moment  produced  by  the  transfer  is  TF/4X 
I/d/4  in  which  Lj  is  the  diagonal  span,  or  L^  —  L  V2  where  L  =  the 
direct  span  if  the  panel  is  square,  or  in  any  case  Ld  =  the  square  root 
of  the  sum  of  the  squares  of  the  sid3S  of  the  pannl  whether  the  panel 
be  rectangular  or  square. 

In  transferring  the  load  to  the  four  columns  the  material  of  the 
panel  resists  in  two  directions  diagonally  and  the  distribution  of 
the  quarter  panel  load  along  the  diagonal  which  goes  to  each  of  the 
diagonally  opposite  columns  is  one  that  increases  uniformly  from 
zero  at  the  column  to  a  maximum  at  the  quarter  point  of  the  diagonal 
and  from  that  point  decreases  uniformly  to  zero,  at  the  diagonal 
center  of  the  panel,  and  again  increases  on  the  other  side  of  the 
center  so  that  the  moment  curve  of  the  load  so  distributed  along  the 
diagonal  differs  from  the  moment  curve  of  a  unifonn  load  in  that  it 
is  much  steeper  at  the  supports  and  much  flatter  throughout  its 
center  portion  than  the  parabolic  curve  of  imiform  loading. 

The  effect  of  this  distribution  of  load  is  to  move  the  point  of 
inflection  on  the  diagonal  toward  the  support  as  compared  with  its 
position  in  a  continuous  uniform  beam  under  uniform  load.  Fur- 
thermore, it  makes  a  cap  of  given  diameter  have  an  effect  to  reduce 
the  total  applied  moment  much  more  than  would  be  the  case  were 
the  load  uniformly  distributed.  By  reason  of  the  fact  that  the  load 
is  divided  in  its  diagonal  travel  in  two  directions  the  total  load 
transferred  by  each  diagonal  is  only  half  the  total  panel  load,  and 
the  loads  which  travel  in  the  two  directions  are  separated  by  thiJ 
median  lines  of  the  panel  which  are  known  axes  of  zero  shear.  The 
sum  of  the  bending  moments  along  the  two  diagonals  considering  the 
supp)orts  to  be  mere  points  is  thus  IfL^/S  as  required  by  beam 
thi^ory,  or  WL^/lQ  in  each  direction.  One  correct  application  of 
beam  theory  therefore  takes  the  diagonals  of  the  panel  as  the  spans 
for  two  beams  that  cross  x^ach  other  with  two  loads  each  equal  to 
W/4  on  each  beam,  the  cent?rs  of  gravity  of  which  loads  arc  situated 
at  the  quarter  points  of  the  diagonals.  These  four  loads  comprise' 
the  entire  panel  loading,  and  since  they  are  each  separately  trans- 
ferred to  the  nearest  support  the  only  bending  moments  they  can 
produce  on  the  diagonals  are  those  just  calculated. 

A  different  application  of  beam  theory  also  correct  has  been  made 
previously  where  the  entire  load  upon  the  floor  was  separated  into 
lozenge  shaped  areas  })y  the  diagonals.     These  lozenge  shapes  areas 
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each  extended  along  a  side  of  a  panel,  and  the  load  upon  the  area 
produced  bending  moments  in  transmitting  the  load  to  the  supports 
at  the  ends  of  its  sides,  and  these  were  the  only  bending  moments 
required  to  transmit  the  loading  to  the  supports.  The  twisting 
moments  about  the  axis  of  each  lozenge  are  in  equilibrium  and  need 
not  be  considered  in  connection  with  the  bending  moments. 

These  two  separate  analyses  of  bending  moments  along  diagonals 
and  along  the  sides  are  in  no  sense  contradictory.  They  are  inde- 
pendent and  concordant.  The  position  of  the  points  of  inflection 
on  the  panel  sides  for  several  sizes  of  caps  and  ratios  of  moments  of 
inertia,  etc.,  at  mid  span  and  supports,  have  been  already  determined 
graphically.  The  position  of  the  points  of  inflection  on  the  diagonals, 
etc.,  and  the  apportiormient  of  the  total  bending  moment  between 
mid  span  and  supports  on  the  diagonals  are  arrived  at  by  a  preciseh^ 
similar  graphical  process  on  the  diagonals  each  under  two  loads  of 
JW,  as  that  previously  described,  while  the  determination  of  the 
moments  of  inertia  at  mid  span  and  supports  requires  special  con- 
sideration. 

The  moments  of  inertia  to  be  employed  in  apportioning  the  total 
moment  between  the  moment  over  the  support  and  that  at  mid  span 
will  be,  first  J^  the  moment  of  inertia  over  the  column  head  figured 
as  before,  and  second  /«  the  moment  of  inertia  at  mid  span  which 
will  be  the  sum  of  the  moments  of  inertia  across  the  panel  on  median 
lines  in  each  direction. 

This  is  evident  since  the  metal  about  the  diagonal  center  operates 
a.^  a  sheet  and  a  sheet  resists  stresses  in  two  directions  at  right  angles 
to  each  other  with  even  greater  efficiency  than  it  can  resist  stress  in 
one  direction.  Thus  the  crossed  rods  in  the  mat  about  the  diagonal 
center  of  the  panel  are  able  to  perform  more  than  double  duty,  if 
sufficiently  widely  distributed,  while  the  steel  in  the  areas  of  anticlastic 
curvature  which  extends  directly  to  adjacent  columns,  supports  none 
of  the  load  on  the  diagonal  strip  considered,  and  consequently  it 
acts  with  single  efficiency  on  both  sections  just  as  it  would  in  the 
lozenge  shaped  strips  directly  between  columns. 

Because  the  double  moment  of  inertia  at  the  diagonal  mid  span 
opposes  the  bending  of  the  segments  of  the  adjoining  quarter 
panels,  the  point  of  inflection  on  the  diagonal  is  pusheil  toward  the 
column  to  a  percentage  of  the  total  length  of  the  span  which  is 
usually  not  far  from  .8  of  the  i)ercentage  of  the  span  length  at  which 
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the  point  of  inflection  lies  on  direct  column  lines  when  the  direct 
and  diagonal  span  is  taken  as  center  to  center  of  columns  in  the 
two  respective  directions. 


MOMENTS  AND  POINTS  OF  INFLECTION  IN  DIAGONAL  SPANS  OF 

SQUARE  PANELS. 


Ix 

C 
L 

2xi 
L 

2x1 
7^C 

mx 

mx 

m© 
mx 

mo 

lUx 

/o 

mo  +mx 

mo  +mx 

.5 

.15 

.580 

.682 

.0325 

.0067 

.583 

.368 

.632 

.5 

.20 

.547 

.685 

.0275 

.0492 

.558 

.358 

.642 

.5 

.25 

.515 

.687 

.0242 

.0424 

.548 

.353 

.647 

.5 

.30 

.484 

.692 

.0190 

.0355 

.535 

.349 

.651 

1.0 

.15 

.524 

.617 

.0243 

.0630 

.379 

.275 

.725 

1.0 

.20 

.442 

.615 

.0200 

.0568 

.353 

.261 

.739 

1.0 

.25 

.467 

.622 

.0170 

.0485 

-.350 

.259 

.731 

1.0 

.30 

.435 

.626 

.0140 

.0405 

.345 

.257 

.743 

2.0 

.15 

.468 

.551 

.0170 

.0712 

.239 

.194 

.806 

2.0 

.20 

.442 

.552 

.0145 

.0623 

.233 

.189 

.811 

2.0 

.25 

.413 

.550 

.0120 

.0535 

.224 

.183 

.817 

2.0 

.30 

.390 

.557 

.0100 

.0445 

.225 

.184 

.816 

3.0 

.15 

.430 

.506 

.035 

.0747 

.181 

.154 

.846 

3.0 

.20 

.407 

.508 

.0115 

.0653 

.176 

.149 

.851 

3.0 

.25 

.386 

.514 

.0095 

.0560 

.170 

.145 

.855  , 

3.0 

.30 

.365 

.521 

.0083 

.0463 

.178 

,152 

.848 

In  case  of  a  rectangular  panel  the  load  distributed  along  the 
diagonal  is  constant  for  some  distance  each  side  of  each  quarter 
point  and  then  decreases  uniformly  to  zero  at  the  diagonal  center 
and  at  the  column  center. 

The  total  applied  bending  moment  in  the  diagonal  span  obtained 
by  the  preceding  process  when  due  regard  is  had  to  the  practicable 
diameters  of  column  caps  is  found  to  give  the  same  total  applied 
bending  moment  as  that  obtained  in  the  lozenge  shaped  side  spans 
in  a  square  panel,  and  is  approxinoately  equal  to  a  moment  similarly 
figured  in  a  rectangular  panel  when  the  moan  span  is  taken  as 


a+  b 


.,  a  and  b  being  the  long  and  short  sides  of  the  panel  respec- 


tively. This  determination  is  in  accordance  with  the  principles  of 
plane  hydraulic  stress  demonstrated  in  Chapter  III,  Section  10. 
The  following  table  gives  the  coefficients  locating  the  point  of  in- 
flection, and  the  apportionment  of  the  moments  at  mid  span  and 
over  the  supports  for  a  rectangular  panel  in  which  Li,  the  long  side, 
equals  1.2  times  L2  the  short  side. 
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RECTANGULAR  PANELS 


For  L1/L2 

-1.20 

/x 

C 
L 

2., 
L 

L-C 

nio 

J  WL 

nix 

irio 
nix 

IHo 

nix 

/o 

mo  +mx 

mo  +mx 

.5 
.5 
.5 

.15 
.20 
.25 

.553 
.519 

.678 

.692 

692 

.0327 
.0288 
.0238 

.0551 
.0475 
.0414 

.592 
.606 
.576 

.372 

.378 
.366 

■ 

.628 
.622 
.634 

1.0 
1.0 
1.0 

.15 
.20 
.25 

.523 
.500 
.468 

.617 
.625 
.624 

.0243 
.0214 
.0176 

.0635 
.0548 
.0477 

.383 
.389 
.368 

.277 
.280 
.269 

.723 
.720 
.731 

1.5 
1.5 
1.5 

.15 
.20 
.25 

.488 
.466 
.437 

.574 
.582 
.583 

.0198 
.0171 
.0142 

.0679 
.0592 
:0511 

.291 
.289 
.277 

.226 
.224 

.217 

.774 
.783 

.776 

2.0 
2.0 
2.0 

.15 
.20 
.25 

.458 
.439 
.413 

.538 
.550 
.551 

.0173 
.0144 
.0124 

.0704 
.0618 
.0528 

.246 
.233 
.234 

.198 
.189 
.190 

.802 
.811 
.812 

2.5 
2.5 
2.5 

.15 
.20 
.25 

.447 
.423 
.402 

.525 
.528 
.535 

.0153 
.0128 
.0113 

.0724 
.0635 
.0540 

.211 
.202 
.208 

.174 
.168 
.172 

.826 
.828 
.833 

L  in  the  table  is  the  length  of  the  diagonal,  2xi  is  the  distance  between 
points  of  inflection  on  the  diagonal,  L-^C  is  the  distance  along  the 
diagonal  between  caps,  nio  ^nd  m,  are  the  bending  moments  at  mid 
span  and  supports,  and  I^  and  7»  are  the  corresponding  moments  of 
inertia. 

In  the  paper  by  Mr.  Trelease,  Proc.  Nat'l  Assoc.  Cement  Users, 
1912,  p.  229,  Fig.  11,  the  points  of  inflection  on  the  diagonals  of  a 
rulber  mcdel  of  a  flat  slab  floor  are  shown  nearly  twice  as  far  from 
the  columns  as  they  are  upon  the  sides.  But  these  results  based 
upon  tests  of  a  rubber  sheet  failed  to  distinguish  the  predominant 
action  in  tlie  sheet  due  to  stretching  or  inverted  arch  action  from  the 
phenomenon  of  pure  flexure  with  the  surprising  result  that  the  points 
of  inflection  on  the  diagonals  were  located  two  and  half  times  as  far 
from  the  columns  in  proportion  to  inflection  points  on  the  sides  of 
the  panel  as  their  true  position  is  under  pure  flexure.  Since  a  small 
variation  in  the  position  of  the  points  of  inflection  makes  a  wide 
variation  in  the  relative  magnitudes  of  the  moments  over  and  be- 
tween the  supports,  the  grave  consequences  of  any  such  miscon- 
ception are  apparent  when  applied  to  the  design  of  a  floor. 

Under-estimation  of  the  resistance  of  the  material  in  synclastic 
curvature  has  led  to  defective  designs  in  many  cases  in  which  no 
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provision  at  all  has  been  made  for  so  restraining  the  synclastic  can- 
tilever areas  to  a  synclastic  mode  of  operation  that  any  material  tran- 
sition from  synclastic  to  cylindrical  curvature  is  prevented  under  un- 
balanced load.  Accordingly  not  a  few  designs  that  make  a  good 
showing  under  uniform  load  are  lacking  in  strength  under  unbalanced 
loads.  In  the  pioneer  type,  a  heavy  spider  was  utilized  to  furnish 
the  required  restraint.  In  the  more  advanced  Spiral  Mushroom 
Type  diagonal  strips  and  spirals  combined  with  a  lighter  spider  are 
the  elements  which  operate  to  this  end. 

8.  Deflections  in  Panel  of  a  Continuous  Column  Supported  Flat 
Slab  Floor  Uniformly  Loaded. 

Integrating  equation  (14)  Section  4  we  find  the  deflection  Zi  be- 
tween x  =  0  and  the  point  of  inflection  x=Xi. 

EI^i--iim^i-^bz\il-^i/5a)/6) (21) 

in  which  Zj  =  the  magnitude  of  the  deflection  between  the  origin  0  at 
the  panel  center  Fig.  123  and  that  at  the  point  of  inflection  on  the 
diagonal  at  a  distance  x=^Xi,  and  /o  the  moment  of  inertia  is  assumed 
to  be  the  same  at  ail  sections  between  x  — 0  and  x  =  Xi,  as  it  is  at 
x=0.  In  (21)  the  value  of  Xi  is  to  be  taken  from  the  table  in  section 
5  as  determined  by  the  known  value  of  n  and  Ix/lo' 

Again  by  equation  (14)  integrate  between  the  point  of  inflection 
at  x=Xi  and  the  edge  of  the  cap  at  x  —  nL,  then 

EI^{z2-Zi)^i{inoL^rt'— 1011^71"  (1— ln)/6) 

-i{m^\-wbxi^(l-Xi/5a)/6) (22) 

Hence         Ehz2-E{I^-I^)zy  =  |(nioLV-w;6L^n^l-in)/6) ....  (23) 

from  which  Z2  can  be  obtained  when  Zj  is  known  from  (21). 
The  total  central  deflection  is 

D  =  2l+  Z2 

9.  Arraiq;ement  of  Reinforcement  in  the  Spiral  Mushroom 
System#  The  original  four  way  reinforcement,  Figs.  5  and  6,  con- 
centrates the  steel  in  the  cantilever  area  over  the  columns  where  it 
can  act  as  a  mat.  The  disadvantage  of  the  arrangement  consists  in 
having  four  layers  of  reinforcement  one  above  another  in  which  the 
center  of  action  of  the  metal  is  removed  to  a  considerable  distance 
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from  the  extreme  fibre  6v  top  surfa(*e  of  the  slab.  Unless  standard 
specifications  were  strictly  observed,  which  require  the  splicing  of  belts 
in  their  own  plane,  it  sometimes  happened  that  instead  of  hav- 
ing only  four  layers  of  rods  over  the  supports,  eight  layers  were  col)- 
piled  there,  and  the  center  of  resistance  of  the  steel  was  then  removed 
to  a  correspondingly  large  distance  from  the  surface  with  a  resulting 
tendency  to  over-strain  and  crack  the  concrete  in  tension  in  addition 
to  reducing  the  efficiency  of  the  material  as  a  tensile  reinforcement 
by  emplacement  too  far  from  the  outer  fibers,  which  excessive  cob 
piling,  usually  resulted  in  increased  thickness  of  the  slab  in  order  to 
cover  the  steel.  The  elevation  of  the  head  being  determined  by  the 
bend  of  the  column  bars  and  the  length  of  the  column  reinforcement 
which  extends  down  to  the  lower  floor,  the  strength  is  thus  preserved 
but  the  contractor  in  order  to  save  what  material  he  could  in  the 
finish  in  order  to  make  up  for  this  loss  in  the  amount  of  concrete  in 
the  rough  slab  would  frequently  make  the  finish  so  thin  over  the 
support  that  it  would  become  cracked  by  shrinkage  and  present  a 
bad  surface.  These  difficulties,  together  with  the  consideration  that 
the  concentration  of  the  metal  in  the  cantilever  area  causes  a  like 
concentration  of  the  compressions  about  the  column  head  led  to  the 
improved  Spiral  Mushroom,  illustrated  in  Fig.  126,  in  which  the 
various  stages  of  placing  the  steel  are  shown. 

Stage  one  shows  the  frame  or  spider  on  which  the  flat  spirals  are 
placed,  the  spider  keeping  the  spirals  at  the  proper  elevation  near  the 
top  of  the  slab.  In  the  second  stage,  series  of  rods  of  a  width  approx- 
imately two  thirds  the  diameter  of  the  spiral  are  placed  in  two  direc- 
tions parallel  to  the  column  lines,  these  rods  being  at  the  top  of  the 
slab  over  the  spirals  and  dipping  shaiply  downward  to  the  bottom 
of  the  slab  beyond  the  line  of  inflection.  Then  diagonal  strips  from 
mid  span  to  mid  span  of  the  sides  are  placed  in  the  bottom  throughout 
as  shown  in  the  third  stage.  And  finally  in  the  fourth  stage  it  is 
showTi  how  parallel  rods  in  two  directions  fill  in  the  central  area,  each 
set  of  rods  rising  to  the  top  of  the  slab  over  the  saddle  back  areas  and 
dropping  to  the  bottom  therefrom  and  continuing  through  the  bot- 
tom of  the  slab  in  the  central  half  of  the  plate. 

It  thus  appears  that  the  entire  ai;ea  of  the  slab  is  completely 
covered  by  parallel  rods  in  two  directions  which  arrangement  is 
effected  in  four  stages  as  just  describeci  in  order  to  be  able  to  place 


thise  rods'  at  proper  levels  with  respect  to  the  rest  of  the  reinforce- 
ment in  a  convenient  manner. 


F/HST  Stage  Secot^  SiynCE 


Tmimd  Stace 


The  advantage  of  the  Spiral  Mushroom  over  the  original  form  of 
construction,  lies  first  in  the  reduction  of  the  thickness  of  the  mat  of 
slab  steel  over  the  supports.  The  thickness  of  the  mat  of  slab  metal 
is  reduced  over  supports  to  two  layers  of  slab  rods  and  a  spiral  rod 


^. 
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which  is  generally  about  the  size  of  the  slab  rods.  There  are  accord- 
ingly only  three  thicknesses  of  steel  in  place  of  five  layers  originally 
which  consisted  of  four  layers  of  slab  rods  and  the  larger  rings  when 
the  slab  steel  is  spliced  in  the  plane  of  the  belts.  The  distribution 
of  metal  all  along  the  saddle  back  areas  normal  to  the  column  lines 
reduces  the  compression  at  the  column  capital,  relieves  the  concrete 
of  horizontal  shears  in  vertical  planes  required  to  distribute  the 
bending  moment  at  the  saddle  back  in  the  older  type  and  adds 
considerably  to  the  stiffness  and  greatly  to  the  toughness  of  the  slab 
as  a  continuous  plate. 

Comparing  the  distribution  of  metal  in  the  Spiral  Mushroom 
with  the  original,  the  areas  of  one  layer  of  metal  at  mid  span  on  the 
column  lines  in  the  original  are  eliminated  by  reinforcement  across 
the  paneP  sides.  This  is  particularly  advantageous  in  wall  panels 
where  a  beam  runs  along  the  side  of  the  panel,  for  in  that  position  in 
the  older  construction  the  greater  cross  section  of  metal  in  two  layers 
at  mid  span  of  the  diagonal  favors  cylindrical  curvature  in  a  manner 
avoided  by  the  localization  of  the  maximum  amount  of  metal  at 
mid  span  across  column  lines  in  the  new  construction.  So  much 
synclastic  curvature  about  the  diagonal  center  of  wall  panels  as  is 
essential  to  imitation  of  plate  action  under  imbalanced  loading  is 
thus  assured. 

The  advantage  secm^  by  reducing  the  thickness  of  the  mat  over 
supports  in  the  new  construction  is  in  a  measure  off-set  by  the  fact 
that  the  reinforcing  metal  between  the  cantilever  areas  normal  to 
the  saddle  backs  is  efficient  in  but  one  direction  instead  of  operating 
solely  on  the  principle  of  the  mat  as  in  the  older  type.  On  the  other 
hand,  the  considerable  vertical  distance  apart  of  the  bars  in  the 
older  type  tended  to  interfere  with  the  perfect  operation  of  the  metal 
as  a  mat.  So  that  the  balance  of  advantages  and  disadvantages 
produce  the  net  result  that  checking  or  cracking  of  the  slab  because 
of  possible  erroneous  cob  piling  is  eliminated  and  much  greater 
toughness  and  ability  to  withstand  over-load  is  secured  in  the  later 
improved  type  brought  about  in  part  by  the  distribution  of  com- 
pressive stresses  more  uniformly  along  the  bottom  edges  of  the  panels 
and  the  reduction  of  twisting  shears  distributing  moments  along  the 
sides. 

The  oblique  two  way  reinforcement  of  the  Spiral  Mushroom  floor 
slabs  crossing  in  directions  parallel  to  the  diagonals  of  the  panels 
consists  of  belts  of  rods  in  the  bottom  of  the  slab  extending  from  mid 
span  to  mid  span  of  the  panel  sides  as  shown  in  Fig.  126,  where  they 
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together  with  the  side  belts  form  a  mat  of  considerable  stiffness  and 
rigidity  which  not  only  assists  in  bearing  the  tensile  stresses  at  mid 
span  of  the  sides,  but  by  increasing  the  stiffness  of  the  saddle  back 
areas  in  all  directions  affords  resistance  more  nearly  like  a  unitary- 
structure  with  a  self-contained  system  of  stresses,  less  subject 
to  warping  and  bending  unsymmetrically  in  either  direction  than 
one  with  the  same  amount  of  steel  all  placed  in  parallel  relation.  This 
arrangement  tends,  to  equalize  the  stiffness  of  the  saddle  back  with 
the  circumferential  cantilever  and  so  to  tie  them  both  together  as  to 
increase  their  efficiency  by  their  coaction  with  each  other. 

10.  Computation.  In  considering  the  cross  section  of  metal, 
that  over  the  cantilever  may  be  treated  as  a  mat  along  column 
lines.  That  in  the  top  of  the  slab  between  the  cantilever  edges  is 
to  be  treated  as  developing  only  the  equivalent  of  its  cross  sectional 
area  in  resisting  the  applied  moment  on  the  beam  principle  since 
there  is  no  circumferential  action  possible  in  the  saddle  shaped  por- 
tions of  the  slab. 

On  the  cross  section  at  mid  span  between  supports,  seven  tenths 
of  the  width  of  the  panel  may  be  considered  as  within  the  dish  shaped 
area  and  the  cross  section  of  one  layer  of  rods  therein  taken  as 
equivalent  to  two  and  one  half  times  its  cross  sectional,  area  in  beam 
action  and  the  cross  section  of  the  rest  of  the  reinforcement  is  to  be 
added  thereto  in  making  up  the  necessary  resisting  section  of  steel. 

The  oblique  rods,  while  they  have  an  amount  of  mat  action  that 
makes  them  about  twenty  five  percent  more  efficient  than  would  be 
due  to  their  sectional  area  when  in  parallel,  they  are  usually  treated 
as  equal  thereto.  No  fiu"ther  allowance  is  necessary  for  partial 
loading  when  the  column  diameter  is  not  less  than  l/l2th  of  the 
span  and  when  the  working  load  is  not  greater  than  250  pounds  per 
square  foot,  than  to  take  the  steel  area  in  the  dish  shaped  portions 
at  80%  of  its  efficiency  under  uniform  loads.  Other  cases  are  to  be 
investigated  by  considering  the  rigidity  of  the  column  and  the  chiange 
in  inclination  at  the  support,  as  will  be  explained  in  a  later  chapter. 

With  the  Spiral  Mushroom  type,  the  lines  of  zero  shear  differ  but 
slightly  in  their  position  from  those  in  the  older  type.  The  foci  of 
these  lines  are  removed  from  the  comer  of  the  panel  outward  a  very 
short  distance  along  the  diagonal  lines  by  reason  of  rigidity  added 
to  the  sides  by  the  oblique  belts. 

11.  Flat  Slab  and  Column  Construction  With  Increased  Rigid- 
ity in  the  Cantilever  Portion  and  Saddle  Back  Areas.     For  very 
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light  loads  and  long  spans,  a  flat  plate  of  uniform  thickness  must 
either  be  made  excessively  thick  or  in  some  way  an  increase  in 
rigidity  must  be  made  over  and  above  that  which  would  attend  the 
design  of  such  plates  for  usual  working  stresses  since  under  such 
stresses  excessive  deflection  might  result.  This  is  readily  effected 
by  increasing  the  moment  of  inertia  in  the  cantilever  and  saddle 
back  areas,  using  in  the  saddle  back  areas  a  wide  drop  or  increase 
in  thickness  amounting  to  2J"  to  4"  and  a  quarter  of  the  panel  length 
in  width  extending  from  column.  Such  a  change  increases  the 
rigidity  of  the  cantilever  without  lessening  any  of  the  advantages 
of  plate  action  therein.  It  increases  the  stiffness  of  the  saddle  shaped 
area  which  operates  between  the  cantilever  ends  on  the  beam  principle 
in  any  case,  and  permits  a  thin  Ught  plate  to  be  supported  between 
the  saddle  shaped  areas. 

The  lines  of  zero  shear  in  the  suspended  plate  are  thus  moved  on 
the  diagonal  outward,  away  from  the  center  of  the  column  to  some 
extent  and  the  plate  itself  can  be  figured  approximately  as  a  circular 
plate  l-l/8th  times  the  side  of  the  rectangle  in  diameter.  The  panel 
is  to  be  treated  along  column  Unes  in  the  same  manner  as  in  the  preced- 
ing cases,  but  the  suspended  span  between  the  cantilever  ends  and  the 
saddle  back  area  may  be  treated  on  the  beam  principle  by  designing 
it  to  carry  the  load  on  the  saddle  back  area  plus  approximately  one 
sixth  of  the  load  on  the  suspended  span. 

12.  Steel  Ratios  and  Minimum  Thickness  of  Slab.  Since 
slabs  should  be  so  designed  that  the  steel  would  yield  before  the 
concrete,  it  is  important  to  determine  how  large  a  percentage  of 
steel  may  be  introduced  without  passing  this  limit.  This,  however, 
is  dependent  upon  the  relative  t^iickness  of  the  slab.  In  case  of  the 
continuous  slab,  the  ratio  of  the  depth  to  side  span  involves  some- 
what different  considerations  from  that  of  the  ordinary  beam  since 
the  minimum  thickness  of  the  slab  on  a  diagonal  span  is  relatively 
less  than  is  permissible  in  beam  construction.  That  part  of  the 
thickness  of  the  slab  which  serves  as  fireproofing  and  which  is  con- 
stant for  any  given  size  of  rods  bears  a  greater  ratio  to  the  depth 
than  is  the  case  in  beam  construction.  Furthermore,  the  depth 
necessary  for  proper  embedment  over  the  support  and  the  massing 
of  the  steel  at  the  support  reduces  the  effective  lever  arm  of  the 
steel  in  the  cantilever  to  jjd,  which  reduces  it  to  a  relatively  greater 
extent  than  at  mid  span  where  the  effective  depth  becomes  jyd  as 
it  does  in  the  case  of  one  way  slab  construction  also.  This  reduc- 
tion in  effective  depth  for  fireproofing,  embedment  and  massing  of 
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the  steel  is,  however,  a  constant  for  a  given  size  and  arrangement 
of  reinforcement  and  for  the  continuous  slab  it  is  found  that  we. 
may  accordingly  take  this  constant  as  follows: 

2  "  for  3/8"   rod  reinforcement  (or  smaller  sizes) 
2}"  "     7/16"   "  « 

2i"  "     1/2"     «  " 

The  limiting  minimum  thickness  of  slab  then  may  be  stated  as 
L/48  plus  the  constant  just  tabulated  for  the  various  sizes  of  rods. 

In  case  square  twisted  rods  are  used,  the  same  constant  should 
be  used  for  3/8"  square  twisted  as  for  1/2"  rounds,  and  for  1/2" 
square  twisted  the  same  constant  as  for  6/8"  rounds.  This  will 
give  a  satisfactory  minimum  thickness  of  slab  for  all  spans  of  this 
type,  L  being  the  longer  direct  distance  between  column  centers. 

For  square  panels  supported  on  beams  or  walls  at  the  edges,  the 
constant  for  the  various  size  of  reinforcing  rods  should  be  one  inch 
less  than  that  tabulated  above,  and  the  minimum  thickness  taken 
as  L/48  plus  this  new  constant. 

Where  the  panel  is  rectangular  and  not  square,  and  supported  on 
the  sides  by  beams,  the  same  rules  will  hold  by  using  (a^+6')/(o+6) 
in  place  of  L  for  the  span  of  the  square  panel,  in  which  a  and  b  are 
the  spans  in  the  two  directions  respectively. 

Deierminaiion  of  reinforcement  required  in  slabs.  In  case  of  beams 
with  different  values  of  N  the  ratio  of  depth  to  span,  the  proper 
values  of  the  steel  ratio  p  were  obtained  in  Chapter  VI  page  166. 
In  case  of  slabs  the  ratios  so  obtained  should  not  be  exceeded,  but 
in  reckoning  the  reinforcement  of  slabs  account  must  be  taken  of 
the  fact  that  the  steel  is  in  multiple  directions  so  that  the  reinforce- 
ment per  belt  will  be  only  a  fraction  of  the  total  permissible  steel. 

In  the  continuous  slab  with  four  way  reinforcement  and  Mush- 
room heads,  having  given  the  ratio  of  the  thickness  to  span  taken 
center  to  center  of  columns,  determine  the  percentage  of  steel  from 
the  diagram  for  beams,  page  166,  and  divide  this  by  2  to  find  the  limit- 
ing percentage  of  steel  for  each  belt. 

In  the  slab  with  two  way  reinforcement,  supported  on  columns, 
the  side  belt  may  be  made  a  little  heavier  than  in  the  four  way 
belt  type,  .6  of  the  percentage  given  for  beams  being  permissible. 

In  slabs  not  reinforced  with  a  supplemental  cantilever  frame, 
but  with  a  depressed  head  instead,  the  minimum  thickness  should 
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not  be  less  than  the  minimum  thickness  allowed  for  the  former 
type,  but  the  steel  ratio  may  be  made  .55  that  for  beams  instead  of 
.5  which  is  permissible  with  mushroom  heads. 

In  square  slabs  supported  on  beams  or  walls  the  percentage  of 
steel  in  the  strip  occupying  the  middle  third  of  the  panel  each  way 
should  not  exceed  that  for  beams  of  similar  proportions  of  depth  to 
span.  In  case  the  panel  is  a  rectangular  panel,  the  percentage  of 
steel  should  not  exceed  that  for  square  panel  having  a  side  equal  to 
(a"  +  b'')/{a  +  b)  which  we  have  previously  used  in  determining 
the  minimum  thickness  of  span  for  this  form  of  panel. 

With  the  above  interdependent  limitations  as  to  the  minimum 
thickness  and  maximum  steel  ratio  in  mind  the  designer  has  to  deter- 
,  mine  how  far  in  any  given  design  he  shall  deviate  for  any  reason  from 
them.  By  making  .V  smaller  and  the  slab  consequently  thicker  he 
will-be  able  to  reduce  the  deflection  to  such  figures  as  may  be  desired 
or  required.  But  whep  such  deviations  are  made  the  proper  rela- 
tionship between  steel  ratio  and  slab  thickness  is  still  to  be  deter- 
mined from  the  diagram  page  166  as  has  just  been  done  for  the 
case  of  minimum  thickness. 

The  erroneous  requirement  is  made  in  some  building  codes  that  the 
maximum  deflection  of  a  slab  under  test  shall  be  a  no  greater  per- 
centage of  length  of  span  than  that  permitted  or  allowed  for  a  deep 
beam.  A  deep  beam  might  be  broken  and  seriously  injured  under 
a  deflection  which  would  do  no  damage  whatever  to  a  long  thin 
slab.  A  certain  degree  of  stiffness,  however,  is  required  under  work- 
ing loads  wherever  there  are  partitions  in  a  building  which  may  be 
damaged  by  undue  deflections.  The  deflection  in  a  thin  slab  should 
not  exceed  1 /700th  of  the  span  under  working  load,  and  preferably 
less.  In  an  office  building  or  an  apartment  house,  where  there  are 
partitions  which  might  be  cracked  by  deflection,  the  deflection  should 
be  limited  for  working  loads  to  l/lOOOth  of  the  span. 

The  inappropriateness  of  any  requirement  limiting  the  deflection 
to  a  given  fraction  of  the  span  will  appear  from  the  following  inves- 
tigation of  the  elementary  relations  between  the  deflections  and 
stressjes  in  the  steel  of  reinforced  beams,  since  similar  considerations 
apply  to  slabs.  Using  the  notation  previously  employed  we  obtain 
from  the  well  known  expression  for  the  steel  stress  /g,  the  equation 

W  L{l  —  k)d  =  n//,, 

in  which  n  =  4,  8,  8  or  12  for  four  different  cases,  namely  simple 
and  restrained  beams  carrj'ing  a  load  W  either  concentrated  at  mid 
span  or  uniformly  distributed. 
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Again  the  well  known  expression  for  the  deflection  D  gives  us- 
the  equation. 

WL^--mEID 

in  which  w=48,  76.8,  192  or  384  for  the  four  cases  mentioned 
By  combining  these  equations  to  eliminate  W  the  following: 
relation  between  f^  and  D  is  obtained: 


ma  —  k)dE 

This  shows  that  the  maximum  deflection  D  in  beams  of  different 
depths  df  and  the  same  length  and  unit  steel  stress  f^  varies  as  l/d 
while  the  coeflicient  n  and  m  make  further  wide  variations,  which, 
make  it  absurd  to  limit  the  permissible  deflection  to  any  given  frac- 
tion of  the  span. 

For  test  loads,  however,  greater  deflections  are  permissible  than 
for  the  working  loads  discussed  previously.  Actual  test  under 
common  conditions  of  partial  restraint  shows  that  in  a  span  of  forty 
times  the  thickness  or  depth  of  the  slab  i.  €.,  L  =  40  d,  a  deflection, 
equal  to  L/250  will  not  materially  injure  the  construction.  Con- 
sequently in  case  L=10d,  a  deflection  of  L/lOOO  should  not  be  ex- 
ceeded. 

Since  a  practical  constructor  desires  to  test  only  to  safe  limits^ 
rather  than  to  anything  approaching  the  ultimate  limit  h^  will  not 
object  to  regulations  twenty  percent  more  rigid  than  those  just  men- 
tioned provided  the  time  of  making  the  test  is  not  less  than  four 
months  after  casting  the  concrete. 

13.    Increase  in  Depth  of  Slab  Required  for  Increase  of  Load.. 

For  a  given  span  and  given  size  of  capital  the  moment  to  be  resisted 
increases  directly  as  the  load.  Now  were  the  area  of  the  "steel 
increased  in  the  same  ratio  as  the  slab  thickness  the  resistance  of 
the  slab  would  be  increased  as  the  square  of  the  depth.  There- 
fore, from  this  consideration  the  thickness  would  increase  in  the  ratio 
of  the  -^w  in  which  w  would  represent  the  sum  of  the  dead  and  live 
loads  per  unit  area.  On  the  other  hand,  as  the  thickness  of  the  slab 
increases  relative  to  a  given  span  the  percentage  of  steel  that  it  is 
permissible  and  economical  to  use  also  increases  as  before  shown. 
Moreover,  the  amount  of  arch  action  increases  with  the  thickness  of 
the  slab  relative  to  a  given  length  of  span,  while  the  dead  weight  per 
square  foot  as  well  as  the  thickness,  increases  at  a  less  rapid  rate 
when  the  percentage  of  steel  is  increased,  so  that  the  sum  total  o 


308 


THICKNESS  OF  SLABS 


these  variable  elements  renders  the  increase  in  net  thickness  or 
depth  of  the  slab,  from  the  center  of  the  steel  to  the  center  compres- 
sion fiber,  nearly  as  the  cube  root  of  w,  a  conclusion  which  is  in  ac- 
cord with  good  practice  and  quite  different  from  the  Joint  Committe 
rule  that  the  depth  from  the  center  of  the  steel  to  the  top  of  the  slab 
should  increase  as  the  square  root  of  ii\  the  loading.  For  the  same 
load  per  foot,  as  the  span  increases,  the  bending  moment  for  a  given 
ratio  of  the  diameter  of  cap  to  the  span  length  increases  as  the  cube 
of  the  span,  and  since  the  resistance  of  the  concrete  and  metal  for  a 
given  percentage  of  steel  increases  as  the  square  of  the  depth,  the 
increase  in  thickness  of  the  slab  with  the  increase  in  span  for  the 
same  unit  load  should  be  directly  as  the  increase  in  span.  The  fire- 
proofing  should  be  the  same  for  each. 

Eddy,  Trans.  Am.  Soc.  C.  E.  Vol.  LXXXl  pp.  1173,  gives  the 
following  formula  and  Table  for  d  the  distance  from  the  center  of 
the  steel  to  the  the  top  surface  at  mid  span: 


d=^L 


Awo+  2,800 
10^ 


inches ;  =  effective  thickness 


L  =  span,  in  feet;  u^o  =  live  load,  in  pounds  per  square  foot. 
Table  3.— Effective  Thickness  d  of  Flat  Slabs. 


Span 

in  feet 

M'O  =  100 

200 

300 

400 

500 

600 

Differences 

14 

4.48 

5.04 

5.60 

6.16 

6.72 

7.28 

0,56 

16 

5.12 

5.76^ 

6.40 

7.04 

7.68 

8  32 

0.64 

18 

5.76 

6.4S 

7.20 

7.92 

8.64 

9.36 

0.72 

20 

6  40 

7.20 

8.00 

8.80 

9.60 

10.40 

0.80 

22 

7.04 

7.92 

8.80 

9.68 

10.56 

11.44 

0.88 

24 

7.68 

8.64 

9  60 

10.56 

11.52 

12.48 

0.96 

26 

8.32 

9.36 

10.40 

11.44 

12.48 

13.52 

1.04 

28 

8.96 

10.08 

11.20 

12.32 

13.44 

14.56 

1.12 

30 

9.00 

10  80 

12.00 

13.20 

14.40 

15.60 

1  20 

32 

10.24 

11 .52 

12.80 

14.08 

15.36 

16  64 

1.28 

Differences 

0.64 

0.72 

0.80 

0.88 

0.96 

1.04 

This  formula  gives  satisfactory  values  of  d  for  the  cap  diameters  of 
.2  the  span  length  but  requires  modification  and  adjustment  for  other 
ratios  of  cap  to  span  length  which  may  be  readily  determined  from 
the  relative  magnitude  of  the  coefficients  of  the  applied  moments. 
It  will  be  noted  that  these  thicknesses  follow  veiy  closely  the  above 
approximate  relations,  and  to  these  thicknesses  is  to  be  added  the 
necessar>^  fireproofing. 

14.  Form  of  Capital  and  its  Effect  on  Bending  and  Twistiiq; 
Moments.     For  rectangular  panels  such  as  shown  in  Fig.  123,  the 
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analysis  of  the  bending  and  twisting  moments  at  the  edge  of  the  column 
cap  is  applicable  to  the  edge  of  a  depressed  head  also  and  the  moments 
in  either  direction  may  be  figured  in  the  manner  therein  given,  if  the 
sides  of  the  head  are  proportional  to  the  sides  of  the  panel.  Where 
the  column  capital  is  round  or  octagonal  the  diagonal  axes  of  zero 
shear  may  be  treated  as  a  straight  lines  just  as  with  the  rectangular 
fonn  shown  in  Fig.  123.  Where,  however,  the  form  of  the  panel  is 
rectangular  but  a  deep  square  plinth  or  drop  head  is  used,  this  treat- 
ment is  no  longer  exact  because  the  diagonal  axis  of  zero  shear  OJD 
of  Fig.  123  is  no  longer  a  straight  line  but  a  broken  line  OJ  to  the 
corner  of  the  square  drop  and  JD  at  45°  from  the  comer  of  the  drop  to 
the  column  center.  This  change  in  the  direction  of  the  diagonal  axis 
of  zero  shear  causes  a  change  in  the  amount  of  the  twisting  moments, 
which  in  the  short  direction  equals  approximately  the  dilBference  of  the 
coefficients  in  the  two  respective  directions  found  in  the  curve  of  Fig. 
122  and  this  proportionate  part  of  the  bending  moment  in  the  long 
direction  must  be  added  to  the  bending  moment  in  the  short  direc- 
tion to  provide  for  this  decrease  in  twisting  moment  normal  to  the 
long  side. 

The  same  result  may  be  arrived  at  geometrically  by  treating  the 
areas  by  the  simple  method  given  in  Chapter  III  Section  23.  In  the 
long  direction  because  the  triangular  area  which  produces  this  change 
of  twist  has  its  center  of  gravity  one  third  of  the  distance  from  mid 
span  to  the  edge  of  the  capital  removed  therefrom  in  the  long  direc- 
tion instead  of  two  thirds  as  in  the  short  direction  the  proportionate 
difference  in  the  coefficients  is  to  be  divided  by  two  as  the  ratio  of 
the  bending  moment  in  the  short  direction  determined  from  the 
coefficients  of  Fig.  122  to  be  added  to  the  bending  moment  in  the 
long  direction  of  the  panel. 

15.  Economic  Form  of  Column  Capital.  In  Fig.  127  a  pattern  of 
the  capital  and  drop  head  is  shown  in  dottea  lines.  A  properly 
curved  cap  is  shown  in  full  lines,  superposed  thereon.  The  curve  of 
this  capital  obviously  comes  outside  of 

the  reentrant  angle  of  the  depressed  head,  r .  ^-.  >  "\^r '"-  "*  "^^"^^ 
shown  by  the  dotted  line,  thereby  decreas- 
ing the  amount  of  the  applied  bending 
moment  by  decreasing  the  virtual  span  to 
an  extent  not  affected  by  the  depressed 
head  as  will  be  obvious  by  referring  to  the 
coefficients  shown  in  the  curve  of  Fig.  122. 

The  capital  shown  provides  a  gradually  increasing  section  as  the 
column  is  approached  without  sudden  jogs  or  increase  in  the  sec- 
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tion.  It  further  tends  to  obviate  the  severe  shrinkage  stresses  which 
are  induced  in  curing  where  a  sharp  jimction  is  made  between  the 
vertical  sides  and  the  drop  of  a  slab  and  wherever  the  capital  is 
unscientifically  designed  with  too  little  slope  laterally  at  its  junction 
with  the  slab. 

Two  thirds  of  the  concrete  in  the  depressed  head  is  saved  by  a 
neatly  curved  cap  and  a  tougher,  more  efficient  slab  results.  Fur- 
ther, under  unbalanced  load  a  scientifically  designed  capital  is  greatly 
to  be  perferred  to  the  clumsy  drop  head.  Unfortunately  many  of 
the  manufacturers  of  column  forms  have  adopted  patterns  without 
considering  or  understanding  the  elements  of  efficiency.  Their  at- 
tention has  been  devoted  abnost  solely  to  the  question  of  designing 
something  that  is  cheap  rather  than  that  which  will  impart  strength 
to  the  structure. 

16.  Slabs  Supported  on  Four  Sides  by  Walls.  In  Chapter  III 
we  have  shown  the  total  applied  bending  moment  is  TrL/24,  where 
L  is  the  span  and  W  the  total  uniform  load.  In  Chapter  IX,  page 
235,  Figs.  91  and  92,  show  the  contours  of  a  slab  of  this  kind  and  a  fac- 
simile of  the  contours  of  the  central  portion  of  a  column  supported 
flat  slab.  The  same  principles  of  synclastic  curvature  are  accordingly 
to  be  applied  and  for  uniform  reinforcement  in  both  directions  we 
may  treat  the  reinforcement  as  2.5  times  as  efficient  as  though  it 
operated  by  mere  radial  resistance  thus  arriving  at  the  same  results 
that  were  determined  by  proportion  in  Chapter  II.  Relatively 
close  spacing  and  small  size  of  the  bars  is  just  as  requisite  in  this  iy^ 
of  slab  as  in  the  column  supported  flat  slab  and  the  principles  de- 
duced in  Chapter  VIII  likewise  apply. 

Figuring  the  resisting  moment  of  the  steel  according  to  the  fore- 
going principles  and  the  applied  bending  moment  as  above  stated,, 
the  same  section  of  steel  is  required  as  that  under  the  empirical 
formula  given  in  Chapter  II  for  uniform  spacing  of  reinforcement. 
This  method  is  substantiated  by  computed  deflections  and  by  ex- 
tensometer  measurements  of  stresses  as  well. 

Rectangular  panels  are  to  be  reduced  to  the  equivalent  square 
panel  by  taking  the  side  of  the  equivalent  square  as  the  quotient 
derived  by  dividing  the  sum  of  the  squares  of  the  sides  of  the  rectangle 
by  the  sum  of  the  sides. 

Where  the  slabs  are  freely  supported  at  the  edges  instead  of  being 
built  into  the  walls  and  made  rigid  thereby  under  twisting  moments 
the  working  stresses  should  be  reduced  one  fifth  while  care  should  be 
taken  not  to  over-reinforce  the  slabs  as  will  be  treated  in  a  separate 
section. 
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Where  the  slabs  are  supported  by  and  integral  with  beams, 

whose  ratio  of  depth  to  span  length  is  l/lOth  to  l/l2th,  the  bending 
of  the  beam  imposes  a  somewhat  greater  bending  moment  on  the 
slab  and  the  twisting  moments  are  increased  with  the  net  result  that 
the  twisting  moments  transfer  the  load  nearer  to  the  8upi)ort  and 
the  intensity  of  the  bending  across  the  diagonal  line  of  the  panel  is 
relieved. 

Furthermore,  the  flatness  of  the  curvature  next  to  the  beams  is 
reduced  by  the  bending  of  the  beams  at  mid  span  along  the  panel 
edges  giving  a  greater  radius  of  operation  for  the  centroid  of  the  cir- 
cumferential stresses.  In  a  panel  of  this  character  by  decreasing  the 
spacing  of  the  reinforcement  in  the  middle  third  the  efflciency  of  the 
reinforcement  is  increased  about  twenty  percent  over  that  in  the  wall 
supportefl  panels,  and  may  be  so  figured  conservatively. 

The  distribution  of  the  reinforcement  must  be  uniform,  that  is 
equal  symmetrical  spacing  normal  to  the  two  sides  of  the  panel.  If 
this  requirement  is  disregarded  and  reinforcement  put  in  more 
closely  spaced  in  the  shorter  direction  of  the  slab  there  is  a  tendency 
to  shift  the  valley  lines  and  to  change  the  cur\'^ature  of  the  slab  so 
that  it  approaches  more  nearly  to  cylindrical  curvature  in  the  cent- 
ral section  and  the  advantages  of  synclastic  bending  are  impaired. 

The  coaction  of  the  metal  and  concrete  follows  the  same  law  of 
distribution  of  indirect  stress  as  developed  in  Chapter  VIII  so  that 
where  the  bars  are  too  large  in  size  and  too  far  apart,  the  advantages 
of  resisting  in  synclastic  bending  are  greatly  reduced.  Furthermore, 
where  the  amount  of  steel  is  excessive  in  a  thin  slab  so  that  the  dis- 
tance from  the  steel  to  the  neutral  plane  is  much  less  than  the  spac- 
ing of  the  bars  the  coaction  of  the  metal  circumferentially  is  largely 
reduced.  Accordingly,  if  the  foregoing  method  of  computation  is  to 
be  depended  upon  the  conditions  under  which  it  is  applicable  must 
be  clearly  kept  in  mind. 

We  have  noted  that  as  the  loads  tend  to  develop  the  total  re- 
sistance of  the  plate,  cracking  occurs  across  the  diagonal  lines  accom- 
panied by  the  rapid  rise  in  the  stresses.  Reinforcement  across  the 
quarter  points  of  the  four  supporting  beams  distributed  in  the  bot- 
tom of  the  slab  tends  greatly  to  raise  the  yield  point  of  the  slab 
under  heavy  loading,  an  improvement  which  the  arrangement  des- 
cribed in  U.  S.  Patent  No.  1,025,236  was  intended  to  cover. 

17.    Size  and  Spacing  of  Rods  in  Plat  Slab  Construction.     The 

plate  action  which  we  have  been  treating,  brought  about  by  indirect 
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stress,  depends  for  its  efficiency  upon  the  dissemination  of  the  steel 
through  the  mass  of  the  concrete.  Large  rods  and  wide  spacing 
should  accordingly  be  avoided.  Where  the  steel  percentage  is  very 
small  it  sometimes  happens  that  5/l6  or  3/8  inch  rods,  the  smallest 
practical  sizes,  will  be  spaced  as  far  apart  as  eight  inches  between 
centers.  While  reasonable  results  will  be  secured  with  such  spacing 
where  the  percentage  of  steel  in  the  belt  is  as  small  as  .22,  where  the 
percent  of  steel  is  larger  the  spacing  should  be  closer. 

One  of  the  common  errors  in  flat,  slab  design  is  the  use  of  such 
rods  as  l/2  inch  or  even  5/8  inch  from  eight  to  twelve  inches  be- 
tween centers  with  the  expectation  of  securing  results  in  keeping 
with  a  more  scientific  and  uniform  dissemination  of  metal. 

Half  inch  rods  should  not  be  used  in  slabs  thinner  than  twelve 
inches  at  the  columns,  nor  5/8  inch  rods  in  slabs  thinner  than  fifteen 
incj^es  if  the  best  results  are  to  be  secured. 

18.  Flat  Plate  Theory.  There  are  several  important  particulars 
in  which  flat  plate  theory  diverges  so  widely  from  the  ordinary  con- 
siderations of  beam  theory  that  while  they  are  in  no  sensfe  contra- 
dictory of  the  latter  when  correctly  understood  it  is  nevertheless 
desirable  that  these  particulars  be  rehearsed  at  such  length  and  in 
such  detail  as  to  point  out  the  nature  and  amount  of  the  divergence 
in  each  case. 

First,  a  flat  plate  or  slab  must  have  simultaneous  curvatures  of 
vertical  sections  that  do  not  differ  widely  from  each  other,  at  right 
angles  to  each  other  parallel  to  the  sides,  both  at  panel  center  and  it 
the  supports  in  order  for  plate  theory  to  be  applicable  to  it.  A 
uniformly  loaded  cantilever  plate  supported  at  its  center  only  with 
free  edges  and  no  restraint  to  distribute  the  appUed  moments  about 
rectangular  axes  will  not  usually  operate  in  this  manner  but  will 
operate  as  a  simple  beam  supported  at  its  mid  point  with  one  cur- 
vature very  different  from  that  at  right  angles.  But  when  it  forms 
part  of  a  continuous  slab  of  many  panels  it  will  operate  in  an  entirely 
different  and  far  more  efficient  manner  by  reason  of  the  coaction  of 
the  two  bending  deformations  mutually  at  right  angles  to  each  other, 
and  yet  the  amount  of  the  restraining  force  that  must  be  called  into 
play  to  prevent  plate  action  from  degenerating  into  mere  beam  ac- 
tion is  nominal  only. 

The  fact  of  the  wide  difference  between  the  action  of  a  floor  as 
a  plate  and  as  a  beam  is  implicitly  recognized  in  the  common  limita- 
tion requiring  the  panel  width  to  be  at  least  75  percent  of  the  panel 
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length.     Smaller  widths  tend  to  give  rise  to  beam  action  rather  than 
plate  action. 

Suitable  provisions  must  in  all  cases  be  made  to  ensure  plate  ac- 
tion and  prevent  it  from  degenerating  into  beam  action. 

In  slabs  it  is  necessary  to  provide  a  wide  and  fine-grained  rein- 
forcement to  fully  cover  the  areas  of  synclastic  curvature,  such  as 
will  make  them  each  oflFer  a  continuous  uniform  resistance  to  bend- 
ing in  all  directions. 

It  is  to  be  noticed  that  the  ratio  of  slab  thickness  to  span  is  one 
of  the  important  factors  in  preserving  of  plate  action.  Were  floor 
slabs  in  realitj'^  thin  plates  with  a  thickness  of  less  than  one  percent 
of  the  span  the  problem  of  securing  permanent  plate  action  under 
unbalanced  loads  would  no  doubt  be  the  most  crucial  one  to  be  met 
in  the  practical  realization  of  plate  action,  whereas,  when  the  slab 
is  restrained  by  stiff  columns,  plate  action  can  be  ensured  in  interior 
panels  with  relatively  little  special  provision  compared  to  that  required 
in  exterior  panels. 

Second,  the  total  panel  area  has  been  subdivided,  by  sections  of 
zero  vertical  shear  into  load  areas  such  that  it  is  known  to  which  of 
the  supports  each  such  load  is  carried,  and  furthermore,  the  inten- 
sity of  the  vertical  shear  on  each  plane  within  that  area  by  which  the 
load  is  carried  to  its  support  is  also  known.  Such  sections  of  zero 
shear  lie  along  the  sides  of  the  panel,  along  the  diagonals,  and  along 
the  median  lines.  No  vertical  forces  are  transmitted  across  these 
sections  and  the  loads  in  the  triangular  areas  so  bounded  are  tran&- 
mitte<l  by  vertical  shears  to  the  colunms  at  their  apices.  These 
shears  are  in  each  case  resisted  solely  by  the  material  within  the 
triangular  area,  as  they  must  be  because  each  area  is  completely 
bounded  except  at  the  column  by  sections  of  zero  shear. 

These  known  shears  completely  determine  the  total  applied 
bending  moment  in  the  panel,  as  may  be  seen  from  the  following 
considerations:  The  total  shear  Sj^j  See  Fig.  123,  acting  on  a  ver- 
tical section  PF  perpendicularly  to  x,  in  transmitting  a  vertical 
force  equal  to  S,  thru  a  distance  dx  forward  along  x,  whether  it  be 
at  the  same  time  transmitting  it  thru  distance  laterally  and  so  per- 
pendicularly to  X  or  not,  must  necessarily  generate  an  element  of 
bending  moment  dMj^==Sj^x  along  x,  Thu?  result  necessarily  fol- 
lows from  the  principk»s  of  statics  and  the  definition  of  bending  mo- 
ments. And  the  elements  of  bending  moment  so  generated  may  be 
regarded    as   by-products   and    necessary   accompaniments   of    the 
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primary  plienomenon  of  the  transmission  of  the  load  to  the  supports 
by  vertical  shears,  the  transmission  of  the  shears  being  the  primary 
physical  cause  of  the  bending. 

It  has  become  so  habitual  to  reckon  bending  moment  from  con- 
sidering the  statical  moment  of  the  load  and  its  arm,  that  the  funda- 
mental operation  of  transmitting  load  by  shear  has  been  to  some  ex- 
tent disregarded.  But  in  the  present  case  it  is  evident  that  no  part 
of  the  load  that  is  not  transmitted  by  shears  perpendicular  to  x 
produces  moments  along  x,  and  the  part  so  transmitted  is  fixed  by 
the  planes  of  zero  shear  that  bound  it. 

When  each  of  the  eight  triangular  areas  that  surround  a  support 
have  been  considered,  it  is  evident  the  entire  load  W  upon  all  of  them 
together  is  tranfemitted  to  that  support  alone,  one  half  of  it  by  ver- 
tical sheare  across  sections  perpendicular  to  x  that  extentl  from 
diagonal  to  diagonal,  and  one  half  of  it  acioss  similar  sections  per- 
pendicular to  y.  No  total  bending  moments  along  .r  and  along  y 
can  be  produced  except  those  generated  by  these  shears  because  these 
shear's  transmit  the  entire  load  to  the  support. 

It  has  been  shown  that  each  of  the  total  moments  at  mid  span  and 
margin  amounts  to  WL/12  about  a  side  when  the  support  is  a  point, 
or  to  IFL  V2/16  about  a  diagonal,  and  is  much  less  in  the  practical 
case  of  a  cap  of  the  usual  size.  It  appears  therefore  that  the  total 
applied  moment  at  mid  span  and  support  is  less  than  WL/  16. 

The  peculiarities  of  the  separate  transmission  of  triangular  loads 
of  rectangular  panels  to  the  supports  are  due  to  the  arrangement  of 
the  supports  in  rectangular  array  along  x  and  y.  An  arrangement 
of  supports  located  at  the  corners  of  equilateral  triangles  for  example 
would  require  an  entirely  different  set  of  sections  of  zero  shear,  which 
could  be  readily  discovered  from  considerations  of  symmetry,  and 
when  once  found  they  would  necessarily  determine  the  magnitude 
of  the  total  applied  bending  moments  along  the  several  axes  in  the  slab. 

Altho  the  vertical  shears  are  confined  to  the  areas  where  they  are 
generated,  the  longitudinal  stresses  arising  from  the  bending  mo- 
ments produced  by  their  shears  are  not  so  confined  but  are  distri- 
buted along  the  sections  at  mid  span  and  supports  on  the  principle 
of  rigidities. 

Of  special  signifiance  are  the  sections  of  zero  shear  in  a  floor  which 
is  reinforced  with  narrow  belts  of  rods  that  run  directlv  and  dia- 
gonally  from  column  to  column,  since  each  belt  then  acts  largely  in- 
dependently of  the  others  in  transmitting  its  load  to  the  support 
much  as  would  a  separate  beam. 
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Third.  In  floors  which  are  continuously  reinforced  with  wide 
spreading  and  fine  grained  mats  embedded  in  the  concrete  in  such  a 
manner  that  they  afford  the  necessary  resistance  to  the  tensions  thru- 
out  their  synclastic  areas,  and  thus  make  them  imitate  in  their  mode 
of  operation  the  action  of  continuous  plates,  the  steel  in  the  belt 
that  crosses  synclastic  areas  is  not  subjected  to  tensile  stresses  by 
the  applied  bending  moments  which  can  be  correctly  calculated  in 
the  same  manner  as  they  are  in  the  longitudinal  reinforcement  of 
beams.  The  tensile  stresses  in  the  steel  are  in  reality  less  than  one 
half  as  great  as  those  so  calculated,  a  fact  substantiated  by  test  mea- 
surements and  susceptible  of  mathematical  demonstration  as  was 
shown  in  Section  9  Chapter  VIII  somewhat  in  detail  but  may  be 
expressed  in  abbreviated  form  by  saying  that  in  attempting  to  bend 
a  plate  or  slab  that  is  in  a  state  of  synclastic  or  convex  curvature  it 
will  act  like  a  piece  of  a  shell,  and  any  bending  about  one  axis  is 
physically  so  related  to  that  about  a  second  axis  at  right  angles  to 
the  first  axis  that  any  increase  of  curvature  about  the  first  axis  is 
necessarily  accompanied  by  a  corresponding  decrease  of  curvature 
about  the  second  axis.  And  that  a  given  total  applied  bending 
moment  can  produce  no  more  than  a  certain  amount  of  bending  in 
the  shell  about  both  axes  taken  together  which  when  equally  sub- 
divided between  the  two  is  only  half  as  great  in  each  as  if  the  entire 
bending  were  about  a  single  axis  as  in  ordinary  beam  theory. 

But  bending  is  deformation,  and  to  cut  total  deformation  in  two 
means  that  stresses  as  expressed  by  extensometer  measurements  of 
elongation  are  also  cut  in  two.  The  fact  of  the  physical  connection 
between  the  increase  of  curvature  about  one  axis  and  the  decrease 
about  an  axis  at  right  angles  to  it  is  intimately  connected  with  the 
relative  incompressibility  of  the  material  on  the  compressed  side  of 
the  shell,  and  its  resistance  to  specific  increase  of  area  of  the  mat  on 
the  tension  side  of  the  shell.  Any  elastic  compression  along  x  finds 
relief  by  a  corresponding  elongation  along  t/,  to  a  larger  extent  than 
by  a  change  of  volume. 

Fourth.  A  column  cap  of  a  given  size,  does  not  exert  an  influence 
of  the  same  amount  in  reducing  the  total  appUed  bending  moment 
in  flat  plate  theory  as  it  docs  m  beam  theory-,  a  fact  which  is  evident 
from  the  shape  of  the  moment  curve  which  is  different  in  a  beam 
from  that  on  either  a  side  or  diagonal  of  a  panel.  The  large  cap 
required  in  slab  floors  make  the  consideration  of  their  size  one  o 
the  essential  points  in  any  correct  calculation  of  the  applied  m  o 
ments  and  this  is  a  matter  that  has  befin  fully  and  correctly  treated 
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for  the  first  time  in  this  treatise  and  the  results  stated  in  convenient 
tables. 

Fifth.  Owing  to  the  diversity  in  the  arrangement  and  amount  of 
the  steel  in  the  synclastic  areas  over  column  heads  and  around  panel 
centers  th(?  moments  of  inertia  at  mid  span  and  supports  usually 
differ  materially  from  each  other.  Rut  the  relative  magnitude  of 
these  moments  of  inertia  is  the  determining  factor  in  fixing  the  posi- 
tion of  the  points  of  inflection  on  the  sides  and  diagonals  of  the 
panel,  and  in  subdividing  the  total  applied  bending  moment  between 
mid  section  and  supports,  which  ordinarily  differs  greatly  from  the 
usual  assumption  of  beam  theory  with  constant  moment  of  inertia. 
This  question  also  has  here  been  fully  investigated  and  expressed  in 
tables  for  the  first  time. 
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CHAPTER  XI 

REINFORCED  CONCRETE  COLUMNS 

1.  General  Considerations.  The  requirements  for  suitable 
design  for  reinforced  concrete  columns  in  building  construction 
may  be  briefly  stated  as  follows: 

First,  that  the  longitudinal  reinforcing  metal  should  be  toward 
the  outer  portion  of  the  column  in  order  to  properly  resist  any 
tendency  to  bend  or  deflect. 

Second,  that  the  bars  should  be  banded  or  tied  together  to  main- 
tain them  in  their  desired  position  and  add  toughness  to  the  column. 

Third,  that  the  bands  or  ties  should  not  so  cross  the  core  as  to 
interfere  with  placing  the  concrete  and  securing  a  monolithic  solid 
core. 

Fig.  Type  A,  shows  one  of  the  old  forms  of  Hennebique  tyj^e  of 
colunm.  In  this  tjT)e  the  principal  reinforcement  consists  of  heavy 
vertical  or  longitudinal  bars  tied  across  laterally  from  one  to  the 
other  by  comparatively  small  ties.  It  will  be  noted  that  these  ties 
cross  and  recross  the  core  of  the  column,  and  require  considerable 
care  in  filling  to  make  sure  that  there  are  no  voids  in  the  finished 
work. 
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Fig.  Type  A  Column 


Fig.  Type  B  Column 


Cases  have  occurred  with  thia  type  where  the  concrete  has  been 
arrested  part  way  down  in  pouring  the  column  and  on  removal  of 
the  form  an  open  space  was  found  of  perhaps  as  much  as  two  feet 
between  the  concrete  above  and  below,  so  that  the  load  above  was 
-carried  by  the  vertical  bars  only.  Evidently  such  an  arrange- 
ment of  metal  is  somewhat  dangerous,  but  with  imusual  care  it  may 
prove  satisfactory  from  the  standpoint  of  strength  if  the  work  be 
properly  executed. 

Fig,  T\pe  B,  shows  an  improved  form  of  tying  together  the 
-eight  vertical  bars  fonning  the  vertical  reinforcement  with  horizontal 
ties  in  the  form  of  squares,  one  inscribed  within  the  other.  The 
advantage  of  thia  type  over  that  previously  shown  Ues  in  the  fact 
that  the  central  core  of  the  column,  or  Inscribed  square,  is  clear  and 
imobstructed  thruout. 

Fig.  Type  C,  shows  a  column  reinforcement  consisting  of  four 
vertic^al  rods  with  wrapping  or  ties  holding  them  together  at  inter- 
vals. This  is  suitable  for  very  light  loads  where  the  concrete  is 
more  than  sufficient  to  take  the  entire  compression  without  excessive 
stress. 

Fig.  Type  D,  shows  a  column  section  of  the  Consid^re  type  in 
which  the  vertical  rods  are  hooped  with  spiral  reinforcement.  Con- 
siderable work  has  been  executed  using  hooped  columns  that  omit 
the  vertical  steel.  This,  as  the  authors  view  it,  is  a  very  grave 
mistake. 
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Hooping  may  be  of  two  types:  First,  a  spiral  coil  in  which 
the  wire  is  wound  around  the  core  of  the  column  in  the  form  of  a 
continuous  spiral,  and  second  that  in  which  separate  independent 
hoops  are  placed  at  intervals  and  attached  to  the  vertical  rein- 
forcement. 

The  strength  of  Types  A,  B,  C,  and  D,  all  depend,  first  upon 
the  strength  of  the  concrete,  second,  upon  the  amount  of  vertical 
steel  used,  and,  third,  upon  the  amount  of  ties  or  hooping  holding 
the  rods  in  position  and  bringing  lateral  restraint  upon  the  concrete. 

Theoretical  formula  based  on  the  ratio  of  the  moduli  of  elas- 
ticity of  concrete  and  steel  alone  cannot  be  depended  upon  for  a 
satisfactory  solution  of  the  problem  presented  by  the  third  element 
noted  and  we  must  depend  largely  upon  experimental  investigation 
to  determine  reasonable  and  safe  practical  values  to  use  for  our 
working  stress. 

In  deciding  upon  these  values  we  need  to  consider  the  column, 
first,  from  the  standpoint  of  its  ultimate  strength  in  the  finished 
building,  second,  from  the  standpoint  of  its  strength  and  safety 
during  construction,  and  third,  from  a  consideration  of  the  relative 
values  of  the  various  types  in  securing  strength  at  a  minimum  cost. 

« 

Type  D,  with  a  proper  proportion  of  vertical  steel  combined 
with  the  hooping  ranks  first,  from  the  standpoint  of  safety  and 
economy. 

Type  B,  second. 

Type  D,  with  hooping  but  with  no  vertical  steel  third;  and  types 
A  and  C  fourth. 

It  may  be  stated  that  type  A  is  now  rarely  used  and  discussion 
concerning  it  may  be  omitted. 

For  Type  C,  the  allowance  permissible  for  working  stress  on  a 
1  :  2  :  4  concrete  is  350  pounds  per  inch  of  the  core  area  between  rods, 
and  10,000  pounds  per  square  inch  on  the  vertical  steel  and  besides 
this  the  volume  of  metal  in  the  ties  is  to  be  treated  as  forming  im- 
aginary verticals  with  a  working  stress  equal  to  that  allowed  for  the 
vertical  bars,  the  ties  to  be  spaced  not  further  apart  than  ten  time* 
the  diameter  of  the  vertical  bars  in  case  the  bars  are  one  inch  sec- 
tion, but  where  smaller  bars  are  used  the  spacing  should  not  exceed 
9"  nor  the  size  of  the  tie  to  be  less  than  one  quarter  inch  round. 

Type  B.  The  allowable  working  stress  for  a  1:2:4  mix  is 
•600  pounds  per  square  inch  on  the  concrete  of  the  core,  10,000  pounds 
on  the  vertical  steel,  and  one  and  one  half,  times  the  volume  of  the 
ties  treated  as  imaginary  verticals.     These  ties  should  not  be  spread 
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further  apart  than  9'',  and,  if  they  are  to  be  considered  of  value, 
they  should  be  put  not  more  than  ten  diameters  of  the  vertical  bars 
apart. 

Type  D,  the  Considdre  tj-pe,  is  by  far  the  most  economical  tj-pe 
of  column  reinforcement  that  has  been  invented.  It  was  brought 
prominently  to  the  attention  of  the  pubKc  by  Armand  Considdre. 

The  principle  involved  is  this:  by  restraining  the  concrete 
laterally  its  strength  in  compression  is  greatly  increased.  Just  as 
an  ordinary  piece  of  stove  pipe  filled  with  sand  will  carry  a  load 
several  times  greater  than  the  pipe  itself  would  be  able  to  do,  so  will 
a  hooped  colunm  owing  to  the  fact  that  the  metal  is  strained  in 
tension,  while  the  filling  held  in  position  by  the  restraint  of  the  pipe, 
carries  the  weight  of  the  load.     For  strength  see  Section  5. 

There  have  been  quite  a  number  of  experiments  on  hooped  con- 
crete using  spiral  hooping  only.  In  these  experiments  it  has  been 
found  that  after  the  ultimate  strength  of  plain  concrete  has  been 
developed,  splitting  and  scaling  of  the  outside  shell  occurs,  combined 
with  a  large  vertical  deformation  and  considerable  lateral  bending 
before  ultimate  failure. 

2.    Considerations    of    Safety    Determining    Carrying    Lx>ads. 

If  it  is  expected  to  develop  the  core  of  the  concrete  to  a  point  beyond 
its  normal  strength  we  must  evidently  prevent  its  lateral  distortion 
or  bulging  and  also  the  sliding  or  flow  of  the  concrete  between 
consecutive  bands  or  turns  of  the  spiral,  hence  a  certain  proportion 
of  vertical  steel  must  be  used  in  connection  with  the  hooping  to  secure 
the  best  results. 

In  determining  the  degree  of  safety  of  the  various  types  of  column 
design,  an  investigation  of  the  manner  of  failure  of  the  respective 
types  is  in  order  as  to  whether  it  occurs  suddenly  and  without 
warning,  or  gradually,  accompanied  by  indications  of  approaching 
failure  long  before  failure  occurs,  and  there  is  the  further  question 
as  to  whether  the  conditions  of  strain  in  the  column  are  proportional 
or  comparable  between  the  column  under  ordinary  working  stresses 
and  the  column  as  it  approaches  the  breaking  down  point  and 
ultimate  strength.  The  following  general  observations  may  be 
made  as  to  these  questions: 

In  colunms  shown  in  Fig.  Type  C,  the  failure  occurs  with  little 
warning,  the  vertical  bars  bending  outward  and  the  ties  yielding. 

In  the  hooped  colunm  without  vertical  steel,  when  it  is  loaded 
from  forty  to  fifty  percent  of  its  ultimate  strength,  the  portion  of 
the  concrete  outside  the  hooping  commences  to  check  and  crack, 
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and  later  to  scale.  From  this  point,  the  rate  of  deformation  with, 
addition  of  the  load  increases  rapidly  owing  to  dissipation  of  energy 
by  the  cracking  and  scaling  of  the  shell.  Further  loading  is  ac- 
companied by  large  lateral  deformations  up  to  the  final  failure.  Such 
a  column  gives  ample  warning  but  the  point  at  which  the  outer  shell 
or  fire  protection  commences  to  fail  is  but  little  higher  than  the 
point  at  which  the  ordinary  vertically  reinforced  column  fails,  so 
that  little  advantage  in  the  way  of  increased  working  stress  is 
secured  unless  the  hooping  is  combined  with  vertical  steel. 

The  well  hooped  column  vertically  reinforced  shows  a  large 
increase  in  strength  over  that  of  the  vertically  reinforced  column 
with  ties  and  a  great  increase  in  toughness.  Its  failure  is  not  sudden 
and  without  warning  as  in  the  former  type,  while  the  point  at  which 
checking  and  scaling  of  the  outside  shell  occurs  is  raised  to  eighty 
or  eighty-five  percent  of  the  ultimate  strength,  thus  giving  a  large 
margin  of  safety  to  the  fireproofing  between  the  working  load  and 
the  load  where  the  failure  of  the  shell  is  in  evidence. 

3.  Experimental  Data.  A  partial  report  on  tests  on  full  sized 
columns,  made  at  Phoenixville,  Pa.,  for  C.  A.  P.  Turner,  engineer, 
by  Mason  D.  Pratt,  is  given  m  the  following  table: 

Test  No.  1 

Marks  on  column:    None. 

Reinforcement:     Eight  If  inch  round  vertical  bars.  . 

Bands:    Spaced  9  inches  vertically,  J  inch  rivets,  cross^. section 
If  X  J  inches,  inside  diameter  14  inches. 

Hooped  with  7/32  inch  wire  spirals,  about  2  inch  pitch. 

Total  load  at  failure,  1,360,000  lbs. 

Remarks:  Point  of  failure  was  about  22  inches  from  the  top, 
Little  indication  of  failure  until  ultimate  load  was  reached. 

Some  slight  breaking  off  of  concrete  near  the  top  cap,  due 
possibly  to  the  cap  not  being  well  seated  in  the  column  itself. 

Test  No.  2 

Marks  on  columns:     Box  4. 

Reinforcement:     Eight  1|  inch  round  vertical  bars. 

Bands:    Spaced  13  inches  vertically,  i  inch  rivets,  cross  section 
If  X  J  inches,  inside  diameter  14  inches. 

Hooped  with  7/32  inch  wire  spiral,  about  3  inch  pitch. 

Point  of  failure:     About  18  inches  from  top. 

Top  of  cast  iron  cap  cracked  at  four  comers. 

Ultimate  load:     1,260,000  lbs. 

Remarks:  Both  caps  apparently  well  seated,  as  was  the  case 
with  all  the  subsequent  tests. 
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Test  Xo.  3 
Marks  on  column :     4-Ii. 

Reinforcement:     Eight  7/8  inch  round  vertical  l)ars. 
Band»:    Spaced  13  inches  vertically,  J  inch  rivets,  cross  section 

Ij  X  3/16  inches,  outside  diameter  14  inches. 
I'ltimate  load:     900,000  lbs. 
Point  of  failure:     About  2  feet  from  top. 

Remarks:     Concrete  at  failure,  considerably  disintegrated,  prob- 
ably due  to  continuance  of  movement  of  machine  after  failure. 
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Test  No.  4 

Marks  od  column;:     Box  i-c. 

Remforcement :     Eight  1  inch  round  vertical  bar^. 

Bands:  Spaced  8  inches  vertically,  i  inch  rivets,  cross  section 
Ij  X  }  inches,  inside  diameter  14  inches. 

Hoope<l  with  7/32  inch  wire  spirals,  about  3  inch  pitch. 

Total  load  at  failure:     1,260,000  lbs. 

Remarks:  First  indications  of  failure  were  nearest  the  bottom 
end  of  the  column,  but  the  total  failure  was  as  in  all  coiumns,  withui 
2  feet  of  the  top.  Large  cracks  in  the  shell  of  the  column  extended 
from  both  ends  to  very  near  the  middle.  This  was  the  most  satis- 
factory showing  of  all  the  columns,  as  the  failure  extended  over 
nearly  the  full  length  of  the  column. 


Test  No.  5 
Marks  on  column:     None. 
Reinforoement :     Eight  J  inch  vertical  bars. 
Bands:    Spaced  10  inches  vertically,  i  inch  rivets,  cross  si 

Ij  X  i  inches,  14 J  inches  outside  diameter. 
Hooped  with  7/32  inch  wire  spiral  as  before,  3  inch  pitch. 
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Load  at  failure:  1,100,000  lbs. 

Ultimate  load :     1,1 30,000  lbs. 

Remarks:  The  main  point  of  failure  in  this  as  in  all  other  col- 
umns was  within  two  feet  of  the  top  altho  this  column  showed  some 
scaling  oflF  at  the  lower  end. 

This  set  of  tests  were  not  conducted  with  any  considerable 
degree  of  refinement  but  were  a  practical  test  of  ultunate  strength 
and  the  yield  point  value  of  specimens  of  full  sized  members, 
which  lends  greater  value  to  the  determination  than  laboratory 
tests  on  small  specimens. 

The  concrete  mixture  was  one  part  Portland  cemenj,  one  part 
sand,  and  one  and  one-half  parts  buckwheat  gravel,  and  three  and 
one-half  parts  gravel  ranging  from  one-quarter  inch  to  three- 
quarter  inch  in  size. 

It  should  be  noted  that  in  these  tests  the  cracking  of  the  shell 
did  not  occur  until  the  hoops  were  over-strained,  and  that  the 
strength  of  the  hooping  closely  defined  the  ultimate  strength  of  the 
colulhn  with  the  proportions  of  vertical  steel  used. 

L  In  these  columns,  pressures  were  developed  on  the  core  more 
than'  three  times  the  ultimate  strength  of  plain  concrete  at  2600 
pounds  per  square  inch. 

2.  Incipient  failure  occurred  only  by  the  stretching  or  bursting 
of  the  bands. 

All  colimins  were  approximately  octagonal  in  shape.  10'6"  long 
and  18"  diameter.  Final  failure  occurred  toward  the  upper  end  of 
the  column.  Mr.  Pratt  accounts  for  the  regularity  with  which  the 
colunms  failed  at  the  upper  end  on  the  ground  that  the  concrete 
at  the  lower  end  was  more  dense,  owing  to  its  being  under  (consider- 
able hydraulic  pressure,  while  setting.  The  rods  were  all  shorter 
than  the  concrete  shaft.  Examination  of  the  columns  after  removal 
from  the  testing  machine  showed  in  all  cases  a  bulging  out  of  the 
vertical  reinforcement  at  the  principal  point  of  failure  with  the 
nearest  hoop  ruptured  and  in  every  case  the  wire  spiral  was  broken 
in  one  or  more  coils  at  the  point  where  the  vertical  rods  were  bent 
out.  The  vertical  bars  in  nearly  every  case  bulged  as  a  column 
with  fixed  ends.  Where  the  hoop  spacing  was  six  to  nine  inches, 
the  deformed  length  of  the  bar  would  extend  over  the  space  of 
two  hoops.  Where  the  hoop  spacing  exceeded  nine  inches  the 
deformed  length  of  vertical  bars  was  confined  to  the  space  between 
one  pair  of  hoops. 


It  may  be  well  to  review  at  this  point  two  series  of  carefully 
conducted  tests  upon  plain  and  reinforced  concrete  prisms.  Fig.  127, 
shows  the  dimensions  and  reinforcement  of  a  series  of  prisms  tested 
by  Bach*  for  Wayss  and  Freitag.  These  specimens  are  Type  C 
columns. 
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FiK.  127  AtuiwinR  DimeniionB  bqU  Reinforcement. 

The  first  table  for  elasticity  test  of  Type  C  colunuis,  shows  the 
reinforcement,  tie  spacing,  and  eta.stic  deportment  under  different 
loads. 

The  second  table  for  T\pe  C  columns,  shows  the  Ijreaking 
strength  of  this  series. 

,.  p.  ill. 
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It  will  be  noted  under  the  table  showing  the  breaking  strength 
that  the  specimens  with  1  3/l6  inch  round  verticals  and  4.6  per- 
cent reinforcement,  do  not  show  as  great  an  increase  in  strength 
as  the  specimens  with  1.14  percent  reinforcement,  but  with  much 
closer  spacing  of  the  ties,  the  specimens  with  the  large  rods  having 
ties  four  times  as  far  apart  as  the  specimens  with  the  small  rods. 


COL.  TABLE  I 
Elasticity  Test  of  Columns  (Bach) 


Stresses 


Lbs.  sq.  in. 


459 
459 
459 
459 

919 
919 
919 
919 

1380 
1380 
1380 
1380 


4  Rods  of 
Diameter 


Tie 
Spacing 


Inch 


Inches 


Plain  Concrete 
I  in.   rd.        10 

I  **       **  5 


Plain  Concrete 
t  in.    rd.         10 

f  "       **  5 

I  «       "  2i 

Plain  Concrete 

I  in.    rd.         10 

I  "       "  5 

«       u  2J 


Shortening  in  Millionths 
of  the  length 


Total    I    Elastic  Diff.    I  Permanent  Set 


133 
114 
110 
106 

333 
267 
264 
241 

709 
488 
473 
421 


7 
5 
2 

4 

37 
20 
18 
13 

164 
63 
58 
42 


126 
109 
108 
102 

296 
247 
246 

228 

545 
425 
415 
379 


COL.  TABLE  II. 
Breaking  Strength  of  Columns  (Bach) 


Specimen  3  mo.  old. 


Diameter 
of  rods. 


Tie 
Spacing 


Breaking  Strength 


Each 


Average      I   Percent  of 
lbs.  per  sq.  in.'  Reinforcing 


Plain    Concrete 


I  in.  rd. 


5      U 

H 

lA** 


u 
u 


10 

5 

2i  " 
10  " 
10     « 


m. 

a 


Test  Cubes . 


I  2076 
!  2432 
2389 
3015 
2404 
2474 

2389 


1963 
2290 
2660 
2845 
2404 
2830 
2404 
2631 


1977  . 

2447  ' 

2489 

2887 

2446 

2802 

2432 

2617 


2006 
2390 
2512 
2915 
2418 
2702 

2490 


0 
1.14 
1.14 
1.14 
2.04 
4.60 

0 


Looking  at  the  elasticity  tests  of  the  specimen  reinforced  with 
the  same  vertical  steel  the  marked  difference  in  toughness,  increase 
of  modulus  of  elasticity  and  the  reduction  of  permanent  set  pro- 
duced by  the  increase  in  the  number  of  ties,  is  strikingly  shown  by 
this  series  of  tests. 
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This  series  of  tests  show  conclusively  that  where  the  vertical  bars 
do  not  bear  directly  upon  the  face  plate  of  the  machine  and  the  load 
is  brought  upon  the  reinforcement  under  the  usual  condition  of  the 
column  in  the  reinforced  concrete  structure,  that  is  the  steel  is 
strained  by  the  load  brought  on  it  thru  the  concrete,  that  a  formula 
which  does  not  take  into  consideration  the  amount  and  spacing  of 
the  ties  fails  to  account  for  the  deportment  of  the  column  both  as 
regards  elasticity  and  ultimate  resistance.  That  is,  merely  an 
increase  in  the  total  cross  section  of  the  longitudinal  reinforcement 
does  not  produce  an  increase  in  the  breaking  strength  to  the  extent 
which  would  be  expected  by  the  formula 

P  =  /e  Uc  +  nA,) 
Hence  in  inexperienced  hands,  this  formula  may  produce  unsafe 
designs  by  increasing  the  percentage  of  longitudinal  reinforcement 
disproportionately  in  order  to  secure  columns  of  small  diameter. 
This  procedure  gives  a  column  with  a  calculated  margin  of  safety 
which  it  does  not  possess. 

When  the  increase  in  the  resistance  is  compared  for  equal  longi- 
tudinal reinforcement,  there  being  a  difference  in  the  number  of 
ties,  it  is  shown  by  these  experiments  that  the  steel  used  as  ties  is 
much  more  effective  than  the  longitudinal  steel.  As  noted,  however, 
the  columns  reinforced  with  vertical  steel  and  ties  do  not  develop 
that  degree  of  strength  which  is  secured  by  columns  properly  rein- 
forced vertically  and  hooped  with  bands  or  spirals.  Hence  their 
use  has  been  largely  discontinued  where  loads  are  at  all  heavy  and 
is  confined  to  those  cases  where  loads  are  relatively  light  and  some 
slight  saving  may  be  made  in  the  use  of  ties  over  the  cost  of  spiral 
hooping. 

4.  Reinforced  Columns  Classified  by  the  Manner  in  Which 
Loads  are  Applied.  We  have  called  attention  to  the  type  of  prisms 
which  were  tested  by  Bach  in  which  the  steel  was  cut  short  at  the 
end  of  the  concrete  prism  so  that  the  load  applied  to  the  prism  was 
brought  upon  the  longitudinal  steel  thru  the  bond  ^hear  between  the 
steel  and  the  concrete.  This  is  the  common  mode  of  arrangement 
of  the  steel  in  the  reinforced  concrete  column  in  the  practical  build- 
ing. Sometimes,  however,  in  order  to  secure  relatively  small  columns 
for  heavy  loads  very  high  percentages  of  vertical  steel  are  used  and 
the  load  is  brought  largely  upon  the  steel  by  direct  bearing  of  steel 
upon  steel.  Evidently  the  coaction  of  the  elements  of  the  composite 
structure  differ  widely  under  these  radically  different  conditions  and 
correspondingly  different  formulas  must  be  applied  to  these  different 
conditions. 


32S  bach's  column  tests 

We  have  cited  the  interesting  series  of  tests  by  Bach  on  rec- 
tangular prisms,  plain  and  reinforced  with  longitudinal  steel  and 
ties  and  we  may  profitably  consider  the  corresponding  series  of 
tests  on  hooped  and  longitudinally  reinforced  prisms. 

Fig.  128  gives  the  dimensions  and  type  of  reinforcement  used 
while  table  III  shows  the  results  of  the  tests. 


As  in  the  first  series  the  longitudinal  steel  was  cut  short  of  the 
ends  of  the  prisms  so  as  to  secure  normal  coaction  between  the  steel 
and  the  concrete.  Percentage  of  hooping  varied  thru  a  wide  range 
and  the  pitch  of  the  spiral  hooping  was  also  varied  between  wide 
limits.  I'n fortunately  the  series  is  lacking  in  a  corresponding  varia- 
tion in  tlie  percentage  of  vertical  steel. 

On  the  whole,  these  specimens  corrcspon<l  approximately  with 
results  indicated  by  the  Considdre  formula  and  exceed  these  results 
for  those  specimens  which  approach  desirable  proportions  in  point 
of  spacing  of  the  spiral  and  rolatinn  of  the  vertical  steel  to  the  hoop- 
ing. 
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COMPARISON   OF  TEST  DATA 


Specimens  XIII  and  XIV,  in  which  the  pitch  of  the  spiral  was 
exaggerated  gave  results  less  than  the  formula,  pointing  to  the 
necessity  for  closer  spacing. 

In  specimens  II,  III,  IV,  VIII,  IX,  X,  XI  and  XII,  the  sec- 
tional area  of  the  longitudinal  rods  was  small  and  the  results  were 
consequently  indifferent,  but  the  greater  the  total  weight  of  spiral 
reinforcement  the  higher  were  the  values. 

The  tests  show  that  when  the  spirals  are  increased  in  strength, 
their  pitch  must  be  decreased  and  the  cross  section  and  number 
of  vertical  rods  must  b6  increased,  for  wit^  the  increase  of  spirals  the 
concrete  is  in  a  condition  to  resist  heavier  pressure  and  its  tendency 
to  force  its  way  out  between  the  longitudinal  rods  and  the  spiral 
bands  increase. 

Examining  the  table  of  the  values  obtained,  the  increase  in 
strength  and  yield  point  value  per  one  percent  of  total  steel  is  found 
to  be  greatest  in  colrnnn  specimen  V,  in  which  the  spiral  reinforce- 
ment is  .88  percent  and  the  vertical  reinforcement  was  1.75.  In 
columns  XII  and  XIII,  with  the  spiral  reinforcement  6.82  percent 
and  the  vertical  reinforcement  1.56  percent,  the  increase  percent  of 
total  reinforcement  at  the  yield  point  was  only  87  pounds  and  the 
increase  of  the  ultimate  strength  per  percent  of  the  ultimate  rein- 
forcement 286  poimds  per  square  inch,  showing  an  improper  propor- 
tion of  the  spiral  and  vertical  reinforcement. 

On  noting  the  pitch  of  the  spiral  it  is  quite  noticeable  that  the 
specimen  with  a  small  pitch  gives  the  highest  resistance  per  percent 
of  steel.  In  none  of  these  specimens,  however,  are  the  longitudinal 
rods  of  sufficient  size  to  secure  the  best  results.  Had  5/8,  3/4  and 
1  inch  rods  been  used  in  place  of  l/4  inch,  7/l6  and  l/2  inch, 
much  higher  values  would  have  resulted  from  the  stiffness  of  the 
verticals  which  must  act  as  l^eams  from  coil  to  coil  in  resisting  oiit- 
ward  or  bulging  pressures. 

The  following  table  gives  the  percentage  of  vertical  steel  and 

hooping  in  the  Phoenixville  tests,  see  Section  3. 

COL.  TABLE  IV 
Phoenixville  Column  Tests.    Specimens  3  mo.  old 
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From  these  tests  it  may  be  observed  that  the  best  results  are  to 
be  secured  when  the  value  of  the  vertical  steel  as  an  element  of 
strength  is  approximately  the  same  as  the  hooping  according  to 
Considfere's  formula,  Section  5.  In  other  words,  the  reinforcement 
should  be  so  proportioned  that  the  volume  of  the  hooping  for  this 
tjrpe  of  column  should  be  between  the  limits  of  35  and  45  percent  of 
the  voliune  of  the  vertical  steel  to  secure  the  best  results  in  increas- 
ing the  yield  point  and  ultimate  strength  of  the  column.  Between 
these  limits  the  yield  point  value  of  the  columns  should  vary  from 
75  to  85  percent  of  the  ultimate  strength  of  the  specimen,  so  that 
due  warning  of  approaching  failure  is  given  by  the  member  while 
ample  margin  exists  between  the  safe  working  stress  and  that  point 
at  which  the  fireproofing  will  commence  to  scale  and  chip. 

5.  Consid&re  Formula.  As  we  have  pbinted  out,  the  Con- 
sidfere  formula  is  conservatively  applicable  to  the  vertically  rein- 
forced and  hooped  columns  provided  that  the  hooping  and  vertical 
steel  are  properly  proportioned.  With  no  vertical  steel,  the  yield 
point  value  of  the  column  is  not  sufficiently  raised  to  warrant  very 
material  increase  in  safe  working  stress  over  that  of  ordinary  types 
notwithstanding  the  fact  that  there  is  an  increase  in  the  ultimate 
resistance  and  large  deformations  occur  before  ultimate  failure. 

The  Considfere  formula  for  column  resistance  is  as  follows: 
P  =  1.5io/o  +  (/.4a  +  2.4/U;) 

in  which  A^  is  the  area  of  the  core,  A^  the  area  of  the  longitudinal 
steel.  As  is  the  area  obtained  by  dividing  the  volume  of  the  hooping 
by  the  length  of  the  column.  The  coefficient  1.5  is  a  coefficient  which 
Considfere  considers  represents  the  effect  of  the  hooping  in  increas- 
ing the  strength  of  the  core,  and  that  this  coefficient  is  a  maximum 
at  1.5  and  that  it  is  less  than  this  value  for  a  percentage  of  hooping 
which  does  not  furnish  a  resistance  equivalent  to  700  pounds  per 
square  inch  lateral  pressure  on  the  column. 

Morsch,  however,  and  also  Saunders,  in  discussing  the  Bach 
tests  where  the  percentage  of  steel  was  low,  seem  to  treat  this  co- 
efficient of  Considfere  as  the  ratio  of  the  core  to  the  total  area  of 
the  column  (fireproofing  and  all).  In  most  building  ordinances  this 
coefficient,  however,  is  taken  as  unity.  2.4  times  the  volume  of  the 
hooping  is  figured  as  the  effect  of  the  stress  on  the  hooping  in  increas- 
ing the  crushing  resistance  of  the  core  by  the  lateral  pressure  brought 
about  by  the  stress  in  the  hooping  and  represents  the  resistance 
which  would  be  developed  were  the  hooping  in  the  form  of  cylinders 
and  filled  with  a  granular  mass  such  as  sand  subjected  to  i)ressure. 
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Hence  2AA\  equals  the  cross  section  of  the  equivalent  imaginary 
verticals. 

Le  Genie  Civil,  Feb.  9,  and  16, 1 907,  reported  a  very  extensive  series 
of  tests  by  Considere  on  260  columns  with  lengths  varying  from 
3.15  in.  to  13  ft.  \\  in.  and  diameters  from  1.8  in.  to  27.5  m.  The 
percentage  of  reinforcement  varied  from  1  to  14,  various  methods  of 
spiral  reinforcement,  including  concentric  spirals  were  tried.  The 
effects  of  richness  of  mixture,  age,  percentage  of  water,  ramming  and 
irregularities  in  workmanship  were  also  studied.  One  specimen 
having  12.9  percent  spiral  and  1.2  percent  longitudinal  reinforce- 
ment, and  made  from  a  mixture  containing  1830  lb.  of  cement  per 
cu.  yd.  of  sand  sustained  25,600  Ib./in.'^  at  rupture.  A  similar 
specimen  having  only  6.6  percent  of  spiral  reinforcement  failed  at 
17,200  Ib./in.^  at  rupture,  with  a  deformation  of  12  percent.  From 
these  and  previous  tests  Considere  deduced  the  conclusions  that 
the  rupture  load  of  a  spirally  reinfored  concrete  column  exceeds  the 
sum  of  the  three  following  factors: 

1.  The  strength  of  the  plain  concrete  times  1.5. 

2.  The  strength  of  the  longitudinal  rods  stressed  to  their  yield 
point. 

3.  The  strength  of  a  longitudinal  reinforcement  of  2.4  times 
the  weight  of  the  spiral  stressed  to  its  yield  point. 

Turner,  in  the  design  and  guarantee  of  strength  for  working  several 
hundred  thousand  columns  has  used  the  Considere  formula  slightly 
modified, allowing  800  pounds  per  square  inch  on  a  1 :  2: 4  mix,  12,000 
pounds  per  square  inch  onthe  vertical  steel,  16,000  pounds  per  square 
inch  on  the  hooping,  treating  the  spirals  as  imaginary  verticals  having 
a  volume  2.4  times  the  volume  of  the  hooping.  For  these  values 
the  ratio  of  the  length  of  the  column  to  its  diameter  should  not  exceed 
12.  For  a  longer  column  increased  vertical  steel  should  be  used  to 
resist  flexure.  Where  the  vertical  resistance  of  the  concrete  developed 
by  the  hooping  exceeds  2000  pounds  per  square  inch  the  proportion 
of  the  mix  should  be  increased  from  1  : 2  : 4  to  1  :  IJ  :  3,  and  extra 
care  should  be  used  in  the  selection  of  the  stone  aggregate  to  see  that 
it  is  hard  and  satisfactory.  Screened  gravel  is  preferable  where  high 
working  pressures  are  used  in  the  columns.  To  be  efficient,  spiral 
hooping  should  not  exceed  a  4"  pitch  when  combined  with  not  less 
than  four  .vertical  rods  and  these  should  be  limited  to  a  minimum 
diameter  of  3/4  of  an  inch  for  columns  carrying  moderate  loads, 
or  to  a  pitch  not  exceeding  3"  if  the  full  value  above  reconmiended 
is  to  be  used  in  considering  the  hooping.  A  reduction  of  the  allow- 
ance on  the  vertical  steel  should  be  made  where  the  spacing  of  the 


vertical  i'ars  exceeds  9"  center  to  center  in  proportion  to  fifty  percent 
of  the  iiKTea.se  in  spacing  of  the  bars. 

6.  Safe  UUimale  Limit  of  Compression.  A  wonderful  degree 
of  strength  which  may  be  developed  by  properly  hooped  and  longi- 
,  tudinally  reinforced  coucrete  columns  is  established  by  the  Consid^re 
experiments  and  it  becomes  a  question  as  to  how  great  values  it  is 
permissible  to  use.  Turner  has  found  it  permissible,  where  small 
diameters  are  desired,  to  use  as  the  approximate  limit  of  safe  design 
a  working  stress  as  high  as  4000  pounds  per  square  inch  of  cross 
section  of  the  core  including  the  vertical  steel.  Under  these  ulti- 
mate conditions  it  is  recommended  that  the  column  should  have 


enough  vertical  steel  to  carry  the  entire  load  at  little  more  than  the 
yield  point  value,  say  at  50,000  pounds  per  square  inch:  that  there 
be  sufficient  hooping  to  develop  the  value  of  the  load  figured  at 
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40,000  pounds  per  square  inch  on  imaginary  verticals  corresponding 
to  2.4  times  the  volume  of  the  hooping;  and  that  the  gross  area  of 
th^  column  inside  the  fireproofing  should  be  sufficient  to  carry  the 
load  at  ,4000  pounds  per  square  inch. 

7.  The  Mode  of  Operation  of  the  Ri^inforcement  in  G>ncrete 
Columns.  In  a  practical  concrete  structure,  as  a  rule,  the  load 
is  brought  on  the  column  thru  the  beams  or  the  concrete  of  the  slab 
and  the  load  is  transferred  to  the  vertical  steel  thru  the  medium  of 
the  concrete  by  the  bond  between  the  concrete  and  the  steel. 

In  the  tests  by  Withey  and  those  of  some  other  American  inves- 
tigators, the  load  on  the  test  speciinens  was  transferred  directly 
to  the  steel  by  direct  bearing  between  the  longitudinal  reinforce- 
ment and  the  face  plate  of  the  testing  machine.  This  makes  an 
important  difference  in  the  mode  of  operation  of  the  column.  The 
vertical  steel  is  a  more  rigid  element  under  compression  than  the  con- 
crete and  if  the  load  be  not  applied  directly  to  the  steel  but  be  brought 
on  the  steel  thru  the  surrounding  matrix,  the  coaction  of  the  two 
materials  is  brought  about  by  bond  shear  and  indirect  stress  gen- 
erated by  the  bond  shear  between  the  steel  and  the  concrete.  Now, 
since  there  is  no  slipping  of  the  steel  in  the  concrete  within  the  yield 
point  of  the  column,  the  same  amount  of  potential  energy  or  work 
of  deformation  is  stored  up  by  the  indirect  stress  of  the  bond  shear 
between  the  concrete  and  the  steel  as  is  .stored  directly  in  the  steel. 
Hence  it  appears  that  in  this  case  the  steel  by  help  of  bond  shear 
operates  to  store  energy  more  efficiently  up  to  the  point  where  cracks 
and  checks  occur  in  the  concrete  than  a  mere  comparison  of  the  rela- 
tive moduli  of  steel  and  concrete  would  indicate. 

This  phase  of  the  co-operation  of  the  steel  and  the  concrete  in 
the  column  requires,  for  its  greatest  efficiency,  a  strong,  rich,  con- 
crete, in  order  that  the  most  dependable  bond  may  be  secured. 

If,  however,  the  load  be  brought  upon  the  steel  by  a  rigid  bear- 
ing between  the  face  plate  of  the  testing  machine  and  the  steel  of 
the  longitudinal  reinforcement  and  in  like  manner  on  the  concrete 
core,  such  a  bearing  makes  the  elastic  deformation  of  the  steel  the 
same  as  that  of  the  concrete  thruout,  and  no  elastic  efficiency  bv 
coaction  of  the  concrete  and  metal  exists,  such  as  occurs  in  the 
practical  structure. 

8.  Effect  of  Hooping.  The  crushing  of  solid  bodies  cannot 
take  place  without  lateral  swelling.  Therefore,  by  resisting  any 
such  swelling,  the  compressive  resistance  of  the  column  is  increased. 
In  the  practical  column  this  resistance  to  lateral  bulging  or  swelling 
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• 

is  furnished  by  the  hooping  in  which  the  spacing  should  be  limited 
generally  to  four  inches  for  light  pressures  and  closer  spacing  for 
higher  pressures.  As  the  hooping  is  brought  into  play  by  lateral 
swelling  or  bulging,  the  degree  of  restraint  furnished  by  the  hooping 
alone. is  not  uniform  and  this  lack  of  uniformity  causes  the  concrete 
to  check  and  crack  outside  of  the  hooping  under  pressures  as  large 
approximately  as  the  ultimate  strength  of  plain  concrete. 

The  addition  of  vertical  steel  distributes  the  bulging  pressure 
from  band  to  band  or  hoop  to  hoop  to  such  an  extent  that  the  ver- 
tical steel  which  has  been  added  forms  beams  spanning  the  spaces 
between  coils  or  bands  and  does  so  to  an  extent  measured  by  the 
more  or  less  close  spacing  of  the  vertical  bars.  In  other  words,, 
the  vertical  reinforcement  receives  lateral  pressures  between  the 
hoops  and  transfers  it  to  the  hoops  as  supports.  This  action  des- 
troys the  equilibrium  of  uniform  pressure  outward  upon  the  hoops 

« 

and  tends  to  deform  the  configuration  of  the  circular  hoop  from 
circles  to  polygons  having  apices  at  the  point  of  bearing  of  the  ver- 
tical steel  against  the  hoops.  This  action  between  the  vertical  steel 
and  the  hooping  induces  indirect  stresses  between  the  hoops  and 
the  vertical  bars  similar  to  those  in  the  slab  with  two  way  reinforce- 
ment. 

The  outer  shell  of  the  concrete  is  subjected  to  direct  compression 
vertically  and  circular  tensions  horizontally,  brought  about  by  the 
bulging  tendency.  These  circular  tensions  are  reduced  between 
verticals  by  the  compression  brought  about  by  the  tendency  to 
change  configuration  in  the  hooping  just  mentioned,  while  the  ring 
tension  opposite  verticals  is  increased  by  this  action.  The  lateral 
reinforcement  by  its  compressive  action  exerts  a  powerful  effect 
to  resist  bulging  and  to  prevent  circumferential  elongations  so  that 
the  reinforcement  (both  lateral  and  longitudinal),  enables  it  to 
withstand  much  greater  deformations  without  cracking  or  checking 
than  would  be  otherwise  possible. 

Let  us  review  the  action  of  the  column  as  the  load  is  applied  with 
reference  to  the  manner  in  which  the  potential  energy  of  internal 
work  is  stored  within  the  structure.  As  the  load  is  gradually  applied 
we  have  a  certain  elastic  deformation  and  the  internal  work  is  the 
mean  weight  times  the  deformation.  If  yielding  of  the  material 
occurs  or  scaling  of  the  shell,  a  certain  amount  of  energy  is  dissipated, 
equilibrium  is  destroyed,  and  new  energy  is  developed  by  downward 
motion  of  the  load  thru  increased  deformation  until  a  new  condition 
of  stability  of  equilibrium  in  established. 
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Scaling  and  cracking  of  the  shell  means  a  loss  of  potential  energy 
stored  and  correspondingly  larger  deformations  which  are  inadmis- 
sible in  the  practical  structure.  The  addition  of  vertical  steel 
prevents  this  checking  and  dealing  and  dissipation  of  energy  because 
it  provides  a  storage  system  of  energy  which  is  stable  and  in  which 
the  storage  of  energy  by  indirect  stress  can  be  depended  upon. 

Coaction  between  the  hoops  and  the  vertical  steel  reduces  the 
deformation  and  hence  the  quantity  of  potential  energj'-  stored  for 
a  given  load  and  correspondingly  increases  the  efficiency  of  the 
structure  as  a  load  carrying  mechanism. 

9.  Comparison  of  Test  Data.  Having  pointed  out  in  detail, 
the  difference  in  action  between  these  two  kinds  of  columns,  it  is  in 
order  to  compare  test  data.  Column  Table  V,  gives  the  reinforce- 
ment, percentage  of  steel,  and  test  results  by  Withey*  of  a  series 
of  vertically  reinforced  and  hooped  columns  with  vertical  steel 
flush  with  the  ends  and  resting  against  bearing  plates.  These  may 
be  compared  with  the  tests  by  Bach,  and  the  tests  at  Phoenixville. 

Taking  up  the  comparison,  first,  with  the  series  by  Bach,  the  fol- 
lowing point  of  difference  is  noticeable.  The  test  results  obtained 
by  Withey  can  be  substantially  accounted  for  by  considering  the 
influence  of  the  concrete  and  vertical  steel  alone.  The  test  results 
by  Bach,  cannot  be  accounted  for  in  this  manner.  Both  series  show 
that  hooping  adds  toughness.  Both  indicate  that  larger  vertical  rods 
have  more  effect  in  raising  the  yield  point  than  rods  of  too  small 
diameter,  which  offer  little  resistance  to  lateral  bending.  The 
Bach  tests,  where  the  spiral  pitch  of  is  not  too  great,  and  where 
larger  vertical  rods  are  used  with  close  spacing  of  spirals,  are  in 
good  accordance  with  the  Considfere  formula;  while  the  tests  by 
Withey  are  not  in  agreement  but  are  in  more  close  agreement  with 
a  different  formula,  which  considers  the  manner  in  which  the  load 
is  brought  upon  the  steel,  namely,  by  direct  pressure  instead  of 
by  bond  shear  as  in  usual  operation  of  the  column  in  practical 
building. 

Comparing  the  tests  by  Withey  with  those  at  Phoenixville,  the 
longitudinal  reinforcement  of  the  columns,  in  specimens,  J,  .V,  P, 
O;  R,  and  Q,  is  substantially  the  same;  while  the  hooping  in  the 
Phoenixville  tests  was  much  greater.  The  increase  in  ultim^ite 
strength  in  the  Phoenixville  test,  for  one  percent  of  total  steel,  ranges 
from  two  to  three  times  as  much  as  in  the  tests  by  Withey.     This 
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wide  discrepant-y,  apparently  can  be  accounted  for  only  an  above 
outlined,  since  the  discrepancy  is  far  too  great  for  it  to  be  po.ssibIe 
to  account  for  it  on  the  ground  of  difference  in  the  strength  of  the 
.  concrete.  The  concrete  in  the  test  of  the  Phoenixvilie  specimens 
is  undoubtedly  closely  comparable  to  the  concrete  of  the  specimens 
tested  by  Bach,  and  it  is  undoubtedly  a  somewhat  better  grade  than 
the  concrete  in  the  specimens  tested  by  Withey. 

The  conclusions  that  the  authors  draw  from  the.se  tests  are: 

That  it  is  bad  practice  to  splice  longitudinal  reinforcing  bars 
by  bearing  of  one  bar  upon  the  other. 

That  it  is  better  to  lap  bars  of  consecutive  columns  at  the  floor 
line  in  order  that  a  natural  adjustment   may   take   place   between 
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the  materials   as   the   load  is  brought  upon  the  concrete  during 
erection. 

That  a  column  constructed  by  lapping  the  bars,  so  that  the  natural 
relations  between  the  reinforcement  and  the  concrete  are  con- 
served, that  is,  that  indirect  stress  of  the  bond  shear  may  be  effective, 
substantially  doubles  the  efficiency  of  the  vertical  steel;  and  hence 
this  detail  of  reinforcing  should  be  used.  If  this  efficiency  is  to  be 
counted  upon,  the  diameter  of  the  vertical  bars  should,  for  like 
reason,  be  limited  preferably  to  1^  inch  diameter,  or  in  special  cases 
of  heavy  work  to  1}  inches  to  If  inch  round  bars. 

That  the  hooping  should  not  be  spaced  further  apart  thah  four 
inches  for  light  pressures,  and  closer  spacing  should  be  used  for  heavy 
pressures. 

That  the  spacing  of  the  vertical  bars  should  not  exceed  nine 
inches  between  centers,  but  if  spaced  further  apart  their  efficiency 
should  be  considered  to  be  reduced  by  fifty  percent  of  the  relative 
increase  in  spacing. 

10.  Formula  for  ColumnSy  where  the  Load  is  Brought  upon 
the  Steel  by  Direct  Bearing  on  Metal.  Tests  of  this  type  of  column 
show,  up  to  the  yield  point,  so-called,  that  the  effect  of  the  hooping 
is  relatively  small;  that  beyond  the  yield  point  the  hooping  is  brought 
into  play,  giving  the  colunm  a  degree  of  toughness  and  ability  to 
stand  increased  load  without  sudden  failure,  altho  accompanied 
by  considerable  deformation.  Neglecting  the  circumferential  rein- 
forcement and  the  concrete  outside  of  it. 

Let  A   =  area  of  core  occupied  by  concrete  and  longitudinal  rein- 
forcement  having  a  steel  ratio  of  p,  so  that 

ils  =  pA  —  cross  section  of  longitudinal  steel. 
Ac  =  (1  —  p)  A  =  cross  section  of  concrete  core. 

W  =  total  load  to  yield  point  that  column  would  carry  without 
circumferential  steel. 

€i  =  .00125"  =    average   deformation   per   unit   of   length    at 
yield  point  of  column. 

W  =  (Aa  Bs  +  Ac  £c)«i.     Let  E^/Ec  =  n,  then 
w  =  W/A  =  i?a  6i  [  (1  —  p)/n  +  p] 

is  the  load  at  yield  pcint  per  unit  of  cross  section  of  concrete. 

Let  E^  =  30,000,000,  and  n  =  15;  then 

w  =  37,500  [  (1  —  p) /15  +  p'  1  =  2500  +  35,000  p 
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Ilg.  190.     Diagram  Showing 
filastio  Curve  of  Column 


The  point  here  designated  on  the  diagram  6f  unit  deformations- 
and  load  is  at  intersection  P  of  the  tangents  to  the  two  slopes  of 
the  curve,  Fig.  130. 

Equation  (1)  is  in  good  agreement  with 
the  series  of  tests  made  by  Professor  M. 
O.  Withey,  C.  E.,  in  1910,  at  the  Uni- 
versity of  Wisconsin,*  with  longitudinal 
reinforcement  from  1  percent  to  10  per- 
cent and  circumferential  •  reinforcement 
from  0.5  percent  to  2  percent,  given  in 
Col.  Table  V.  Professor  Withey  ha& 
written  empirical  formulas  for  several 
different  percentages  of  circumferential  re- 
inforcement which  differ  slightly  from  thi& 
and  from  each  other;  but  they  do  not  re- 
fer precisely  to  the  point  P  as  above  defined,  but  to  a  slightly 
smaller  value  of  W,  The  point  P  does  not  actually  fall  on  the  test 
curve  of  unit  deformations  and  loads,  but  is  so  related  to  it  geometri- 
cally as  to  make  its  use  advisable.  The  actual  deformation  at  this- 
load  will  be  somewhat  in  excess  of  the  assumed  value  of  ei. 

On  page  49,  in  Bulletin  466,  University  of  Wisconsin,  the  follow- 
ing conclusions  are  drawn  from  the  results  of  these  tests  regarding 
the  behavior  of  columns  with  rigid  metallic  bearing  for  the  longitud- 
inal reinforcement  built  of  concrete  similar  to  those  tested  by  Withey. 

1.  "Closely  spaced  spiral  reinforcement  will  greatly  increase 
the  toughness  and  will  considerably  increase  the  ultimate  stren^h 
of  a  concrete  column,  but  will  not  materially  affect  the  yield  pouit. 
The  ultimate  strength  under  d^ad  load  will  doubtless  be  some- 
what less  than  the  value  obtained  from  a  testing  machine.  Since 
spiral  reinforcement  should  be  employed  principally  as  a  factor 
of  safety  against  sudden  collapse,  more  than  one  percent  does  not 
appear  to  be  necessary.  On  account  of  lack  of  stinness  in  columns 
made  from  this  grade  of  concrete  and  reinforced  with  spirals  only, 
it  seems  necessary  to  use  some  longitudinal  steel. 

2.  "Longitudinal  st^el  in  combination  with  such  spiral  rein-  * 
forcement  raises  the  yield  point  and  ultimate  strength  of  a  column 
and  increases  its  stOfness.  As  was  shown  in  Bulletin  No.  300 
columns  reinforced  with  longitudinal  steel  only  are  brittle  and 
fail  suddenly  when  the  yield  point  of  the  steel  is  reached;  but 
they  are  considerably  stronger  than  plain  concrete  columns  made 
from  the  same  grade  of  concrete. 

3.  "From  behavior  under  test  of  the  columns  reinforced  with 
spirals  and  vertical  steel  and  the  results  computed,  it  would  seem 
that  a  static  load  equal  to  30  to  40  percent  of  the  yield  point  would 
be  a  safe  working  load." 


►Bulletin  No.  466. 
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These  tests  are  conclusive  as  regards  the  deportment  of  the  column 
without  vertical  steel.  Spiral  reinforcement  gives  a  large  increase 
in  tlie  ultimate  strength  and  while  providing  safety  against  sudden 
collapse,  does  not  increase  the  yield  point  at  which  the  fireproofing 
commences  to  scale,  and  hence  does  not  permit  material  increase 
in  the  working  stress  over  that  of  the  vertically  reinforced  column 
types  with  ordinary  ties. 

11.  Working  Stresses,  (a)  The  case  of  no  direct  metallic  bear- 
ings. In  the  vertically  reinforced  and  hooped  column,  in  which  the 
hooping  follows  closely  the  percentage  of  the  vertical  steel  recom- 
mended previously,  namely,  .35  to  .45  of  the  volume  of  the  verticals, 
and  ,the  verticals  are  not  less  than  three  quarters  of  an  inch  in 
diameter,  and  spaced  approximately  as  recommended,  the  yield 
point  of  the  column  may  be  taken  as  eighty  percent  of  the  ultimate 
strength.  This  would  give  a  yield  point  value,  for  a  column  to 
which  the  Consid^re  formula  is  applicable  of  .80  x  1.5  =  1.2  times 
the  crushing  strength  of  the  concrete  times  the  core  area,  plus  eighty 
percent  of  the  yield  point  value  of  the  steel  in  verticals  and  hoops. 

Since  a  column  of  this  character  may  be  depended  upon  with 
certainty,  if  ordinary  care  is  used  in  erecting  the  work,  the  factor 
of  safety  of  2.5  may  be  employed.  This  would  give,  in  round 
numl)ers,  800  pounds  per  square  inch  for  the  concrete  of  the  core, 
12,C00  pounds  per  inch  on  the  verticals,  and  16,000  pounds  per  square 
inch  on  the  hooping,  treated  as  imaginary  verticals,  fcr  the 
working  stress,  the  hooping  being  assumed  to  be  a  drawn  wire,  and 
possessing  a  higher  jdeld  point  than  the  material  of  the  verticals. 

With  a  1  :  IJ  :3  mix,  twenty  percent  higher  values  may  be 
assigned  to  the  core. 

(b)  Metallic  bearings.  Where  vertical  reinforcement  is  used, 
and  the  load  is  brought  on  the  vertical  steel  by  bearing  on  metal, 
there  is  much  less  certainty  of  uniformity  of  joint  action  between 
the  matrix  and  the  reinforcement  than  where  the  longitudinal  bars 
are  Iftpped;  and  hence  a  somewhat  higher  margin  of  safety  should 
be  allowed.  Taking  this  margin  of  safety  as  the  reciprocal  of  3^, 
the  writers  would  recommend  a  working  stress  not  exceeding  700 
pounds  per  square  inch  on  the  concrete  plus  10,000  pounds  per  square 
inch  on  the  vertical  steel  for  this  typ^  of  column  with  rigid  end 
bearing,  limiting  the  percentage  of  hooping  to  not  less  than  one 
half  of  one  percent  nor  less  than  twenty  percent  of  the  vertical  steel, 
and  the  vertical  steel  limited  to  not  more  than  eight  percent  of  the 
column  area.  This  factor  of  safety  is  babed  on  the  yield  point  value 
of  the  column. 
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12.  Structural  Columns  Filled  with  Concrete.  As  steel  is  more 
rigid  than  concrete,  the  higher  the  percentage  of  the  steel  the  less 
the  assistance  we  may  expect  the  concrete  to  be  to  the  steel,  and 
while  the  formulas  given  heretofore  for  the  column  in  which  the 
vertical  steel  is  loaded  in  large  part  by  direct  bearing  of  metal  on 
metal  agrees  with  tests  closely,  it  should  be  noted  that  the  per- 
centage of  steel  in  these  specimens  was  not  high.  Accordingly, 
it  would  seem  conservative  to  reduce  the  allowance  on  concrete  in 
cases  where  the  percentage  of  steel  exceeds  eight  percent  of  the 
combined  area  of  the  concrete  and  steel  in  proportion  to  the  in- 
crease in  steel  above  this  percentage. 

13.  Concrete  Columns  Compared  to  Structural  Steel.  From 
the  Phoenixville  tests,  it  w'ould  seem  that  there  is  a  higher  degree  of 
uniformity  in  th^  tested  strength  of  reinforced  concrete  colunms 
made  with*  ordinary  care  and  with  well  designed  reinforcement 
than  with  average  structural  steel  columns.  The  reason  is 
that  in  the  concrete  column,  we  have  a  solid  core.  The  larger  the 
column  the  greater  the  strength,  in  strong  contrast  with  some  struc- 
tural steel  columns.  In  the  structural  steel  columns,  we  have  the 
uncertainty  due  to  the  form  and  make-up  of  the  section.  In  the 
make-up  of  most  small  struts  and  columns  constructed  of  steel  and 
iron,  we  have  a  specific  ratio  of  the  area  of  the  web  and  flanges  con- 
sisting of  channels,  or  in  other  forms,  a  complete  circular  or  box 
section,  such  as  the  Phoenix  column  or  the  box  made  up  of  two  chan- 
nels and  two  plates.  The  semi-empirical  formula  for  struts  has 
been  worked  out  for  the  radius  of  gyration  of  those  forms  of  sections 
which  are  comparable  in  the  case  of  laced  channel  struts  to  a  certain 
distribution  of  metal  between  the  web  and  the  flange  and  a  certain 
ratio  of  f  ange  width  to  depth,  which  ratios,  imder  standard  sections, 
are  comparable  to  the  box  and  Phoenix  sections.  When  there  is  a 
wide  variation  from  these  proportions,  the  formula  based  on  the 
radius  of  gj^ation  is  inapplicable  as  is  proved  in  the  original  design 
of  the  columns  of  the  Quebec  Bridge.  In  this  case  the  area  of  the 
flange  as  compared  to  the  web  was  about  one  tenth  of  this  standard 
proportion  between  the  area  of  the  web  and  the  channel,  and  there 
is  no  experimental  data  in  existence  covering  the  action  of  the  lat- 
ticed bars  and  secondary  stress  for  such  a  combination. 

In  concrete  work  such  uncertainties  are  eliminated  by  the 
uniform  solid  core.  With  ordinary  care  there  can  be  no  doubt 
about  securing  a  solid  casting,  if  the  type  of  reinforcement  selected 
is  that  recommended  in  this  chapter,  namely,  one  in  which  there  is 
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no  obstruction  whatever  in  the  core  to  prevent  the  concrete  from 
flowing  freely  and  filling  the  same  completely  and  so  securing  a 
solid  castmg.  Improper  handling  of  the  concrete  might  lead  to 
considerable  reduction  of  the  strength  of  the  section,  but  the  damage 
which  might  occur  thru  bad  workmanship  is  if  anything  much  less 
in  concrete  work  than  in  steel  construction  and  the  confidence  of  the 
builder  in  the  integrity  of  his  concrete  work  should  be  correspond- 
ingly greater. 

14.  Wall  Columns  and  Interior  Columns  in  Skeleton  Con- 
struction. Wall  columns  differ  from  the  interior  column  in  that 
the  load  comes  to  them  from  one  side  instead  of  equally  or  approx- 
imately equally  from  all  directions  as  it  does  under  a  uniform  load 
on  the  floors. 

Whether  the  floor  is  beam  and  girder  construction  or  flat  slab 
construction  supported  directly  upon  columns  in  view  of  the  mono- 
lithic connection  between  the  floor  and  the  columns  certain  eccen- 
tric loads  or  bending  stresses  are  brought  upon  the  wall  columns  to 
a  greater  extent  than  is  the  case  with  interior  columns. 

The  amount  of  bending  induced  in  the  column  will  depend,  first 
on  the  rigidity  of  the  floor,  and  second,  upon  whether  the  resistance 
of  the  floor  to  deformation  is  furnished  by  beam  action  or  circum- 
ferential slab  action.  If  the  resistance  is  by  circumferential  slab 
action,  the  effect  upon  the  column  is  far  less  for  the  same  deflection 
than  it  would  be  in  case  of  beam  action,  because  the  slab  tends  to 
twist  from  all  directions  and  so  in  a  large  measure  the  effect  of  the 
load  in  producing  bending  and  deformation  of  the  column  is  counter 
balanced  by  the  loads  coming  to  the  column  from  the  sides  instead 
of  being  augmented  by  these  loads  so  much  as  is  the  case  in  the  beam 
action  of  one-way  reinforcement. 

Favoring  Conditions.  The  walls  of  a  building  are  made  vertical 
and  as  the  number  of  stories  increases,  the  columns  are  reduced  in 
diameter,  but  kept  flush  or  vertical  on  the  outer  face.  This  produces 
an  eccentric  application  of  the  coliunn  load  from  the  upper  stories 
upon  the  colunms  of  the  lower  stories  which  in  some  large  measure 
off-sets  and  holds  in  equilibrium  the  bending  moment  of  the  floor 
loads. 

Little  attention  is  usually  paid  to  this  difference  in  conditions. 
The  wall  column  is  commonly  made  approximately  the  same  as  the 
interior  column  except  in  the  upper  stories  where  it  is  possible  to 
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carry  the  wall  columns  up  for  the  last  three  stories  without  reduction 
in  size,  making  therebj-  a  provision  for  the  columns  of  these  upper 
stories  which  would  be  most  affected  by  the  eccentric  bending 
moment  referred  to. 

Good  practice  would  limit  the  dimensions  of  columns  to  sixteen 
inches  as  a  minimum  size  in  office  buildings  and  in  warehouse  con- 
struction, eighteen  inches  as  a  minimum. 

Provision  of  material  in  the  beam  to  take  the  entire  bending 
resistance  figured  as  simply  supported  at  the  wall  column  and  con- 
tinuous over  the  interior  colimans  will  in  no  wise  eliminate  this  bend- 
ing stress  in  the  column  itself,  and  does  not  excuse  failure  to  make 
such  provision. 

In  fact  if  the  beams  are  treated  as  beams  fixed  at  the  inner  ends 
and  free  at  the  outer  end,  and  the  five  rod  type  of  reinforcement 
used  in  the  Turner  beam  is  adopted,  the  positive  moment  provided 
for  near  mid  span  is  W  L/\^A  nearly,  or  ,{]I1W  L,  while  the  max- 
imum positive  moment  in  the  beam  freely  supported  and  continuous 
over  a  number  of  spans  in  the  end  span  requires  a  coefficient  of  from 
0.07  for  two  spans  to  .08  for  three  spans,  and  .077  or  .78  for  a  greater 
number,  so  that  in  this  type  of  design  there  is  nearly  sufficient  pro- 
vision without  considering  the  stiffness  of  the  wall  column.  Never- 
theless, in  the  view  of  the  authors  the  provision  recommended  should 
be  followed  in  practice. 

Bending  from  Wind  Pressure.  In  view  of  the  monolithic  charac- 
ter of  reinforced  concrete  construction,  wind  has  much  less  effect  on 
a  structure  of  this  kind  than  is  the  case  with  the  steel  frame,  since 
each  floor  forms  a  monolith  of  enormous  lateral  rigidity  causing 
columns  all  to  act  in  perfect  unison.  Where  the  building  is  narrow 
the  columns  should  be  fully  spliced  at  the  floor  level  which  doubles 
the  resistance  of  the  column  to  flexure.  Where  the  buildings  are 
broad  and  only  six  to  eight  stories  in  height,  provision  of  this  charac- 
ter is  unnecessary  except  in  wall  columns  which  should  be  well 
spliced. 

15.  Temperature  Effect  on  Columns.  Changes  in  temperature 
cause  expansion  and  contraction  of  the  concrete  floor.  This  is 
taken  up  by  bending  in  the  column  and  the  in  and  out  motion  of 
the  walls  where  they  are  above  the  ground  line.  There  is,  however, 
a  tendency  for  the  basement  walls  to  crack  every  thirty  or  forty 
feet  because  of  the  restraint  of  the  surrounding  earth.  There  is  a 
further  tendency  for  brick  walls  to  crack  where  there  is  expansion 
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if  brick  piers  are  used  in  place  of  well  reinforced  concrete  piers  in  a 
long  building.  In  a  building  over  300  feet  in  length,  no  dependence 
should  be  placed  upon  either  a  plain  brick  or  a  plain  concrete  pier 
without  reinforcement  to  withstand  temperature  stresses  of  expan- 
sion and  contraction  of  the  floors  since  unsightly  cracks  and  checks 
will  very  likely  occur  from  this  cause.  In  a  building  over  300  feet 
in  length  either  a  full,  well  reinforced  concrete  skeleton  should  be 
provided  or  if  bearing  walls  are  used  the  building  should  be  cut  at 
250  foot  intervals  so  that  it  will  allow  expansion  and  contraction 
without  damage  to  the  brick  work  or  undue  strain  on  the  concrete  of 
the  floors  and  columns. 

16.  Economic  Column  Design.  With  reinforcing  steel  in  the 
column  figured  at  2^  cents  a  pound  and  concrete  at  $6.00  per  cubic 
yard,  we  may  estimate  the  proportion  of  steel  and  concrete  needed 
to  obtain  the  most  economic  support  from  the  standpoint  of  cost. 
Since  a  cubic  foot  of  concrete  weights  150  pounds  and  a  cubic  foot 
of  steel  485  pounds,  a  cube  of  concrete  weighing  one  pound  would 
have  a  volume  3.2  times  as  great  as  a  cube  of  steel  of  the  same 
weight,  and  have  a  face  nearly  one  and  one-half  times  as  great.  On 
this  basis,  for  equal  cost  in  carrying  loafd,  /a/Zc  =  37,  but,  in  a  fairly 
rich  concrete  n  =  10  to  15,  so  that  a  load  can  be  carried  with  less 
cost  on  a  concrete  pier  than  upon  one  of  reinforced  concrete,  but  in 
carrying  the  load  in  this  manner,  the  diameter  of  the  columns  are 
greater,  which  is  objectionable  in  that  they  occupy  valuable  room. 
Unbalanced  bids  are  sometimes  received  on  this  basis.  One  puts  in  a 
bid  using  a  column  of  a  small  diameter  as  specified,  thus  using  more 
steel,  but  saving  space;  another  makes  a  colimMi  larger  by  two  or 
three  inches  and  uses  less  steel  and  puts  in  a  lower  price.  The 
owner  is  frequently  persuaded  to  accept  the  large  columns  without 
giving  the  regular  bidder  an  opportunity  to  revise  his  bid  on  the  same 
basis. 

It  should  be  noted  that  the  eflSciency  of  the  hooping  varies  as  the 
diameter  of  the  core,  while  the  core  area  varies  as  the  s(]uare  of  the 
diameter;  hence  a  small  increase  in  the  diameter  of  the  core  permits 
a  large  decrease  in  the  amount  of  hooping  and  vertical  steel.  Hoop- 
ing costing  1.6  times  as  much  as  the  vertical  bars  in  a  colunm  in  place 
has  an  efficiency  2.4  times  that  of  the  same  cost  of  metal  in  vertical 
steel.  On  the  other  hand,  certain  relative  proportions  between  the 
amount  of  the  vertical  steel  and  hooping  are  necessary  to  secure 
the  best  results,  and  these  proportions  should  be  adhered  to  if  the 
formulas  recommended  are  to  be  applied. 
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17.  G)lunin  Formulas  Dependent  on  Polar  and  Transverse 
Moments  of  Inertia.  What  the  correct  formula  should  be  for  com- 
pression members  or  columns  of  structural  steel  has  for  years  been 
a  subject  of  theoretical  discussion  and  controversy.  The  formulas 
that  have  been  adopted  have,  without  exception,  undertaken  to 
determine  what  the  working  stress  should  be  from  the  moments  of 
inertia  of  the  section  that  opposes  ilexural  deformation,  whereas  most 
tests  of  structural  steel  columns  clearly  disclose  failure  by  combined 
torsion  and  bending.  Therefore,  an  accurate  formula  for  a  struc- 
tural steel  compression  member  must  make  its  strength  depend  on 
polar  as  well  as  transverse  moments  of  inertia.  But  the  polar  mo- 
ment of  inertia  in  many  forms  of  steel  coliunns  reaches  a  very  small 
value  and  the  members  are  weaker  than  any  computation  which 
takes  into  consideration  only  their  resistance  to  flexure  in  various 
directions  and  disregards  their  lack  of  stiffness  under  torsional  de- 
formation, indicates. 

s 

Because  in  the  concrete  column  the  section  is  solid  and  the  polar 
moment  of  inertia  is  relatively  so  great  that  failure  actually  occurs 
by  crushing  and  shear  or  flexure,  the  combination  of  polar  moment 
with  transverse  moment  of  inertia  has  in  this  case  no  appreciable 
effect  to  diminish  the  resistance  of  the  column.  Accordingly,  since 
plain  crushing  and  transverse  bending  is  by  far  the  simpler  phenomenon 
the  uncertainty  as  to  the  safety  of  reinforced  concrete  columns  when 
calculated  bv  scientific  formulas  is  far  less  than  that  involved  in  the 
use  of  the  usual  fonnulas  to  calculate  the  ultimate  strength  of  struc- 
tural steel  members  as  commonly  built. 

18.  Conclusion.  In  the  preceding  discussion  of  reinforced 
columns  the  authors  have  advocated  higher  working  values  for 
columns  when  vertically  reinforced  and  hooped  in  prop)er  propor- 
tions than  is  permitted  by  many  building  code  regulations.  On  the 
other  hand,  nearly  all  such  regulations  allow  working  stresses  upon 
the  vertically  reinforced  column  with  ties  higher  than  the  authors 
consider  safe  in  practice.  The  resistance  of  the  hooping  depends  on 
the  lateral  expansion  of  the  column  under  longitudinal  compression. 

In  the  column  tests  by  F.  P.  McKibben  and  A.  S.  Merrill,  Proc. 
Am.  Cone.  Inst.,  1916,  pp.  200-240,  careful  measurements  were  made 
to  determine  the  lateral  expansion  of  the  column  but  as  was  the  case 
in  the  beam  tests  by  the  Bureau  of  Standards  no  effort  was  made  to 
ascertain  the  initial  state  of  stress  in  the  column  produced  during  the 
chemical  action  of  hardenifig. 
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Cracking  or  checking  of  the  fireproofing  occurs  at  low  unit  stresses  . 
where  hooping  only  is  used  but  with  proper  proportions  of  vertical 
steel  the  fireproofing  remains  intact  under  high  intensities  of  load. 

Because  measurements  under  initial  loading  of  columns  show 
small  hoop  tension  under  compression  not  exceeding  working  stresses, 
the  argument  is  advanced  that  the  hooping  provided  to  resist  lateral 
expansion  cannot  be  counted  upon  for  elastic  resistance  of  high 
stresses.  The  initial  state  of  stress,  however,  is  modified  by  repeated 
loading  and  continued  use  just  as  certainly  as  in  the  case  of  beams  in 
which  under  initial  loading  the  measured  steel  stress  accounts  for 
but  a  small  part  of  the  load  moment.  From  this  latter  fact  no  one 
would  conclude  that  the  steel  should  not  be  counted  upon  to  resist 
the  load  moment.  Neither  should  similar  data  lead  to  the  conclusion 
that  hooping  is  not  to  be  counted  upon  to  resist  high  stresses  in  the 
column.  Column  reinforcement  as  well  as  beam  remfoicement  is 
largely  affected  by  the  state  of  stress  induced  during  the  hardening 
of  the  concrete,  a  matter  yet  to  be  fully  investigated  to  complete 
our  understanding  of  the  co-operation  of  hooping  and  vertical  rein- 
forcement. 

A  thorough  comparison  of  the  working  stresses  allowed  by  dif- 
ferent building  codes  throughout  the  United  States  by  P.  P.  Furber, 
was  published  in  Proc.  Am,  Cone.  Inst.,  1916,  pp.  181-199  from 
which  the  following  quotation  with  which  the  authoi-s  are  in  full 
accord  is  made. 

'^Supposedly  it  is  well  known  to  structural  enjpneers  that 
columns  vertically  reinforced  and  hooped  with  sufficient  spiral 
reinforcement  of  close  pitch  are  much  to  be  preferred  to  columns 
with  vertical  rods  only,  even  in  case  ties  are  used,  as  they  were  not 
in  the  Edison  buildizigs.  In  spite  of  this  knowledge,  columns 
without  hooping  are  being  built  extensively  throughout  the  country, 
although  it  is  common  practice  to  use  ties  or  stays  of  small  diameter 
■  rods  or  wire  for  lateral  reinforcement,  these  being  spaced  about  a 
foot  a{)art  as  a  rule.  The  reason  for  this  inferior  construction  is 
found  in  the  lower  cost  of  that  type  as  compared  to  the  hooped 
column,  when  designed  according  to  most  building  ordinances. 

Many  building  ordinances  place  a  premium  on  this  dangerous 
construction  by  allowing  higher  relative  stresses  on  the  concrete  of 
such  columns  than  on  spirafly  reinforced  columns,  when  we  consider 
the  increase  in  ultimate  strength  of  the  latter.  Some  have 
gone  so  far  as  to  permit  as  great  unit  pressure  on  the  concrete  of  a 
column  without  hooping  as  on  a  well  designed  hooped  column.  In 
other  words,  the  concrete  of  tied  columns  is  stressed  beyond  what 
should  be  permissible  values,  and  the  hooped  column,  instead  of 
being  given  the  l)enefit  of  its  increased  toughness  and  reliability, 
is  actually  put  at  a  disadvantage  because  the  allowed  stresses  are 
lower  than  tests  have  shown  to  be  safe. 

The  results  of  such  building  laws  are  obvious.  Designers  will 
use  the  cheaper  type,  except  in  some  cases  where  it  may  be  jwssible 
to  control  the  design  of  the  work  with  regard  to  actual  strength 
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secured  in  the  structure  rather  than  with  a  view  to  meeting  the 
requirements  of  some  buildins  department.  It  may  be  said  that  a 
conscientious  engineer  will  always  work  on  the  former  principle, 
but  this  is  not  so,  and  will  hardly  be  possible  where  there  is  an 
ordinance  limitation.  The  engineer  has  no  opportunity  to  use  his 
l>est  judgment.  The  department  officials  ancl  iramers  of  the  codes 
have  exercised  that  function  so  that  all  one  can  do  is  to  follow  the 
rules  and  get  the  cheapest  thing  possible. 

The  discriminating  engineer  would  rather  be  responsible  for 
the  construction  of  a  spiral  column — even  with  unit  stresses  con- 
siderably above  those  allowed  by  many  building  ordinances — than 
for  columns  without  hooping,  under  the  usual  values  for  unit  pres- 
sure. The  difference  between  intelligent  and  inferior  design  may 
be  judged  better  by  the  type  of  members  and  details  selected  than 
by  the  figured  unit  stresses. 

Most  of  the  failures  of  concrete  structures  have  occurred  in 
buildings  designed  so  that  the  figured  unit  stresses  were  not  too 
high  when  judged  by  ordinance  requirements,  and  the  failures  have 
l)een  due  to  failures  of  the  type  of  member  rather  than  of  the  material. 
A  large  number  can  be  blamed  on  the  use  of  columns  without  hoop- 
ing. On  the  other  hand,  the  writer  at  least  has  never  heard  of  the 
failure  of  a  hooped  column  in  a  building.  The  continue  service 
of  hooped  columns  imder  press\u«s,  wiiich,  according  to  some 
building  laws,  would  be  considered  dangerous,  leads  one  to  believe 
that  something  is  wrong  with  the  buildmg  laws,  particularly  when 
reliable  column  tests  indicate  that  the  stresses  allowed  are  conserva- 
tive. 

Some  may  argue  that  the  fact  that  a,  building  stands  up  is  no 
sign  that  it  was  well  desired.  This  is  quite  true,  and  applies  with 
force  to  many  buildings  in  which  roddea  columns  have  oeen  used. 
In  consid^ng  designs  in  the  true  sense,  that  is,  with  reference  to 
the  type,  it  should  be  the  duty  of  the  engineer  to  avoid  members 
that  are  subject  to  sudden  failure." 
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Fig.  132 


CHAPTER  XII 
UNBALANCED  MOMENTS  IN  MONOLITHIC  FLOORS  AND  COLI'MNS 

Introductory.  A  monolithic  reinforced  concrete  slab  floor  with 
its  column  supports  is  an  indeterminate  structure,  the  deformations 
due  to  bending  under  unbalanced  loads  being  distributed  between 
the  columns  and  the  slab  as  shown  in  the  accompanying  figure. 

Thus  the  panel  of  the 
slab  at  the  loft  in  Fig. 
132  built  into  the  wall 
is  bent  doTMiward  !)y  the 
load  on  that  panel.  The 
wall  furnishes  restraint 
at  that  end  of  the  panel 
as  floes  the  column  above 
and  below  at  the  right. 
The  column,  restrained  at  the  footing  below,  is  bent  in  a  reverse  curve 
while  the  miloaded  panel  is  bent  upward.  The  next  panel  which  is 
loaded  is  bent  downward.  The  bending  of  the  column  in  each  case 
is  toward  the  unbalanced  load.  Like  bending  occurs  where  there 
are  beams  built  as  a  monolith  with  the  columns  in  i)la(*e  of  the  slabs. 

Since  reinforced  concrete  buildings  are  indeterminate  structures 
the  resistance  to  applied  moments  arising  from  unbalanced  loads 
must  be  sub-divided  beftween  the  slab  itself  and  the  supporting 
columns  according  to  their  relative  rigidities,  but  the  ecjuations  for 
determining  these  resistances  on  the  principle  of  least  work  are  too 
complicated  for  practical  use.  A  more  simple  method,  that  is 
sufficiently  exact  for  practical  purposes  may  be  developed  as  follows: 

The  method  depends  in  the  first  place  upon  an  investigation  of 
the  properties  of  continuous  beams  which  are  also  indeterminate 
structures,  secondly  upon  the  investigation  of  the  action  of  tinbalanced 
loads  indep(»ndently  of  that  of  the  balanced  loads.  Since  flat  slab 
floors  like  other  engineering  structures  are  regardcnl  as  elastic,  the 
stresses  due  to  separate  kinds  of  loading  such  as  balanced  and  un- 
balanced loads  may  be  computed  separately,  while  the  total  actual 
deformations  will  be  the  algebraic  sum  of  the  component  deformations 
ansing  from  these  separate  loads. 
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This  Chapter  will  treat  the  deformations  and  stresses  arising 
from  unbalanced  loads  alone,  assmning  that  a  separate  computa- 
tion of  balanced  loads  has  been  made. 

2.  Theory  of  the  Uniform  Continuous  Beam.  Consider  the 
action  of  ujibalanced  loads  upon  a  beam  AB  Fig.  132  whose  weight 
is  to  be  neglected  because  its  weight  constitutes  part  of  the  balanced 
loads.  Assimie  further  that  the  Span  OA=L  is  free  from  unbalanced 
loads,  but  that  the  other  spans  may  have  unbalanced  loads  applied 
to  them  of  arbitrary  position  and  magnitude  and  such  as  to  cause 
the  span  OA  to  fulfill  the  conditions  that  will  be  required  of  it  at 
the  supports  O  and  A,  or  elsewhere.  The  first  of  the  conditions 
that  will  be  required  is  that  the  beam  shall  be  bent  in  such  a  manner 
as  to  tip  thru  a  certain  assigned  small  angle  v  at  0,  where  it  is  integrally 
joined  either  to  a  single  column  such  as  OD  below  ABy  or  to  two  col- 
umns OD  and  CC,  one  below  and  the  other  above  AB, 

In  reality  the  fore- 
going requirement  cm- 
braces  two  conditions       ,        

at  once,  viz.,  one  is  the  "^^^ZZ^^Ti 

pinning  of  the  beam  to  ^ 

the  support  0  regard- 
less of  its  direction  at  ^«-  ^^^ 
that  point,  and  the  other  is  restraining  it  at  the  fixed  slope  v  at  O. 
Let  a  second  requirement  be  that  the  beam  be  also  pinned  to  the 
support  A  either  with  or  without  restraint  as  to  direction,  as  will  be 
stated  later.  All  these  conditions  and  restraints  will  be  brought 
about  by  loads  such  as  P  situated  in  spans  at  the  right  and  left  of 
AO  and  by  integral  connections  with  columns,  etc.  Let  the  tipping 
of  the  beam  at  0  thru  the  angle  v  be  regarded  as  produced  by  the 
appHcation  of  the  moment  Mj  in  the  beam  just  at  the  left  of  O, 
which  at  the  same  time  will  cause  the  column  or  columns  integral 
with  the  beam  at  0  to  become  inclined  to  the  vertical  at  the  same 
angle  v  by  which  the  beam  is  made  to  incline  from  the  horizontal  at  0. 

This  applied  moment.  Mi  may  be  taken  as  due  to  unbalanced 
loads  P  at  the  left  of  0  and  reaction  at  0.  The  moment  AT i  is  held 
in  equilibrium  by  the  resisting  moments  M2  and  M4  in  the  columns 
below  and  above  0,  assisted  by  M3  the  resisting  moment  in  the  part 
of  the  beam  immediately  at  the  right  of  0,  Hence, 

Mi  =  M2+  Ms+  M4 (1) 

is  the  equation  of  equilibrium  of  the  applied  and  resisting  moment 
called  into  play  at  0  by  the  unbalanced  load.     It  should  be  specially 
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noted  that  since  no  tipping  of  the  beam  whatever  can  be  produced  at 
0  by  any  balanced  loads,  v  depends  solely  upon  the  unbalanced  part 
of  the  total  load,  and  will  be  unchanged  whether  a  balanced  load  is 
present  or  absent,  because  in  an  elastic  stnlcture  the  independent 
deformations  are  merely  superposed  on  each  other.  The  same  is 
true  at  every  support  and  at  mid  span  between  supports,  but  at  all 
other  points  the  inclination  will  depend  both  on  the  balanced  and 
the  unbalanced  loads. 

Apply  to  the  span  OA  the  known  general  theorem  that  the  sum 
total  of  the  numerical  values  of  the  positive  bending  moment  at  mid 
span  added  to  one  half  the  sum  of  the  numerical  values  of  the  nega- 
tive moments  at  the  ends  is  equal  to  the  constant  \wL^  when  w  is 
the  unifonnly  distributed  load  per  unit  of  span.  *  In  this  case  t/;=0, 
hence 

in  which  M^  is  the  positive  moment  at  mid  span,  M^  and  Mx  are 
the  negative  moments  at  0  and  A  respectively.  These  moments 
are  not  due  to  the  balanced  loads  in  any  way  whatever,  but  are  the 
parts  of  the  total  moments  at  these  points  due  to  the  unbalanced 
loads  alone.  The  total  moments  will  be  obtained  by  adding  to  these 
the  moments  due  to  the  balanced  loads. 

In  order  to  investigate  the  moments,  the  slope,  and  the  deflec- 
tions occurring  in  the  span  OA  which  are  due  to  unbalanced  loads  in 
spans  other  than  OA,  let  M  be  the  bending  moment  at  any  cross 
section  of  the  span  OA  situat-ed  at  a  distance  x  from  0,  then 

M=E]^l-^=Rx+M^ > (3) 

ax   . 

in  which  R  is  the  reaction  at  0,  or  the  shear  in  a  cross  section  im- 
mediately at  the  right  of  0. 

Integrating  (3)  we  have 

EI^^^Rx^'-^M^x+C. (4) 

dx 

but  at  0,  a:  ==  0,      ^  =  t;,      orC  =  EIv . (5) 

dx 

Substituting  this  in  (4)  and  integrating,  we  have 

EIy  =  Rxy6+  hM,iX^+  EIvx+C (6) 

At  0,  x  =  0,    !/  =  0,  hence  C'  =  0 

Where  x  =  L,    y  =  Oy  hence 

^RL^+l\hL+3EIv^0 (7) 
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TheFC  equations  express  relations  that  hold  true  for  all  degrees 
of  restraint  at  A  such  as  would  be  produced  either  by  fixing  the  beam 
at  A  at  any  given  inclination  to  OA,  or  by  applying  any  assigned 
bending  moment  to  the  beam  at  A  or  at  any  other  given  point  of 
OA.  This  is  evident  because  with  (7)  given,  and  either  the  slope 
■£  or  the  moment  M  given  at  some  known  point  of  the  span  dis- 
tant X  from  0,  the  determination  of  M^  in  terms  of  the  known  in- 
clination V  would  follow  from  eliminating  R  between  (7)  and  either 
(3)  or  (4). 

dy 
1st    For  example  at  x  =  L,  let  — = — t;,  then 

dx 
by  (4)  -EIv=^iRL^+  M^L+  EIv 

Hence  by  (7)  and  this  equation  we  have 

M^=—2EIv/L  (8) 

In  this  case  ft  =  0,  and  M  has  the  constant  value  Ms  at  all  values 
of  X  and  hence  the  beam  is  bent  in  the  arc  of  a  circle,  and  the  sum 
of  the  bending  moments  at  0  and  A  is  Ms+  M^  =  4EIv/L,  These 
conditions  could  be  brought  about  most  readily  by  equal  loads 
symmetrically  situated  in  the  spans  at  the  right  and  left  of  the  span 
OA. 

2nd  At  x  =  L,  let  3f  =  0,  in  which  case  the  beam  tenninates 
at  A  where  it  is  simply  pinned  to  the  support,  so  that  it  is  free  to 
assume  any  direction  at  that  point  compatible  with  the  slope  v  at 
0.    Hence  by  (3) 

0=ftL+  M3,  or  /e  =  — A/a/L 

Substitute  this  in  (7),  hence 

Ms=—RL  =  —dEIv/L - (9) 

and  from  (4)  we  find  the  slope  at  A  is  — Jt;. 

3rd    At  x  =  Llet  T=0,   in  which  case  the  beam  is  built  in  or 

ax  ' 

fixed  horizontally  at  A.  Then  by  (4)  0  =  iRL^+  MsL+  EIv  which 
combined  with  (7)  gives  for  this  case 

Ms^'-AEIv/L  (10) 

R  =  6EIv/L^ = —iMs/L 
While  by  (3)  the  bending  moment  at  A  is 

In  this  case  by  (3)  we  find  that  M  =  0  at  x  =  — M3/R  =  iL.  But  by 
(9)  and  (10)  M3  is  in  this  case  the  same  as  in  a  beam  simply  pinned 
at  a  point  distant  f L  from  0,  because  if  the  length  from  0  to  A  in 
(8)  be  made  equal  to  fL  we  get  the  value  of  Ms  given  in  (9). 
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Furthermore  we  find  in  this  case  by  (6)  that  at  x  =  2L/3  we  have 
y  —  2vL/21,  which  is  the  elevation  of  the  point  where  M =0  above 
the  horizontal  line  OA,  By  (3)  the  positive  bending  moment  at 
A  is  M,K  =  2EIv/L, 

Other  cases  may  be  treated  in  a  similar  manner  with  results 
which  have  been  given  for  convenience  of  comparison  in  the  follow- 
ing table  in  which  either  the  moment  at  A  where  x  =  L,  or  the  slope 
at  that  point  may  be  given.  With  either  one  given  the  other  pro- 
perties of  this  span  OA  of  the  beam  become  completely  known  as 
already  explained,  and  we  have  values  such  as  are  given  in  the  table. 


TABLE  OF  END  MOMENTS  AND  SLOPES,  ETC.,  OF  AN  UNLOADED 
SPAN  OA  WHEN  THE  END  SLOPE  {^=v  IS  GIVEN,  AND  EITHER 


Vx'(jr=L) 


or  M 


(x=L) 


IS  ALSO  GIVEN. 


'(x=*o) 


^f^^^o)\^ix=L)'^{x=^L)\      R 


dy 
dx 


(x  =  L) 


dy 
dx 


(M=o) 


1 ~2EIv/L 

2 -ZEIv/L 

3 -4EIv/L 

4 ^bEIv  L 

5 SEItL 


-2EIv/L    -2EIv/L   '        0 

0  l~'i/'2EIv/L  SEIv/L^ 
+  2EIv/l\-E1v/L  %EIv/L^ 
4-  4EIv/Lr-iEIv/L  9EIv/L2 
4-  QEIv/l\        0         l2EIv/L^ 


-iv 
0 

4-Jt' 


0 

-iv 

-Iv 
-iv 


(m—o) 


L 
iL 


The  usual  conditions  fulfilled  by  a  continuous  beam  which  has  an 
unbalanced  load  on  a  single  span  only,  such  as  OB,  are  represented 
by  the  values  in  cases  2  or  3,  or  some  intermediate  values  dependent 
upon  some  degree  of  restraint  at  A  between  perfect  freedom  of  mo- 
tion, t.  €,  J/a  =  0,  and  perfect  horizontal  restraint,  i.  e.  (^=0  at  the 

point  where  x  =  L, 

In  case  the  continuous  beam  is  integral  at  A  with  colunms,  or  is 
restrained  })y  other  parts  of  the  structure,  that  will  cause  the  beam 
to  approach  more  or  less  closely  to  case  2. 

The  same  considerations  hold  respecting  the  columns  OD  and 
OC  below  and  above  0  as  apply  to  the  span  OA  at  the  right,  viz.: 
the  ends  of  the  columns  away  from  0  will  in  general  have  a  degree 
of  restraint  that  is  nearly  perfect  either  by  their  footings  or  junctions 
-with  other  parts  of  the  structure,  and  they  may  be  assumed  without 
appreciable  error  to  require  the  same  coefficient  b  intermediate  be- 
tween — 3  and  — 4  in  expressing  their  resisting  moments  at  0,  as  does 
OA,  i.  €  where  x  =  0. 
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•  M  =  bE  Iv/L...^ --(11) 

is  an  equation  which  applies  to  either  of  the  resisting  members  at  0 
in  ease  suitable  values  be  ascribed  to  /  and  L  in  each  member,  while 
common  values  of  h  and  v  apply  to  all  of  them. 

Now  using  the  subscripts  previously  employed  to  distinguish  the 
several  members  that  meet  at  0,  viz.,  1  for  the  beam  at  the  left,  3 
for  that  at  the  right,  2  for  the  column  below  and  4  for  that  above 
AB,  we  hence  have  by  (1)  and  (11) 

-^^ h/Lz ,j2) 

3/i    h/L2+  h/U+  h/L^ 

with  similar  expressions  for  M2/M1  and  M^/Mi.  These  expressions 
will  show  how  the  applied  moment  Mi  is  subdivided  among  the  re- 
sisting moments  of  the  colunms  and  span  OA  in  case  the  stijucture  is 
of  homogeneous  materials.  In  case  of  composite  materials  the 
formula  will  not  be  quite  so  simple  because  it  will  not  be  possible 
to  cancel  a  common  value  of  E  from  both  numerator  and  denominator, 
as  has  been  done  in  (12). 

In  case  of  a  deck  slab  the  column  above  0  is  absent,  and  in  that 
case  /4  =  0  in  (12).  For  any  given  or  assiuned  value  of  the  applied 
moment  Mi  the  effect  of  the  absence  of  OC  from  the  structure  is  to 
increase  both  M2  and  M3,  since  the  removal  of  OC  causes  a  loss  of 
rigidity  which  obliges  the  remaining  parts  to  furnish  the  entire  re- 
sistance instead  of  merely  a  fraction  of  it.  For  example,  were 
/2/L2  =  /;i/ L3  =  /4/L4  iu  (12)  thcu  would  M2  =  Mz  =  M^  =  \Mi. 
But  were  /4  =  0  and  I2/Ij2  =  Iz/L'^  then  M2  =  Mz  =  \Mi,  In  like 
manner  were  the  beam  to  end  at  0,  and  not  extend  into  the  span 
OA^  then  /3  =  0  and  the  entire  applied  moment  Mx  must  be  resisted 
by  the  columns  with  which  it  is  integral  at  0,  so  that  M2  and  A/4 
would  be  much  increased  thereby. 

The  case  that  was  considered  in  what  has  preceded  is  one  in 
which  the  same  degree  of  restraint  is  assiuned  to  exist  in  both  the 
columns  and  in  the  beam  at  the  extremeties  designated  by  ^.  In 
case,  however,  where  the  beam  terminates  at  A  and  merely  rests 
upon  a  support  at  that  point  while  the  ends  of  the  columns  distant 
from  O  are  built  in  so  as  to  remain  nearly  fixed  in  direction  it  is 
evident  from  comparison  of  (9)  and  (10)  that  we  must  replace  /a 
in  (12)  and  the  similar  equations  by  4/3/3,  a  reduction  of  rigidity 
of  OA  that  will  make  M^  less,  and  both  Af 2  and  A/4  larger,  than  in 
the  previous  case. 


354  MOMENTS  AND  DEFLECTIONS 

3.  The  Moments  and  Deflections  in  a  Single  Uniformly  Loaded 
Span  of  a  Continuous  Beam.  Let  the  span  OB  be  assumed  to  be 
of  length  equal  to  OA^L,  Let  it  be  uniformly  loaded  with  an  un- 
balanced load  of  w  per  linear  imit,  so  that  it  constitutes  the  middle 
one  of  three  equal  spans  on  foiu*  symmetrical  supports,  and  other- 
wise the  continuous  beam  is  supposed  to  be  symmetrical  in  all 
particulars  to  the  right  and  left  of  the  center  E  of  the  span  OB, 
there  being  no  loads  upon  the  end  spans. 

The  differential  equation  of  the  neutral  axis  of  OB  in  case  the 
origin  is  taken  at  0  and  x  is  measured  to  the  left  is 

in  which  Af  i  as  previously  is  the  bending  moment  just  at  the  left  of 
0.     Integrating  we  have 


EI  ^=Mix+  iwLx^—wxy^  +  C 
dx 

At  0,  x  =  0,  and  —  =y,  hence  C  =  EIv 

dx 

At  £,  X  =  iL,  and  -^ = 0,'  hence 

dx 

0  -  iMiL+  ^^  +  EIv 

24 

Hence  by  eliminating  t;,  we  have 

EI  —  '^Mi  X  -i  MJj H 

dx  4  6         24 

or  Ely^Wix^-i  MiLx  +  ^^. —  +  C 

At  O,  x=0,  and  y=0,  hence  C'  =  0. 

At  Ey  x  =  JL,  and  t/  =  yc,  hence  EIy^=-\MiL^- 


2  bwL^ 


384 

From  this  equation  the  central  deflection  y^  may  be  calculated 
for  the  several  different  values  of  the  appUed  unbalanced  moment 
Af  1  that  occur  by  reason  of  different  assumed  degrees  of  restraint 
at  the  supports,  etc.  These  different  values  of  Af i  as  well  as  those 
of  Af  0  may  be  determined  when  the  restraints  at  the  supports  are 
given,  for  the  value  of  Af  i  will  be  found  by  the  theorem  of  three 
moments  and  then  Af e  from  the  equation 
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The  results  of  the  appUcation  of  the  theorem  of  three  moments 
and  our  equation  for  central  deflections  to  three  pertinent  cases  is 
as  follows: 

Case  1.    Beam  fixed  horizontally  at  both  B  and  0 

Mj=-^',    .¥e  =  ^'     B/t/e=-^'= -0.0026  l.L^ 
12  24  384 

Case  2.  Beam  fixed  horizontally  at  end  support  A  and  the  other 
end  support  but  free  to  tip  at  B  and  0. 

18  14.4  "^        1152 

Case  3.    Beam  pinned  but  free  to  tip  at  all  four  supports. 

3f  1  = ,     3fc= ,    Ely^  = =0.0068  ii;L\ 

'  20  40  1920 

It  is  to  be  noted  that  the  deflection  in  the  second  case  is  two  and 
one  third  times  that  in  the  first  case  by  reason  of  the  reduced  rigidity, 
and  by  reason  of  the  further  reduction  of  the  rigidity  in  the  third 
case  the  deflection  is  increased  to  2.6  times  that  in  the  first  case. 
We  may  say  then  that  lack  of  firm  restraint  by  the  columns  at  the 
ends  of  the  span  BO  will  in  general  more  than  double  the  central 
deflection.  Such  lack  of  firm  restraint  may  be  due  either  to  lack  of 
integral  connection  between  columns  and  beam  or  to  the  small 
moment  of  inertia  in  the  colmnns  themselves  as  compared  with  that 
of  the  beam. 

4  Unbalanced  Loads  on  a  Floor  Resting  on  a  Rectangular 
System  of  Continuous  Qirders  Integral  with  its  Supporting  Columns. 

Suppose  continuous  beams  both  lengthwise  and  crosswise  of  the 
floor  between  columns,  then  in  addition  to  the  resistances  previously 
considered  as  acting  at  O  in  a  continuous  beam,  any  applied  moment 
Ml  will  be  resisted  by  twisting  moments  M^  and  M^  in  the  cross 
beams  extending  horizontally  away  from  0  in  each  direction  at  right 
angles  to  AB.  Each  of  these  moments  of  resistance  will  be  of  tht- 
foim 

M---^FJ/L (13) 

in  which  F= modulus  of  elasticity  for  shearing,  J  =  polar  moment  of 
inertia,  and  L  =  effective  length  of  cross  beam  from  0  to  the  fixed  end, 
while  the  angle  of  twister,  the  inclination  at  0  of  the  columns  and 
longitudinal  beams  due  to  the  applied  moment  Mi, 
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We  shall  then  have  by  reasoning  like  that  previously  employed 
respecting  (10) 

Mi  =  il/2+  M3+  M4+  M5+  Me (14) 


M,  FJ,/^EU 


(15) 


M,    I2/L2  +  h/L^  +  /4A4  +  {J5/Ls+Je/Le)F/4E 
with  a  similar  expression  for  Mq/Mi, 

The  expressions  for  M3/M1,  M2/M1  and  M^/Mi^  will  have  the 
same  nmnerators  as  in  (12)  etc.,  and  the  same  denomenator  as  in  (15). 

In  case  any  of  the  members  here  considered  are  absent,  the  values 
of  the  moments  of  inertia  of  those  member's  are^to  be  placed  equal 
to  zero  in  all  these  expressions,  just  as  has  been  done  in  the  previous 
part  of  this  treatment.  It  is  to  be  noticed,  since  moments  ai-e 
directed  quantities,  that  the  transverse  moments  are  independent 
of  the  lengthwise  moments  and  that  the  twisting  moment  in  any 
beam  is  independent  of  its  bending  moment. 

The  effect  of  the  twisting  resistance  of  cross  beams  is  to  increase 
the  rigidity  of  the  structure  and  to  decrease  the  bending  moments 
at  0  in  the  columns  and  in  the  span  OA. 

It  should  be  noticed  that  no  twisting  deformation  may  be  pro- 
duced when  both  ends  of  a  transverse  beam  are  twisted  thru  the 
same  angle,  as  is  the  case  when  a  bay  of  panels  side  by  side  are  each 
loaded  with  equal  unbalanced  loads.  The  case  treated  in  (14)  and 
(15)  is  that  of  an  imbalanced  twist.  A  live  load  placed  upon  a 
single  panel  of  such  a  floor  with  0  at  the  one  comer  of  the  panel 
would  not  cause  twists  in  any  of  the  four  beams  at  the  edges  of  that 
panel,  but  would  cause  twists  in  all  the  other  eight  beams  radiating 
froin  the  comers  in  case  the  floor  is  assimied  to  be  merely  supported 
upon  them.  In  case  the  beams  are  integral  with  the  floor  the  tipping 
of  the  floor  at  the  panel  edges  will  twist  the  beams, 

5.  Flat  Slab  Floors.  The  foregoing  investigation  may  be  applied 
with  suitable  modifications  to  the  unbalanced  moments  in.  a  fliat 
slab  floor  integral  with  a  rectangular  array  of  supporting  columns; 

* 

as  for  example  where  there  is  no  unbalanced  load  to  the  right  of  an 
entire  transverse  row  of  columns  such  as  CD  one  behind  another 
across  the  entire  width  of  the  floor  while  the  unbalanced  load  at 
the  left  of  this  row  is  so  situated  as  to  make  the  applied  bending 
moments  equal  to  each  other  in  the  several  panels  of  the  bay  just 
at  the  left  of  the  row  CD.  In  such  a  case,  it  is  evident  that  the  entire 
floor  or  either  of  the  bays  or  strips  of  panels  at  right  angles  to  this 
crosswise  row  of  columns  CD  constitutes  a  continuous  beam  and  I2 
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may  be  taken  to  designate  either  the  sum  of  the  moments  of  inertia 
of  all  the  columns  such  as  OD  in  the  row  below  the  floor,  and  I4  the 
sum  of  those  above,  in  the  entire  width  of  the  floor,  while  I3  is  the 
moment  of  inertia  of  a  section  extending  the  entire  width  of.  the 
floor  just  at  the  right  of  this  double  row  of  columns,  or  otherwise, 
I2  and  /.|  may  be  used  to  designate  the  moments  of  inertia  of  the 
single  columns  respectively  of  this  double  row,  and  /3  that  of  a  single 
panel  width  of  the  floor.  This  latter  meaning  will  be  employed  in 
this  chapter  so  that  1 2  and  I4  will  each  refer  to  a  single  column  below 
or  above  the  slab,  and  /a  to  a  single  panel  width  of  the  floor.  Equa- 
tion (12)  may  then  be  applied  among  other  cases  to  the  unbalanced 
moments,  per  panel  just  at  the  right  of  a  single  transverse  bay  of 
panels  extending  across  the  entire  width  of  the  floor  when  the  bay 
is  uniformly  loaded.  Designate  these  unbalanced  moments  per 
panel  as  longitudinal.  The  transverse  moments  along  the  uniformly 
loaded  transverse  bay  considered  as  a  beam  are  balanced  and  are 
greater  than  the  lateral  unbalanced  moments  that  would  occur  after 
the  removal  of  the  uniform  load  from  any  of  the  panels  of  the  trans- 
verse bay. 

When  every  panel  in  each  transverse  bay  or  aisle  across  the  width 
of  the  floor  parallel  to  the  row  of  columns  CD  is  loaded  alike,  altho 
the  several  transverse  bays  may  not  be  loaded  in  the  same  manner, 
no  unbalanced  twists  are  produced  about  any  line  across  the  floor, 
but  if  the  panels  are  not  loaded  alike  in  any  given  transverse  bay 
then  such  twisting  moments  are  called  into  play  within  the  bay  and 
adjacent  bays  as  to  reduce  to  some  extent  the  longitudinal  moments. 
In  any  such  case  equations  (15)  are  to  be  applied  and  in  them  Ja/Ls 
and  Js/Lq  refer  to  panels  of  the  bay  from  which  loads  have  been 
removed.  In  case  of  partial  removal  of  panel  loads  such  fractions 
only  of  the  just  mentioned  quantities  are  to  be  introduced  as  are 
equal  to  the  fractions  of  the  panel  loads  removed,  so  that  where 
none  is  removed  these  quantities  do  not  appear. 

There  is  one  modification,  however,  that  must  be  made  in  apply- 
ing equations  such  as  (15)  to  a  continuous  flat  slab  floor  by  reason 
of  the  fact  that  these  equations  as  originally  obtained  referred  to 
twisting  moments  in  beams  which  were  unrestrained  at  any  points 
between  their  ends,  so  that  the  twisting  moment  Ms  or  Mq  which 
was  applied  at  the  end  0  was  transmitted  laterally  to  the  other  end 
undiminished  by  any  intonnediate  restraint  or  bending  moments 
acting  upon  its  sides.  But  this  is  not  the  case  in  a  continuous 
floor  slab,  because  any  twist  develops  bending  resistances  near  0 
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across  the  sides  of  the  crosswise  strip  which  undergoes  twisting,  such 
resistances  being  distributed  along  those  sides  for  some  indefinite 
distance  dependent  upon  the  rigidity  of  the  slab.  The  practical 
effect  of  this  is  to  iijcrease  the  resistance  of  the  slab  to  bending.  It 
thus  appears  that  the  final  result  in  the  case  of  the  flat  slab  may  be 
expressed  correctly  by  (12)  and  similar  equations,  without  the 
introduction  of  any  polar  moments  of  inertia  J  of  the  strip,  provided 
the  value  of  the  moment  of  inertia  /a  be  somewhat  increased  to  in- 
clude a  section  of  somewhat  more  than  a  panel  in  width.  For  pur- 
poses of  design  no  such  modification  need  be  made,  because  larger 
values  of  the  resisting  moment  M2  and  M3  and  M 4  will  be  found, 
when  the  floor  is  so  loaded  that  no  twisting  moments  exist,  than 
will  be  found  after  the  removal  of  any  part  of  the  load.  The 
greatest  unbalanced  bending  moments  M2  and  M3  and  M^  occur 
under  the  same  circumstances  of  longitudinal  loading  as  in  case  of 
continuous  beams.    . 

It  is  therefore  unimportant  to  consider  the  twisting  moments 
that  may  occur  in  interior  panels,  excepting  those  that  occur  regu- 
larly in  each  panel  with  balanced  as  well  as  with  unbalanced  loads. 

The  manner  in  which  that  total  moment  along  the  edge  of  the 

w 

panel  is  resisted  depends  upon  the  relative  rigidities  of  the  cross 
section  at  that  edge.  If  no  reinforcing  steel  is  placed  in  the  top  of 
the  slab  near  mid  span,  as  is  frequently  the  case,  the  position  of  the 
applied  moment  for  this  part  of  the  edge  produces  twisting  moments 
that  transfer  that  portion  of  the  applied  moments  toward  the  columns 
to  points  where  the  resistance  of  the  side  belts  over  the  column  heads 
affords  the  required  resistance. 

Deck  floor  slabs  are  also  included  as  a  special  case  of  the  forego- 
ing theory  by  making  /.|  =  0.  In  deck  slabs  the  loss  of  rigidity  due 
to  absence  of  columns  above  the  slab  brings  more  of  the  applied 
moments  to  bear  upon  the  remaining  members  in  the  same  manner 
as  was  noted  in  the  case  of  beams. 

It  is  to  be  specially  noted  that  in  (12)  and  similar  formulas  the 
column  lengths  have  a  very  important  influence  such  that  for  spans 
of  20  feet  or  less  and  for  column  lengths  of  10  feet  or  thereabouts  the 
unbalanced  moments  in  the  lower  floors  of  high  buildings,  where  1 2 
and  I^  are  necessarily  large,  are  largely  resisted  by  the  columns,  whUe 
for  deck  floors  expecially  those  upon  tall  columns  the  columns  fur- 
nish comparatively  little  resistance  to  the  unbalanced  applied  mo- 
ment which  last  is  resisted  almost  entirely  bv  the  slab  itself  with  little 
assistance   from  the   columns.     As  before  stated,   the  unbalanced 


WALL  PANELS  ALWAYS  UNBALANCED  359 

moments  here  considered  are  those  arising  from  imbalanced  loads, 
and  are  in  addition  to  those  arising  from  symmetrical  loads  or  those 
uniformly  distributed  on  all  the  panels. 

6.  Wall  Panels.  Any  loading,  whatever,  even  the  dead  weight 
of  the  floor  itself,  is  an  unbalanced  load  in  this  case  and  produces 
an  applied  moment  at  the  exterior  wall  which  can  be  resisted  by  the 
slab  only  by  cooperation  with  the  wall  columns  or  the  restraint  of 
the  walls  themselves  where  the  slab  is  built  integrally  therewith. 
Where  the  wall  columns  are  sufficiently  rigid  the  wall  panel  might 
be  practically  restrained  at  the  wall  column  but  in  the  construction 
of  the  wall  panel  the  building  of  the  slab  into  the  wall  or  its  integral 
connection  with  the  wall  beam  renders  its  deflection  between  columns 
along  the  wall  negligible.  It  therefore  tends  to  induce  a  different 
curvature  in  wall  panels  from  that  which  occurs  in  interior  panels. 

Under  the  principles  demonstrated  in  Chapter  VIII,  Section  9 
the  advantageous  operation  of  radial  and  circular  stresses  depends 
upon  double  ciurvature.  Now  the  straightening  out  or  the  elimina- 
tion of  the  side  deflections  between  columns  along  the  wall  tends  to 
induce  cylindrical  curvature  unless  the  diflFerence  in  rigidity  on  the 
four  sides  of  the  panel  is  so  equalized  that  equivalent  relations  are 
maintained.  In  the  older  type  of  Mushroom  construction,  the  half 
head  of  the  wall  column  and  its  radial  bent  out  column  rods  are 
depended  upon  to  shorten  the  span  between  the  wall  column  and  the 
next  interior  column  and  maintain  sufficient  rigidity  between  the 
wall  columns  and  interior  columns  so  that  the  operation  of  the  slab 
would  be  practically  the  same  as  in  interior  panels.  The  elimination 
of  the  rigid  frame  work  of  the  spider  column  head  in  flat  slab  designs 
often  met  with  has  produced  a  special  weakness  in  the  wall  panels 
of  such  floors  and  a  tendency  to  deform  in  cyUndrical  rather  than 
dish  shaped  curvature. 

The  most  scientific  manner  of  treating  wall  panels  is  to  increase 
the  rigidity  of  the  sides  of  the  panel  normal  to  the  wall  so  that  their 
deflection  will  be  a  mean  between  the  deflection  of  the  edge  between 
the  interior  columns  and  that  on  the  wall  side,  which  is  of  negligible 
amount.  This  is  accomplished  to  a  large  extent  in  the  Spiral  System 
by  the  diagonal  bands  which  are  supplemented  by  additional  rodg 
in  the  wall  panels  and  by  additional  direct  rods  thereby  increasing 
the  total  metal  from  twenty  to  twenty-five  percent  in  the  sides  of 
the  panel  normal  to  the  walls  over  that  of  the  interior  side  parallel 
to  the  wall.     By  this  means  wall  panels  develop  substantially  the 
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strength  of  interior  panels,  when  the  rigidity  of  the  wall  columns 
has  been  so  proportioned  that  adequate  restraint  is  secured. 

7.  Moments  of  Inertia  of  Flat  Slab  Floors  and  Supporting 
Columns.  In  attempting  to  calculate  the  numerical  values  of  /,  etc. 
there  are  several  particulars  in  which  the  moments  of  ineitia  of  flat 
slabs  are  not  entirely  uniform  thruout  the  spans  from  column  to 
column,  The  largest  deviation  from  uniformity  is  due  to  the  cus- 
tomary large  increase  of  steel  (and  frequently  of  concrete  also)  at 
and  around  the  column  heads.  It  is  usual  to  take  account  of  this 
by  making  a  suitable  change  in  the  length  of  the  span  by  assuming 
the  effective  length  of  the  span  to  be  reduced  to  some  85  percent 
perhaps  of  the  actual  distance  between  column  centers.  Now  the 
column  length  suffers  a  similar  reduction  by  reason  of  its  capital. 
The  effect  of  these  two  simultaneous  reductions  upon  (12)  and  similar 
equations  is  largely  to  neutralize  each  other,  consequently  this 
effect  may  be  neglected  without  material  error. 

So  far  as  the  moment  of  inertia  of  the  rest  of  the  panel  except 
the  column  heads  is  concerned  it  will  be  possible  to  assign  an  outside 
value  to  it  large  enough  to  include  all  the  resistance  it  exerts  by 
assuming  that  every  part  of  the  area  of  the  panel  is  entirely  covered 
on  its  tension  side  by  two  layers  of  crossed  rods  spaced  at  the  same 
average  distance  between  centers  as  those  in  the  several  belts  of 
slab  steel.  If  these  crossed  rods  are  sufficiently  near  each  other  to 
make  a  fine-grained  reinforcement,  as  they  are  when  the  distance 
from  center  to  center  of  rods  is  somewhat  less  than  the  thickness  of 
the  slab,  then  its  action  in  conjunction  with  the  concrete  will  be  to 
afford  a  tensile  resistance  and  moment  of  inertia  regardless  of  the 
directions  of  the  belts  practically  the  same  as  that  of  a  continuous 
sheet  of  metal  of  the  same  weight  as  the  total  weight  of  the  crossed  rods. 

The  evidence  of  the  truth  of  the  statement  that  a  fine-grained 
reinforcement  of  belts  of  crossed  rods  in  contact  with  each  other 
affords  approximately  the  same  resistance  to  tension  in  all  directions 
as  a  continuous  sheet  of  metal  of  the  same  total  weight  is  found  in 
the  recorded  results  of  extensometer  measurements  of  load  tests,  but 
these  measurements  show  a  still  further  increase  in  the  resisting 
moments  of  the  steel  due  to  the  fact  that  the  proportion  of  the  total 
bond  shear  that  is  held  in  equilibriimi  laterally  by  mutual  coaction 
between  the  reinforcing  rods  is  larger  than  that  held  in  equihbrium 
othen^'ise. 

It  is  to  be  noted  in  this  statement  that  the  action  of  the  concrete 
by  its  coaction  with  the  reinforcement  is  explicitly  allowed  for,  and 
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no  direct  tensile  stress  in  it  parallel  with  the  steel  need  be  considered. 
The  state  of  stress  h^e  under  consideration  presupposes  a  maximum 
unit  tensile  stress  in  the  steel  of  5000  lbs.  or  more.  At 
smaller  unit  stresses  direct  tensile  stresses  in  the  concrete  will  be 
more  or  less  in  evidence  and  the  moments  of  inertia  which  express 
the  moments  of  resistance  will  be  larger  for  that  reason. 

A  mean  value  of  the  moment  of  inertia  of  a  panel  width  of  the 
slab  may  be  written  in  the  form 

h=id^j7:A (16) 

in  which  SA  is  the  total  cross  section  of  both  sets  of  crossed 
rods  parallel  to  the  sides. 

A  somewhat  larger  value  of  I2  which  may  be  used  as  an 
estimate  of  its  largest  possible  value,  which  may  be  used  for  purposes 
of  comparison,  may  be  calculated  in  takings  XA  =  6A1  as  given  in  (41) 
p.  189  of  Concrete  Steel  Construction,  edition  of  1914,  in  which  A 1  is 
the  cross  section  of  one  side  belt.  Since  (41)  refers  explicitly  to  the 
cross  section  at  the  cap  the  values  of  i,  j  and  d  will  not  be  the  same 
when  (16)  refers  to  this  section  as  when  it  refers,  as  first  proposed, 
to  a  mean  estimated  section  across  the  panel  any  where.  This 
will  appear  later  in  the  niunerical  examples. 

Let  the  supporting  columns  t)e  of  the  ordinary  pattern  in  their 
spiral  and  yertical  steel  reinforcements.  In  calculating  the  moment 
of  inertia  of  each  column  two  quite  different  cases'  must  be  distin- 
guished from  each  other,  viz.  The  first  and  most  unusual  case  is 
where  tension  actually  occurs  under  unbalanced  load  in  the  concrete 
in  the  extreme  fiber  of  the  column  just  below  the  cap.  This 
may  take  place  in  columns  supporting  deck  slabs,  because  the 
total  compression  in  such  columns  is  less  than  in  columns  having 
several  stories  above  them,  and  where  greater  unbalanced  moments 
are  brought  to  bear  upon  them  because  of  the  absence  of  any  columns 
above  the  slab.  In  this  case  of  actual  tension  in  the  extreme  fiber 
at  that  point  of  the  colmnn  where  the  moment  is  greatest,  the  ten- 
sile resistance  of  the  concrete  must  be  entirely  neglected,  so  that  in 
calculating  the  moment  of  inertia  of  the  column'  the  vertical  steel 
alone  must  be  taken  as  affording  whatever  resistance  the  column  as 
a  whole  offers  to  the  unbalanced  moment,  altho  since  in  fact  the 
extreme  fiber  is  not  in  tension  thruout  the  entire  length  of  the  column 
there  may  be  a  somewhat  greater  moment  of  inertia  operative  in 
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part  of  the  column  length  than  that  arising  from  vertical  steel  alone. 
The  algebraic  expression  for  the  moment  of  inertia  of  the  vertical 
st-eel  is 

l2  =  iA2ri (17) 

in  which  As  is  the  cross  sectional'area  of  the  vertical  steel,  and  r3 
is  the  distance  of  the  axis  of  each  vertical  rod  from  the  axis  of  the 
column.  This  formula  assumes  that  the  moment  of  inertia  of  the 
verticals  is  the  same  as  tho  the  same  amount  of  steel  were  uniformly 
distributed  around  the  column  in  the  form  of  a  thin  cylinder  of 
radius  equal  to  the  distance  of  the  centers  of  the  rods  from  the  axis 
of  the  column,  an  assumption  that  is  correct  for  vertical  rods  equally 
spaced  around  the  inner  circumference  of  the  spiral. 

The  spirals  do  not  add  to  the  moment  of  inertia  because  they  are 
not  under  tension  except  to  a  very  limited  extent  under  ordinary  test 
loading  unless  it  happens  that  during  construction  the  filling  and  re- 
moval of  tho  column  forms  has  been  conducted  in  such  a  manner  as 
to  develop  considerable  hydraulic  circmnferential  stresses  in  the 
spirals  near  the  column  heads.  Where  that  is  the  case  and  such 
stresses  are  developed  in  the  upper  part  of  the  columns  just  below 
the  column  caps  the  moments  of  inertia  may  be  somewhat  in- 
creased by  the  spiral  steel,  but  the  effect  had  best  be  regarded  as 
part  of  that  included  in  the  reduction  of  length  already  mentioned 
as  negligible. 

It  thus  appears  in  this  first  case  that  the  rigidity  at  0  is  not  only 
reduced  by  the  absence  of  any  column  above  the  slab  but  also  by  a 
reduction*  of  the  rigidity  in  the  column  below  by  reason  of  the  in- 
effectiveness of  the  tensile  resistance  of  concrete,  a  condition  of 
things  which,  for  a  given  value  of  A/i,' abnormally  increases  A/3  and 
1',  a  result  of  much  importance  in  the  design  of  deck  slabs  for  bridges, 
etc.,  which  is  further  complicated  by  the  fact  that  these  structures 
are  usually  entirely  made  up  of  outside  or  exterior  panels  in  which 
as  we  have  already  pointed  out  every  load  whatsoever  gives  rise  to 
unbalanced  moments  and  to  no  others. 

The  second  case  is  the  one  usually  occurring  in  practice  where 
the  column  is  in  compression  thruout  every  cross  section  of  its  entire 
length,  and  the  effect  of  the  unbalanced  moment  is  to  increase  to 
some  extent  the  compression  at  one  side  of  the  column  and  decrease 
it  at  the  other.  In  this  case  the  compressions  in  the  concrete  act  in 
parallel  with  those  in  the  vertical  steel,  while  the  effect  of  the  spirals 
may  be  neglected  as  in  the  first  case.    Hence  the  moment  of  resis- 
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tance  of  the  column  is  the  sum  total  of  that  of  the  vertical  steel  and 
the  concrete  added  together,  the  steel  being  reckoned  as  it  was  in 
the  concrete  added  together,  the  steel  being  reckoned  as  was  done  in 
the  first  case  and  the  resistance  of  the  concrete  is  that  due  to  the  full 
outside  diameter  of  the  column,  and  not  merely  that  due  to  the  core 
of  the  column  inside  the  spiral  which  alone  must  be  considered  in 
testing  columns  to  destruction. 

In  this  case  the  value  of  I2  to  be  employed  in  equations  (12),  (15) 
etc.,  will  consist  of  two  parts  as  follows: 

l2  =  iA,rl+iAA/n. (18) 

in  which  the  first  part  for  the  steel  is  the  same  as  (17),  and  the  second 
part  for  the  concrete  is  the  product  of  Ac  the  actual  cross  section  of 
the  concrete  acting  by  Jr^  the  square  of  the  radius  of  gyration  of  the 
circular  cross  section  of  thie  concrete  having  a  radius  Tc,  this  product 
being  reduced  to  a  parity  with  steel  by  dividing  it  by  n  =  Ec/E^  as 
is  necessary  to  be  done  in  order  to  use  it  in  conjunction  with  any 
moment  of  inertia  of  steel  sections. 

8.  The  Northwestern  Glass  Company  Building.  *The  dis- 
tance between  centers  of  the  f  inch  round  slab  rods  in  each  of  the 
four  way  belts  is  6.2  inches  and  the  size  of  the  panels  is  16  by  17  feet 
between  column  centers,  and  if  the  entire  area  be  assumed  to  be 
uniformly  covered  with  two  way  reinforcing  parallel  to  the  sides  as 
fully  equivalent  to  the  actual  reinforcement  of  all  except  the  column 
heads,  that  would  make  31  rods  one  way  and  33  rods  the  other,  with 
a  total  section  of  64  crossed  rods,  or  SA  =64X0.11  =7  sq.  in.,  and 
with  a  mean  effective  slab  thickness  of  7  in.  The  steel  ratio  regard- 
ing all  the  steel  as  effective  is '- —  =  .005. 

7X6.2 

Hence  j  =  0.89  and  i  =  0.68,  or  the  moment  of  inertia  due  to  the 
slab  is  /a^td^jSAs -0.68X7^X0.89X7  =  207.  This  is  to  be  re- 
garded as  an  outside  value  of  /a  and  will  consequently  give  an  out- 
side value  of  M^/Mi  in  (12). 

It  is  possible,  however,  also  to  calculate  an  outside  value  of  the 
moment  of  inertia  of  the  slab  from  the  cross  section  of  the  panel  at 
the  colimin  head  by  assuming  that  j  XA^6As  in  which  A3  =  15X0.11 
=  1.66  is  the  cross  section  of  one  belt  of  fifteen  |  in.  round  rods, 
da  =  6.5  in.,  and  i  =  0.5,  so  that  we  have  in  this  case 

/3  =  0.5X(6.5)2X6X1.66  =  210, 

which  agrees  well  with  the  preceding  estimate. 

•See  Trans.  Am.  Soc.  C,  E.,  Vol.  LXXVII  P.  1340,  1914. 
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This  last  may  be  regarded  as  the  largest  admissible  value  of  the 
moment  of  inertia  cf  the  slab,  because  it  assumes  all  the  slab  and 
head  steel  to  act  s.^  a  single  sheet  whatever  th^  actual  direction  of 
the  rods  niay  be  as  compared  with  the  resisting  stresses,  and  fur- 
thermore assumes  that  the  moment  of  inertia  is  as  large  everywhere 
in  the  slab  as  at  the  edges.  The  actual  moment  of  inertia  of  the 
slab  is  no  doubt  somewhat  less  than  that  just  calculated.  Any  such 
smaller  value  of  /a  would  serve  to  decrease  our  estimated  value  of 
the  fraction  M^/Mi  of  the  unbalanced  applied  moment  resisted  by 
the  slab  and  to  increase  that  of  the  fraction  resisted  by  the  columns. 

The  moment  of  inertia  of  the  vertical  steel  in  each  of  the  columns 
that  lie  below  the  floor  is  that  due  to  six  \\  inch  round  rods 
equally  spaced  around  the  inside  of  the  spiral  27  inches  in  diameter. 
Assume  the  verticals  to  be  situated  at  a  distance  r8=13  inches  from 
the  axis  of  the  column.  Since  each  rod  has  a  cross  section  of  approx- 
imately 1  sq.  inch,  the  moment  of  inertia  of  the  verticals  is 

U«r.2  =  iX6X169-507 


The  columns  above  the  floor  each  have  four  Ij  inch  round  rods 
at  a  distance  of  12  inches  from  the  column  axis,  hence  their  moment 
of  inertia  is 

M,rf  =  1X4X144  =  288. 

Since  the  external  diameter  of  the  colunms  below  the  floor  is  28  in., 
the  moment  of  inertia  arising  from  the  concrete  is 

\A  ^rl/n  =  i  rrt/n  =  J  V  X  14y  1 5  =  2000 

Hence  for  a  column  below  the  floor  the  total  moment  of  inertia  is 

/2  =  500  +  2000  =  2500. 

Similarly  for  a  column  above  the  floor  having  an  external  diameter 
of  26  inches  the  moment  of  inertia  of  the  concrete  is 

i7rX13yi5  =  1500 

Hence  the  total  moment  of  inertia  of  a  column  above  the  floor  is 

/4  =  288+  1500  =  1788 
Also  1/2  =  9.75X12  =  117  in. 

La  =  17X12  =  204  in. 
7.4  =  16X12  =  192  in. 
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Substituting  these  values  in  (12),  we  have 

3/2  iJU  2500/117 


3/1     U/  L2  +  U/U  +  /4/L4    2500/1 17  +  210/204  +  1788/192 
21.4 


21.4+  1+9 
and  similarly 


=  0.68 


— ='  =  .03and— '  =  0.29 

It  is  evident,  since  the  outside  estimate  of  the  largest  possible 
value  of  the  resisting  moment  A/3  of  the  slab  is  a  negligible  fraction 
of  the  total  appUed  moment  Af^  that  the  loaded  panel  is  practically 
fixed  at  the  columns  by  the  resisting  moments  of  the  columns  them- 
selves, and  that  the  ratio  of  the  moment  Afa  at  0,  the  margin  of  a 
panel,  to  the  moment,  M^  say,  at  the  mid  section  of  the  loaded  panel 
is  practically  the  same  as  the  ratio  of  the  end  moment  to  that  at 
mid  span,  in  a  continuous  beam  fixed  at  the  ends.  In  such  a  beam 
the  negative  moment  at  the  end  is  TrL/l2  and  the  positive  moment 
at  mid  span  is  half  as  much.  In  a  panel  the  applied  bending  moment? 
at  a  marginal  section  and  a  mid  span  are  less  than  half  these  amounts 
as  has  In^on  shown  previously.  Again,  with  only  a  single  panel 
loaded  as  was  the  case  in  this  test,  with  one  unbalanced  load,  thq 
unbalanced  applied  moment  Af  1  is  resisted  by  two  supporting  colun^ns 
instead  of  one  as  would  be  the  case  were  a  single  bay  of  panels,  loaded 
with  an  unbalanced  load.  Consequently  the  unbalanced  momqpt  in 
each  of  the  two  columns  is  on  this  account  only  one  half  as  great  as 
in  case  of  a  colimm  supporting  a  beam  of  which  68/lOOths  should 
be  resisted  by  the  column  below  the  floor  in  the  Northwestern  Glass 
Building,  as  already  seen.  Hence  it  appears  that  the  unbalanced 
resisting  moment  of  a  single  column  in  the  direction  of  a  side  com- 
puted according  to  our  theory  amounts  to 

0.68TrL_TFL 
4  X 12        70 

Now  so  far  as  could  be  determined,  with  some  uncertainty  due 
to  faulty  readings  in  the  test  of  this  floor,  the  unbalanced  bending 
moment  resisted  by  the  column  under  the  floor  in  the  direction  of 

the  diagonal  was of  which  the  component  along  a  side  would  be 

58 

•See  Trans.  Am.  Soc.  C.  E.  Vol.  LXXVII  P.  1718  (1914). 
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=  —  a  quantity  of  the  same  order  of  magnitude  as  that  just 


58  V2      82 

calculated.    The  agreement  is  sufficiently  close  to  give  probable  con- 
firmation of  the  theory  which  has  already  been  developed. 

Tests  that  admit  of  numerical  comparison  with  this  theory  are 
as  yet  too  few  to  supply  all  the  confirmation  that  is  desirable,  never- 
theless the  wide  range  of  variation  in  the  relative  values  of,72/L2 
and  Iz/Lz  which  is  available  renders  a  general  quantitative  con- 
firmation of  (12)  and  (15)  attainable,  because  the  various  designs 
range  all  the  way  from  that  of  the  Northwestern  Glass  Company 
Building,  where  the  colunms  practically  fix  the  corners  of  the  panels 
horizontally  by  resisting  practically  the  entire  unbalanced  moment, 
to  deck  floors  with  small  supporting  columns  of  Httle  rigidity  all  of 
which  are  included  in  the  foregoing  theory  and  to, which  very  serious 
attention  should  be  given  in  design  in  order  to  make  provisions  for 
resistances  not  otherwise  required. 

9.  The  Schulze  Baking  Company  Building,  at  55th  Street  and 
Wabash  Avenue,  Chicago.*  Size  of  panels  20  by  17J  ft.,  i,  e., 
Li  =  240  in.,  and  L2  =  210  in.  Drop  head  14  in.  thick  for  an  area 
of  7J  by  1\  ft.  about  each  column.  Floor  is  9  in.  thick  elsewhere. 
Four  way  reinforcement  of  7/l6  in.  round  rods  23  rods  on  each  long 
side,  20  rods  in  each  diagonal  belt  and  17  rods  on  each  short  side  of 
the  panel,  or  an  average  20  rods  each  way  or  a  mean  cross  section  of 
20X0.15  =  3  sq.  in.  in  each  belt.  One  third  of  the  rods  m  each  side 
belt  are  carried, thru  the  colunm  heads  at  the  level  of  the  bottom  of 
the  slab.  All  other  slab  rods  are  bent  up  to  the  top  of  the  slab  over 
the  columns.  There  are  10  or  12  round  |  inch  rods  across  each  side 
of  the  panel  in  the  top  of  the  floor  12  inches  between  centers  and  9 
ft.  long,  which  may  be  regarded  as  furnishing  as  much  resistance  to 
negative  moments  as  the  one  third  of  the  rods  in  the  belts  which 
were  not  bent  up  over  the  columns  would  have  furnished  had  they 
been  bent  up  over  the  column  heads. 

The  mean  distance  between  centers  of  slab  rods  in  the  four  way 
belts  is  5  inches  which,  assuming  a  uniform  two  way  reinforcement 
would  give  48  rods  one  way  and  42  the  other  way,  with  a  total  cross 
section  of  90  crossed  rods  or  SA8  =  90X0.15=13.5  sq.  in.,  with  an 
effective  thickness  at  mid  span  of  8  in. 


♦See  Bulletin,  No.  84,  Eng.  Expt.  Station,  Univ.  of  111.,  1916,  by  Talbot  and 
Slater,  p.  61. 
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Regarding  all  this  steel  as  effective  this  would  give  a  steel  ratio 

of  ^^^^=.0075.    Hence; =0.875  and  i=0.62,  thus  that  part  of 
8X5 

the  moment  of  inertia  due  to  this  slab  steel  would  be 

73  =  id?iSAs  =  0.62X8^X0.875Xl3.5=470 

If  instead  of  the  above  assumption  the  moment  of  inertia  of  the 
floor  be  calculated  from  the  section  next  to  the  head  in  a  manner 
similar  to  that  previously  employed  we  should  have 

i  2.48  =  5^3 

in  which  we  have  used  the  coefficient  5  instead  of  6  by  reason  of  the 
smaller  amount  of  head  steel  than  in  regular  Mushroom  construction. 

Then  ^43  =  20X0.15  =  3  sq.  in.  is  the  cross  section  of  one  belt  of 
twenty  7/l6  in.  rods,  ^3  =  14-2  =  12  in.,  and  i  =  0.5.  Hence 
73=0.5X12^X5X3  =  1080  is  the  moment  of  inertia  of  the  slab  pro- 
vided it  be  assumed  to  have  a  uniform  thickness  of  14  inches  across 
the  entire  span  of  each  side^  But  it  has  that  thickness  for  a  distance 
of  only  95  inches  out  of  a  mean  span  of  225  inches.  The  remaining 
part  of  the  side  not  only  lacks  thickness  but  any  mat  of  steel  on  the 
tension  surface,  having  merely  a  set  of  parallel  |  inch  rounds  at  about 
12  inches  between  centers. 

The  total  effect  of  this  arrangement  is  to  reduce  the  effective 
moment  of  inertia  at  the  margin  in  about  the  same  ratio  as  the 
effective  width  of  the  moment  section  is  reduced  at  the  margin,  viz., 
in  the  ratio  of  225  to  95.  Hence  the  approximate  value  of  the  mo^ 
ment  of  inertia  does  not  exceed  73= 460,  a  value  which  differs  little 
from  that  at  mid  span  previously  obtained. 

The  length  of  the  columns  is  18  ft.  8  in.,  from  floor  to  floor.  The 
outside  diameter  of  the  columns  below  the  second  floor  on  which  the 
test  was  made  is  28  in.,  with  24  inch  spirals  made  of  J  inch  rounds, 
enclosing  twelve  I5  in.  square  verticals.  The  columns  above  this 
floor  are  26  in.,  outside  diameter  with  22  in.  spirals  of  ^  in.  rounds 
and  twelve  1  in.  square  verticals. 

The  moment  of  inertia  of  the  vertical  steel  in  the  colimms  that 
lie  below  the  slab  is  that  due  to  twelve  IJ  in.  square  verticals 
equally  spaced  around  the  inside  of  a  24  inch  spiral.  The  moment  of 
inertia  of  these  verticals  is  iAf^r^  in  which  Aa=  12  X(|)^  =  15.2  sq.  in., 
and  r8=11.5,  hence 

iA.rs'  =  1005 
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while  for  the  column  lying  above  the  slab  ^4.5=  12  sq.  in.,  and  rB=  11.5. 
Hence 

That  part  of  the  moment  of  inertia  in  the  column  below  the  slab 
arising  from  the  concrete  is 

lAy,/n  =  i  vrt/n  =  -  X  14y  15  =  2000 

4 

if  diameter  of  column  =  28  inches. 

Similarly  if  the  column  above  is  26  in.  outside  diameter  we  have 

{A^./n = -^  X  ISy  15  =  1495. 
4 

Hence  the  total  moment  of  inertia  of  the  column  lying  below  the 
floor  is  72  =  1000+2000  =  3000  and  that  of  the  column  above  the 
floor  is  74  =  660+1490  =  2150.  ,  L2  =  L4  =  18  ft.  8  in.  =224  in. 

The  mean  span  L3  =  K20+  17^)12  =  225.  in. 

Assimie  L^^L^^L^  and  by  (12) 

=0.55 


Mj  ^  h  ^  3000 

Ml      h+h+h      3000+450+2000 


1 


^3^2=0.08^^=0.37 
Ml      12  Ml 

« 

In  case  the  columns  are  integral  with  the  slab  £he  resisting  mo- 
ment Ms  of  the  slab  exceeds  one  twelfth  of  Mi  the  applied  unbalanced 
moment.  This  value  of  M^  is  an  outside  estimate  larger  than  can 
actually  occur  for  a  slab  rigidily  joined  to  the  columns  because  of  the 
very  liberal  allowance  for  the  moment  of  inertia  of  the  slab  steel  in 
72.  The  only  point  of  real  doubt  lies  in  the  connections  between  slab 
and  columns  which  apparently  are  less  rigid  in  the  Schulze  floor 
than  in  the  floor  of  the  Northwestern  Glass  Company  Building,  be- 
cause there  are  no  such  direct  steel  connections  in  the  shape  of  elbow 
rods,  etc.,  as  in  the  latter  building.  It  does  not  seem  possible  that 
the  drop  head  can  furnish  connections  of  the  same  rigidity  as  are 
found  in  steel  framework  of  the  Northwestern  Glass  floor.  If  that 
be  the  case  M2  and  M^  would  be  diminished  thereby  and  M3  would 
be  increased  by  this  lack  of  almost  perfectly  rigid  connections  be- 
tween floor  and  columns. 

The  observed  deformations  of  slab  steel  in  the  test  of  the  Schulze 
floor  are  too  few  and  irregular  to  furnish  a  conclusive  proof  but  the 
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results  completely  accord  with  the  above  theory,  as  will  appear  from 
the  following  computation. 

The  loaded  area  covered  a  square  of  four  panels  and  col.  9  was 
at  a  corner  of  this  area.  Gage  lines  274  and  275  were  in  parallel 
slab  rods  of  a  diagonal  belt  across  the  edge  of  a  column  cap  at  col.  9 
just  outside  the  loaded  area.  Gage  lines  276,  277  and  278  were  in 
parallel  slab  rods  of  the  same  diagonal  across  the  edge  of  the  same  cap 
at  col.  9,  but  just  inside  the  loaded  area. 

In  case  the  elongations  at  these  gage  lines  exhibited  no  irregu- 
larities we  should  expect  to  find  that  the  ratio  of  the  elongations  at 
274  and  275  would  have  the  same  ratio  to  those  at  276  and  278  as 
3/3  to  Ml.  But  it  is  to  be  noticed  that  while  the  elongations  at  276,. 
277  and  278  under  the  load  increased  pretty  regularly  with  the  in- 
crease of  the  load  and  a  much  smaller  regular  increase  occurred  at  274 
outside  the  load,  no  such  thing  occurred  at  275,  where  as  light  final 
compression  was  indicated  rather  than  a  tcjnsion,  so  that  it  is  impos- 
sible to  say  for  certain  which  furnishes  the  more  reliable  indication^ 
274  or  275.  The  probability,  however,  seems  to  be  that  the  shrink- 
*  age  stresses  of  the  concrete  in  the  cap  and  drop  produced  more  or 
less  initial  compression  of  the  steel  and  that  the  small  elongation 
observed  at  274  was  the  relief  of  that  compression. 

Besides  the  observations  just  mentioned,  observations  of  elonga- 
tions were  made  on  the  middle  rod  of  each*of  the  rectangular  belts 
that  cross  the  middle  of  the  loaded  area  lengthwise  and  crosswise 
respectively.  Observations  were  made  at  the  middle  of  each  side 
of  the  loaded  area  under  the  load  where  the  middle  rod  crosses  the 
edges  of  the  cap  at  gage  lines  268,  272,  281  and  283.  While  these 
elongations  all  increase  with  the  load,  they  all  increase  more  rapidly 
at  first  than  afterwards,  thus  showing  unmistakably  the  effect  of 
initial  shrinkage.  There  is  only  a  single  observation,  viz.,  at  267,. 
upon  one  of  these  rods  outside  the  loaded  area  where  it  crosses  the 
column  cap  and  it  shows  no  increase  of  elongation  during  the  addi- 
tion of  the  last  half  of  the  load. 

The  indications  are  therefore  that  after  the  initial  shrinkage  has 
been  overcome  the  portion  of  the  unbalanced  load  which  is  resisted 
by  the  slab  itself  is  practically  negligible,  a  result  which  would  be  in 
accordance  with  the  theory  which  has  been  proposed  as  applied  to 
this  floor. 

10.  The  Winston-Salem  Factory  Buildings.  Results  of  tests 
made  on  floors  of  factory  buildings  Nos.  63  and  64  reported  by  Mr. 
Earle  Mauldin,  Engineer,  furnish  a  decisive  check  on  the  accuracy 
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of  the  foregoing  analysis  because  of  the  wide  difference  in  degree  of 
restraint  afforded  by  the  columns  in  the  two  respective  cases.  The 
floor  slabs  in  these  buildings  were  identical  so  far  as  the  thickness 
of  the  slab  and  the  reinforcement  are  concerned,  but  the  siie,  length 
and  reinforcement  of  the  columns  differ  widely,  one  being  a  deck 
slab  supported  on  long  slender  columns,  the  other  a  slab  supported 
by  continuous  large  rigid  columns  thoroughly  restraining  the  edges 
of  the  panel.  The  arrangement  of  the  reinforcement  was  that  of 
the  Spiral  Mushroom  design,  panels  22  by  22',  slab  thickness  9|" 
in  the  rough,  with  36  round  7/l6"  rods  parallel  to  each  side,  besides 
which  there  were  belts  of  six  obUque  rods  of  the  same  size,  10"  from 
center  to  center  crossing  the  panel  sides  at  mid  span  each  way  and 
lying  at  the  bottom  of  the  slab.  Each  column  head  has  a  flat  spiral 
with  six  turns  9'0"  in  outside  diameter  of  J"  round  supported  by  four 
1"  radial  rods. 

In  order  to  calculate  /a,  the  moment  of  inertia  of  a  panel  section 
at  mid  span,  take  first  the  total  cross  section  of  both  belts  of  12  rods 
that  cross  each  other  in  contact  in  the  central  area  of  the  panel  as  if 
they  constituted  a  single  sheet  of  metal  and  add  to  this  the  belt  of 
24  rods  cut  by  this  mid  section  and  the  two  oblique  belts  of  six  rods 
each,  making  60  rods  all  told.  Consequently  the  total  mid  section 
amounts  to  2A  =60X0.15  =  9  sq.  in.  The  mean  distance  between 
centers  of  slab  rods  is  6.3  in.,  and  if  the  effective  thickness  of  the 
*slab  is  taken  to  be  d  =  8.5  in.,  the  steel  ratio  is 

2X0:1^  =  .0056 
8.5X6.3 

from  which  j  =  0.89  and  i  =  0.67  and  we  hav^e 

/3=id^j2A  =0.67X8.5^X0.89X9  =  388 

If  the  moment  of  inertia  of  the  panel  be  calculated  instead  by 
taking  a  section  at  the  margin  we  find  by  applying  the  formula 
/3=iV/'V2.4  separately  to  the  steel  in  the  column  head  and  to  the 
steel  intermediate  between  the  column  heads  that  we  may  assume  so 
far  as  concerns  the  two  way  steel  and  spiral,  etc.,  in  the  column  head, 
that  in  this  case 

j  2.4  =3.4,  =3X24X0.15  =  10.8  sq.  in. 
and 

zV5'2:A=0.6X7-X10.8  =  317.5 
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and  for  the  belt  of  12  intermediate  rods  that  crosses  the  side  between 
the  column  heads 

id^jSA  =0.65X8^X0.9X12X0.15=67.4 
Hence         h  =  317.5  +  67.4  =  385 

a  result  in  close  agreement  with  that  previously  obtained  for  the 
value  of  /a  at  the  mid  section. 

Building  No.  64  is  five  stories  high  and  the  columns  both  above 
and  below  the  third  floor  on  which  the  test  was  made  are  14  feet  long 
and  28  inches  outside  diameter  with  spirals  25  inches  in  diameter. 
There  are  six  1 J  inch  round  vertical  rods  inside  the  spiral  below 
the  third  floor  and  four  \\  inch  round  verticals  inside  the  spiral 
above  the  floor.  The  moment  of  inertia  of  the  vertical  steel  in  a 
column  under  the  third  floor  assimiing  the  vertical  steel  to  be  situated 
at  a  distance  r,=  12  inches  from  the  axis  of  the  column  will  be 

M8r?  =  iX6Xl44  =  432 

and  that  of  the  concrete  is 

-Xl4yi5  =  2015. 
4 

Hence         1 2  =  432  X  2015  =  2447 

Similarly  the  moment  of  inertia  of  the  vertical  steel  in  the  columa 
above  the  floor  is 

iA.r^  =  iX4Xl44  =  288 
Hence         74 = 288  +  2015  =  2303 

Consequently 

Afg  285/22  17.5 


Ml    385/22  +  (2447  +  2303)/l4  17.5  +  340 


=  0.05 


from  which  it  appears  that  only  5  percent  of  the  unbalanced  applied- 
moment  is  carried  by  the  slab  and  95  percent  by  the  columns,  i.  e., 
the  slab  is  almost  completely  fixed  by  the  rigidity  of  the  columns. 
Building  No.  63  is  a  shed  of  but  one  story  and  the  floor  is  a  deck 
slab  with  columns  18  ft.  long  under  the  panel  carrying  the  unbalanced 
load,  and  having  an  outside  diameter  of  18  in.,  reinforced  with  four 
one  inch  round  verticals  inside  a  15  inch  spiral. 

Since  any  heavy  unbalanced  load  will  produce  tension  on  the 
extreme  fiber  of  this  column  the  moment  of  inertia  of  the  column  will 
include  only  the  vertical  steel  of  the  column,  viz., 

/2  =  iAr^  =  JX4X0.7854X72  =  77 
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Consequently 

M2  77/18 


Ml        77/18  +  385/22 


=0.2 


and  Jlf.s 


■:^'=0.8 
Ml 

in  which  case  the  slab  is  called  on  to  resist  four  fifths  of  the  applied 
unbalanced  moment  arid  the  column  only  one  fifth! 

These  floors  were  each  subjected  to  test  loads  of  600  lbs.  per 
square  foot  upon  a  single  interior  panel  with  the  result  that  the 
central  panel  deflection  of  No.  63  was  1"  and  15/32"  =  1.47  in.,  while 
the  central  deflection  of  the  loaded  panel  in  No.  64  was  0.69  iii.  The 
deflection  of  the  deck  slab  in  No.  63  was  2.16  times  that  of  the  stand- 
ard floor  in  No.  64,  a  result  that  might  have  been  expected  from  oui* 
investigation  of  the  relative  deflections  of  be-ams,  as  found  in  Sec- 
tion 3  of  this  Chapter,  for  it  is  evident  that  altho  the  actual  mo- 
ments at  mid  section  and  margin  of  a  panel  is  not  the  same  as  at  the 
middle  and  end  of  a  beam  due  to  a  given  load,  nevertheless  the  ratio 
of  the  moment  at  mid  span  to  the  moment  at  the  supports  will  be 
the  same  in  the  two  structures  if  the  restraints  are  alike,  and  the 
same  relative  changes  in  central  deflections  will  occur  in  the  two 
structures  for  like  relative  changes  in  restraints  at  the  supports.  In 
other  words  if  in  the  beam  discussed  in  Section  3',  a  change  from 
fixity  at  B  and  0  as  in  Case  1  to  freedom  at  B  and  0  as  in  cases  2  and 
3,  more  than  doubles  the  deflection,  the  same  change  of  fixity  in  a 
slab  would  also  more  than  double  the  deflection.  That  in  fact  is 
the  difference  between  the  floors  in  No.  64  and  No.  63.  In  No.  64 
the  i>anel  is  almost  completely  fixed  at  the  corners  of  the  loaded 
panel  l^y  the  rigidity  of  the  column,  but  in  No.  63  the  rigidity  of  the 
columns  is  small  and  the  panel  is  only  slightly  restrained  by  the 
columns  at  the  corners. 

As  already  stated  the  applied  unbalanced  moment  which  in  No. 
64  is  almost  entirely  resisted  by  the  columns  is  so  reduced  in  No.  63 
that  only  one  fifth  is  resisted  by  the  column,  leaving  four  fifths  to 
be  resisted  by  the  slab  itself.  The  effects  of  this  transfer  of  the 
principal  resistance  from  colmnns  to  the  slab  itself  in  case  of  large 
concentration  of  unbalanced  load  in  a  single  panel,  or  in  several 
panels,  are  many  and  important.  They  depend  to  some  extent 
upon  the  location  and  arrangement  of  the  reinforcement. 

The  first  notable  effect  of  a  large  uniform  load  placed  upon  a 
single  panel  is  to*  increase  the  central  deflection  to  a  greater  extent 


MOMENTS  IN  WINSTON-SALEM  FACTORY  BUILDING  373 

than  would  occur  if  an  equal  load  were  placed  at  the  same  time  upon 
the  surrounding  panels.  This  larger  deflection  is  accompanied  by 
a  tipping  downward  of  the  panel  over  the  columns  at  the  corners 
toward  the  center  of  the  loaded  panel  and  a  movement  of  lines  of 
inflection  away  from  the  panel  center,  i.  6.,  an  enlargement  of  the 
suspended  span  in  this  panel  at  the  expense  of  the  sun-ounding  canti- 
lever portions  of  the  panel.  An  increase  of  the  length  and  width  of 
the  suspended  span  by  15  percent  would  be  sufficient  of  itself  to 
double  the  central  deflection  and  add  50  percent  to  the  bending 
moments  at  the  center,  as  is  evident  w^hen  we  consider  that  deflec- 
tions  in  a  square  panel  depend  on  the  factor  WL"  =wL°  in  which  w 
is  the  load  per  unit  of  area,  and  that  (1.15)^  =  2,  while  moments  de- 
pend  on  the  factors  WL  =  wL' ,  and  (1.15)  =1.5. 

It  is  important  consequently  to  prevent  any  such  movement  of 
the  lines  of  inflection  or  at  least  to  limit  their  movement  as  much  as 
possible.  This  may  be  accomplished  by  having  all  the  reinforcing 
rods  slope  from  top  to  bottom  of  slab  at  a  predetermined  Hne  of  in- 
flection where  the  moment  of  inertia  is  greatly  reduced  by  this 
arranpe^ment,  so  much  fo  as  to  produce  nearly  the  same  kind  of  effect 
as  a  joint  does  at  the  end  of  a  cantilever  in  a  cantilever  bridge. 
When  that  has  been  done,  it  is  necessary,  in  order  to  prevent  any  large 
increase  of  the  bending  moment  at  the  panel  center  beyond  that  due 
to  an  equal  load  on  all  panels,  that  the  unbalanced  moment  at  the 
edge  of  the  panel  should  be  provided  for  either  by  larger  and  stiff er 
columns  or  by  so  increasing  the  reinforcement  which  connects  the 
successive^  column  heads  as  to  furnish  so  much  resistance  to  twisting 
that  near  by  columns  assist  in  resisting  the  bending  moment  at  the 
edge  as  included  in  equation  (15). 

It  is  to  be  noticed  that  unbalanced  loads  tend  to  greatly  increase 
the  bending  moments  at  mid  span,  beyond  those  due  to  balanced 
loads  of  equal  amount  while  they  tend  to  decrease  the  bending  mo- 
ments at  the  edges  of  the  panels  below  those  due  to  balanced  loads 
of  equal  amount,  and  the  preceding  reconunendations  are  for  the 
purpose  of  obviating  so  far  as  may  be  such  excessive  moments  and 
the  deflections  that  accompany  them. 

Excessive  central  deflections  are  accompanied  by  excessive  tipping 
and  tensile  stresses  on  the  extreme  fiber  of  columns  which  should 
be  avoided  by  suitable  provisions  to  reduce  the  resisting  moments 
of  the  columns  by  limiting  the  movement  of  lines  of  inflection  which 
may  be  done  by  increasing  the  rigidity  of  the  columns  themselves, 
and  by  providing  twisting  rigidity  in  the  slab  along  the  edges  of  the 
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panels  connecting  the  coliimns,  but  not  by  concrete  beams  connect- 
ing  the  column  heads  because  that  is  an  ineflFective  'device  for  that 
purpose,  as  has  been  recently  observed  in  a  couple  of  instances, 
where  spiral  cracks  developed  under  test  loads.  One  of  these  is 
figured  in  the  Engineering  News.* 

The  importance  of  avoiding  tension  in  the  extreme  fiber  of  columns 
is  evident  when  we  consider  that  the  rigidity  and  moment  of  resistance 
of  a  column  is  several  times  as  great  with  no  tension  in  the  concrete 
as  when  tension  is  allowed  to  occur.  When  this  untoward  condition 
does  occur  a  marked  and  dangerous  increase  of  slab  deflection  and 
column  bending  usually  takes  place  which  needs  careful  attention. 

The  initial  bending  moments  may  then  be  computed  either  by 
assuming  a  suitable  increase  in  the  span  commensurate  with  the 
enlargement  of  the  suspended  span  arising  from  the  movement  of 
the  Unes  of  inflection  as  already  pointed  out,  or  by  the  theorem  of 
three  moments  as  already  employed  for  that  purpose. 

II.  The  St.  Paul  Bread  Company  Building.*  This  is  a  Tur- 
ner Mushroom  building  with  a  rough  slab  6  in.  thick.  The  panels 
are  16  by  15  feet  between  column  centers  reinforced  by  f  inch  round 
rods  in  each  belt.  The  columns  under  the  floor  are  1 1  ft.  long  and 
20  inches  outside  diameter  enclosing  a  17  inch  spiral  within  which 
are  four  IJ  inch  round  verticals,  while  the  columns  above  the 
floor  are  12  ft.  long  and  18  inches  outside  diameter  enclosing  a  15 
inch  spiral  within  which  are  four  1 J  inch  round  verticals. 

Compute  as  in  the  case  of  the  Northwestern  Glass  Company 
building  previously.  The  mean  distance  between  centers  of  the  | 
inch  slab  rods  in  each  of  the  four  way  belts  is  9  inches.  If  the  entire 
area  be  assumed  to  be  uniformly  covered  with  two  way  reinforce- 
ment 9  in.  between  centers  parallel  to  the  sides  as  fully  equivalent  to 
the  actual  reinforcement  of  all  e)ccept  the  column  heads,  that  would 
make  21  rods  one  way  and  20  rods  the  other  way  with  a  total  section 
of  41  crossed  rods,  or 

2A  =  41X0.11  =4.5  sq.  inches. 

Assimie  a  mean  effective  slab  thickness  of  5  inches  then  the  steel 
ratio,  if  all  the  steel  be  regarded  as  effective  is 

^2<^1..005 
5X9 

•Deflection  and  Wall  Girder  Tests  in  Flat  Slabs,  etc.,  by  C.  E.  Luck,  Engineer- 
ing News,  Feb.  1,  1917,  p.  176. 

♦See  Trans.  Am.  Soc.  C.  E.,  Vol.  LXXVII  P.  1376  (1914). 
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Hence  J =0.89  and  t=0.68,  or  the  moment  of  inertia  due  to  the  slab 

is  /3  =  id5SA  =0.68X5^X0.89X4.5  =  68 

If  the  moment  of  inertia  of  the  slab  be  calculated  at  the  margin  we 
have  as  previously  in  the  Northwestern  Glass  Company  building. 

/3  =  0.5X(4.5fX6Xl.l=67 

The  moment  of  inertia  of  the  verticals  below  the  floor  is 

Msrs=JX4X64  =  128 

The  moment  of  inertia  of  the  concrete  in  the  columns  below  the 
floor  is 

\A,rl/n  =  }  wrt/n  =  .7854  X  lOV  15  =  524 

The  moment  of  inertia  of  the  verticals  above  the  floor  is 

^X4X49  =  98 

T)ie  moment  of  inertia  of  the  concrete  in  the  columns  above  the 
floor  is 

.7854  X9yi5  =  344. 

Hence         1 2  =  128  +  524  =  652 

and  74  =  98+344  =  442 

Mj^  .67/15.5 4.3  ^  ^ 

Ml     67/15.5  +  652  +  442/12       4.3  +  59.3  +  38.6 

Hence         Mg  +  M4  ^  q  g^ 

Ml 

This  shows  that  the  applied  bending  moment  is  almost  all  of  it 
resisted  by  the  columns  and  very  little  of  it  by  the  slab,  i.  e.,  almost 
complete  fixity  occurs  at  the  corners  of  the  panels.  This  may  be 
contrasted  with  the  floor  of  International  Hall  of  somewhere  nearly 
equal  span  and  thickness  but  far  less  rigidity  of  column  resistance. 

12.  International  Hall,  Union  Stock  Yards  and  Transit  Com- 
|iany,  Chicago.  This  is  a  deck  floor  slab  consisting  of  three  bays  of 
nine  panels  eAch,  built  in  at  the  edges  into  old  brick  walls.  The 
panels  are  18  l)y  18  feet  and  the  rough  slab  was  7  inches  thick  of 
four  way  Turner  Mushroom  design  with  thirteen  |  inch  round  rods 
in  each  belt  6  inches  between  centers. 

The  columns  are  16  inches  external  diameter  enclosing  a  spiral 
13  inches  in  diameter  with  eight  1  inch  round  verticals.  Columns  12 
ft.  9  in.  long  to  a  basement  floor  resting  on  a  fill  four  feet  thick, 
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Considering  the  effective  reinforcement  at  mid  span  to  be  equiva- 
lent to  36  round  |  inch  rods  parallel  to  each  side  the  total  cross  sec- 
tion of  an  equivalent  sheet  of  steel  is  2A  =  72X0.11  =  7.9  sq.  inches. 
Assume  a  mean  effective  slab  thickness  of  6  inches,  then  the  steel 
ratio,  if  all  the  steel  be  regarded  as  acting  is 

2X^1  =  .0046 
7.9X6 

Hence  7=0.895  and  t=0.65,  or  the  moment  of  inertia  due  to  the  slab 

is  /.-td5"  SA =0.65X6'*X0.895X7.9= 166 

Again,        72=i4,>f  =  iX8X0.7853X6'^  =  113. 

The  concrete  in  the  colmnn  being  subject  to  tension  does  not 
add  to  its  moment  of  inertia. 


We  have  by  (12) 

JIfa  /3A3  166/18  9.2 


=0.51 


Ml    h/Ls+h/Li        166/18+113/12.75     9.2+8.86 

^=0.49 
Ml 

in  which  the  resisting  moment  of  slab  and  column  are  approximately 
equal. 

In  the  final  test  of  this  floor  two  adjacent  panels  of  the  middle 
bay  at  the  center  of  the  flck)r  were  loaded  with  a  heav>'  unbalanced 
load.  This  imposed  very  severe  bending  moments  upon  the  two 
columns  at  the  middle  of  each  edge  of  the  loaded  area,  but  owing  to 
poor  foundations  there  was  a  considerable  amount  of  permanent 
subsidence  and  tipping  of  these  colmnns.  These  complications 
render  it  impossible  to  precisely  compare  the  deflections  in  this  test 
with  our  proposed  theor}'-,  but  in  conjunction  with  the  theory  they 
account  for  the  large  deflections  that  occured  in  this  test.* 

13.  Unbalanced  Test  Loads  and  Modification  of  Slab  Steel 
Stresses  by  Column  Bending  in  Column  Supported  Slabs.  Test 
loads  applied  to  floors  are  usually  double  the  rated  working  load  or 
sometimes  twice  the  working  load  plus  the  amount  of  the  dead  load 
all  applied  over  one  or  more  panels.  The  load  is  conunonly  placed 
on  four  panels  about  a  column  and  then  doubled  up  over  two  of  them, 
these  two  being  sometimes  adjacent  to  each  other  side  by  side  and 
sometimes  adjacent  to  each  other  diagonally.     These  variou.s  cases 

*See  Joiir.  Franklin  Inst.,  Dec.  1916,  page  761. 
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will  accordingly  be  compared  as  to  the  amount  of  the  unbalanced 
moments  they  bring  to  bear  upon  the  columns  at  the  edge  of  the 
load  and  at  mid  span. 

I.  In  a  single  panel  test  the  number  of  supporting  columns  is 
four.  One  quarter  of  the  panel  load  is  an  unbalanced  load  with 
respect  to  each  of  the  four  supporting  columns  and  the  tendency  of 
each  of  the.  columns  is  to  bend  toward  the  center  of  gravity  of  the 
load. 

II.  When  four  adjacent  panels  are  loaded,  there  are  nine  columns 
all  told  which  support  the  test  load.  There  is  no  unbalanced  load, 
whatever,  about  the  central  colxmm.  Each  of  the  four  columns  at 
the  middle  of  each  side  has  approximately  half  a  panel  of  unbalanced 
load  and  each  corner  column  has  an  unbalanced  load  of  one  quarter 
of  a  panel. 

III.  When  the  load  of  Case  II  over  four  panels  is.  doubled  up 
on  diagonally  adjacent  panels  there  are  seven  supporting  colimms 
and  no  unbalanced  load  is  brought  upon  the  center  column.  Approxi- 
mately one  quarter  of  a  panel  of  unbalanced  load  is  brought  on  each 
of  the  other  six  supporting  columns. 

IV.  When  the  test  load  covers  two  adjacent  panels  side  by  side 
there  are  six  supporting  colimms  and  the  load  is  divided  approxi- 
mated in  such  wise  that  the  unbalanced  load  on  the  two  central 
columns  is  a  half  panel  load,  and  on  each  of  the  other  four  a  quarter 
of  a  panel  load  only.  This  division  being  approximately  exact  for 
fairly  stiff  columns. 

Any  unbalanced  load  causes  an  amount  of  bending  in  the  columns 
that  is  inversely  proportional  to  the  stiffness  of  the  columns  which 
last  is  proportional  to  the  moment  of  inertia  of  the  columns.  Thus 
in  a  column  heavily  loaded  by  other  than  the  unbalanced  panel 
load  the  concrete  may  resist  through  its  entire  section  by  a  mere 
shift  (due  to  the  bending)  of  the  intensity  of  the  uniform  compres- 
sion. Where,  however,  the  load,  other  than  the  unbalanced  load  is 
so  small  that  the  bending  brings  tensions  upon  part  of  the  steel  in 
the  cross  section,  the  moment  of  inertia  of  the  column  is  reduced 
to  that  of  the  steel  on  the  tension  side  and  the  stiffness  of  the  column 
is  reduced  in  proportion  to  the  reduction  of  the  moment  of  inertia. 
Any  such  recluction  of  the  moment  of  inertia  increases  the  angle  v. 

It  is  perfectly  possible  to  apply  the  methods  of  analysis  that 
have  been  employed  in  this  chapter  to  each  and  all  of  these  cases  to 
derive  exact  solutions  for  them.     The  following  method,  however, 
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will  bring  out  points  of  importance  with  sufficient  accuracy  to  per- 
mit of  the  comparison  of  the  effects  of  the  several  cases  of  test  load- 
ing that  have  been  enumerated. 

In  case  of  an  unbalanced  moment  at  the  edge  of  a  load  such  as 
arises  in  cases  I  to  IV  where  the  moments  of  inertia  of  the  support- 
ing colunms  are  so  large  in  proportion  to  that  of  the  panel  itself  as 
to  afford  nearly  perfect  restraint  at  the  edge  of  the  load,  it  is  possible 
to  make  a  close  estimate  of  the  relative  magnitudes  of  the  unbalanced 
moments  produced  at  mid  span  in  the  several  cases  previously 
described.  The  magnitudes  of  these  unbalanced  moments  at  mid 
span  are  independent  of  the  magnitude  of  the  total  moments  at 
mid  span,  and  refer  only  to  the  corrections  that  are  to  be  made  to 
the  values  they  would  have  were  all  panels  uniformly  loaded,  by 
reason  of  the  load  being  confined  to  one,  two  or  four  panels  as  des- 
cribed in  Cases  I  to  IV  instead  of  being  uniformly  distributed  on 
all  panels.  At  the  edge  of  a  load  next  to  a  column  the  diflferenee 
between  the  moment  that  actually  exists  and  that  which  would 
exist  were  all  panels  equally  loaded  is  the  unbalanced  moment  and 
it  changes  the  slope  of  the  slab  and  column  by  some  angle  v  which 
is  directly  proportional  to  the  magnitude  of  the  unbalanced  moment, 
V  being  the  direct  effect  and  measure  of  its  action. 

A  change  of  slope  at  a  column  at  one  edge  of  a  test  load  which 
is  due  to  an  unbalanced  moment  at  the  point  will  produce  a  change 
of  slope  throut  the  span  which  will  gradually  diminish  in  amount 
to  the  opposite  column  if  there  is  none  at  that  column.  The  change 
of  slope  will  diminish  uniformly  to  the  colimin  opposite  and  the 
change  of  slope  at  mid  span  will  be  half  that  at  the  edge,  if  we  assume 
that  the  moment  of  inertia  is  practically  constant  thruout  the  span. 
Hence  the  unbalanced  moment  at  mid  span  will  be  half  that  intro- 
duce<l  at  the  edge. 

In  case  II  where  four  adjacent  panels  are  loaded  the  unbalanced 
load  will  have  approximately  twice  as  great  an  effect  to  bend  each 
of  the  four  colunms  at  the  middles  of  the  sides  toward  the  center 
column  as  it  will  have  to  bend  the  corner  columns  in  the  same  direc- 
tions. But  each  corner  column  being  subjected  simultaneously  to 
two  flexures  at  right  angles  to  each  other,  will  have  a  resultant  bend- 
ing toward  the  center  colinnn  such  that  if  v  designate  the  bending 
of  a  column  at  the  middle  of  a  side  and  Iv  that  component  of  the 
bending  of  a  corner  column  that  is  parallel  to  it,  then  i;/V2  is  the 
resultant  bending  toward  the  center  column  of  a  corner  column. 
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In  Case  III  when  half  the  loading  of  Case  II  has  been  removed 
by  taking  the  load  from  two  diagonal  panels  of  the  four  loaded  in 
Case  II  it  is  evident  that  each  side  colimm  in  Case  II  owes  one  half 
of  its  bending  v  to  one  pair  of  diagonal  panel  loads  and  one  half  to 
the  other  pair.  It  is  therefore  clear  that  in  Case  III  each  of  the  seven 
supporting  columns  except  the  center  one  is  bent  approximately  in 
the  direction  of  each  of  the  sides  by  an  amount  =  Jy  and  to  a  resultant 
.amount  =  t)/V2   toward  the  center  of  the  loaded  panel  it  supports. 

In  Case  I  the  same  may  be  taken  as  true  respecting  each  of  the 
four  supporting  columns  but  in  this  case  the  opposite  slopes  at  mid 
.  span  cancel  each  other  so  that  no  unbalanced  moment  exists  in  this 
case  at  mid  span.  Nevertheless,  the  resultant  bending  moment  at 
mid  span  has  been  increased  by  half  the  sum  of  the  unbalanced  bend- 
ing moments  at  the  edges  of  the  panel. 

In  Case  IV  of  two  adjacent  panels  on  six  colunms  the  bending 
at  the  four  corner  columns  is  approximately  ^v  in  each  direction, 
but  at  the  two  middle  columns  it  is  t;  towards  each  other  from  which 
results  the  unbalanced  moments  at  mid  span  and  edges  of  load  are 
seen  in  all  these  cases  to  be  measured  either  by  v  or  Jr  in  the  direction 
of  the  sides. 

14.  Summary.  The  subdivision  and  distribution  of  the  mo- 
ments applied  to  any  structure  are  controlled  by  the  relative  rigidities 
of  its  parts:  and  the  theory  of  beam  structures  is  at  present  so  fully 
developed  as  to  permit  the  thoro  investigation  and  discussion  of  al- 
most any  arrangement  of  parts  that  may  be  proposed,  whatever  may 
be  its  connections  and  continyities.  But  the  magnitudes  of  the 
resisting  moments  and  stresses  in  flat  slab  structures  due  to  a  given 
loading  is  a  subject  upon  which  there  is  not  as  yet  so  satisfactory  an 
agreement  among  engineers  as  respecting  beam  structures.  Never- 
theless, since  the  distribution  of  moments  and  stresses  in  flat  slabs 
depends  upon  the  relative  rigidities  just  as  it  does  in  beam  structures 
the  relative  magnitudes  of  the  resisting  moments  in  the  several  parts 
of  flat  slab  structures  must  be  the  same  as  tho  they  were  beam  struc- 
tures altho  the  actual  magnitudes  of  the  moments  are  not  the  same 
in  flat  slabs  as  in  corresponding  beam  structures. 

Advantage  has  been  taken  of  this  fact  in  this  Chapter  to  investi- 
gate the  relative  magnitudes  of  the  bending  moments  due  to  unbalanc- 
ed loads,  in  order  to  calculate  what  proportion  of  the  total  bending 
moment  due  to  unbalanced  loading  is  resisted  by  columns  integral 
with  a  continuous  flat  plate  floor,  and  what  proportion  by  the  floor 


380  SUMMARY 

itself.  In  doing  this  the  proportionate  parts  in  case  of  a  correspond- 
ing beam  and  column  structure  are  first  investigated  as  dependent 
upon  the  relative  rigidities.  The  corresponding  ratios  for  flat  plate 
floors  and  columns  are  then  treated  by  investigating  the  moments  of 
inertia  which  express  the  rigidities  of  floor  plates  and  columns. 

The  formulas  so  derived  have  then  been  compared  with  experimen- 
tal results  in  case  of  several  floor  slabs  that  have  been  submitted  to 
extensometer  tests.  The  floors  tested  include  the  Northwestern 
Glass  Co.  Building,  Minneapolis,  the  Schulze  Baking  Co.  Building, 
Chicago,  the  Factory  Buildings,  Nos.  63  ahd  64  at  Winston-Salem, 
N.  C,  the  St.  Paul  Bread  Company  Building  and  International  Hall 
Chicago.  The  results  in  all  those  cases  arc  in  such  agreement  with 
the  proposed  theory  as  to  give  confirmation  to  the  practical  cor- 
rectness of  the  theory  developed. 

Note:  In  estimating  the  numerical  values  of  the  moments  of 
inertia  I^  of  the  slab  in  (16)  and  elsewhere  in  the  Chapter,  it  has  not 
been  thought  necessary  to  follow  the  methods  employed  in  the  more 
detailed  calculations  for  moments  of  inertia  in  slabs  in  Chapter  X, 
since  the  approximate  methods  here  ussd  are  regarded  as  a  sufficient 
basis  for  a  satisfactory  comparison  of  the  relative  matitudes  of  the 

moment  of  inertia  of  the  slab  and  the  columns.     In  eas?  grt»ater 

« 

precision  may  be  thought  desirable  more  exact  yalues  of  I^  may  be 
calculated  according  to  Chapter  X. 


.3S1 


CHAPTER  XIII 

EXPERIMENTAL   VERIFICATION   OF   THE   THEORY  OF  FLEXURE 

OF  CONCRETE  MEMBERS. 

I.  Analysis.  Any  acceptible  theoretical  analysis  of  a  reinforced 
concrete  structure,  must  agree  with  and  be  substantiated  by  ex- 
perimental results. 

Since  mathematical  analysis  of  this  structure  is  based  upon 
elastic  theory  a  most  convincing  proof  of  its  correctness  is  by  the 
agreement  of  the  elastic  deflection  of  the  member  under  load  with  the 
deflection  computed  by  the  elastic  theory. 

Again,  the  measured  deformations  properly  interpreted  should 
accord  with  the  computed  stresses.  The  external  work  of  the  loads 
may  also  be  computed  from  measured  deflections  and  the  storage  of 
this  energy  as  internal  work  of  deformation  should  be  in  accord  with 
that  indicated  by  the  theory  derived  to  account  for  the  predominant 
mode  of  operation. 

In  Chapter  III  it  was  shown  that  mathematical  theory  treats  of 
the  predominant  action  neglecting  subsidiary  actions.  In  the  veri- 
fication of  such  mathematical  analysis  proper  weight  must  therefore 
be  given  to  the  degree  in  which  the  action  treated  is  predominant 
and  the  proportional  part  of  the  work  performed  by  each,  subsidiary 
action  in  the  total  work  of  the  applied  loads. 

In  the  preceding  chapters,  the  general  principles  of  flexure  in 
transverse  bending  have  been  developed.  In  pure  flexure  the  sum 
of  the  horizontal  tensions  equals  the  sum  of  the  horizontal  com- . 
pressions  but  such  a  distribution  of  stress  assxmies  no  horizontal 
reactions  at  the  support.  It  assumes  that  the  reactions  of  the  beam 
are  vertical.  The  presence  of  restraining  forces  which  cause  hori- 
zontal reactions  alters  somewhat  the  relative  distribution  of  stresses. 

2.  Arch  Action  in  Simple  Beams.  In  Chapter  II  Section  10, 
arch  action  in  short  span  slabs  was  briefly  treated.  The  beams  con- 
sidered were  assumed  to  be  reinforced  in  the  bottom  throughout  and 
the  restraint  at  the  support  was  that  of  a  horizontal  thrust  due  to  a 
rigid  backing  that  under  bending  opposes  any  increase  in  the  dis- 
tance from  end  to  end  of  the  lower  fiber  of  the  beam.  Such  restraint 
produces  horizontal  compressions  at  the  support  and  a  resultant  re- 
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action  that  is  inclined  instead  of  vertical.  In  such  a  case  two  kinds 
of  action  are  present,  arch  action  brought  about  by  the  horizontal 
restraint  and  beam  action  of  flexurel  resistance. 

When  the  depth  is  small  in  proportion  to  the  span  the  arch 
l^ecomes  so  flat  that  the  deflections  by  arch  action  would  be  much 
larger  than  by  beam  action.  Since  the  relative  rigidity  is  small 
in  a  thin  slab  under  arch  action,  the  principle  of  rigidities  requires 
that  the  proportion  of  load  carried  thereby  shall  be  correspond- 
ingly small.  Hence  the  most  of  the  load  would  be  carried  in  this 
case  by  beam  action. 

In  the  ai-ticle  before  referred  to,  it  was  stated  that  when  the  span 
of  a  beam  is  ten  times  its  depth,  and  the  required  restraint  is  pre- 
sent the  mid  span  applied  moment  which  is  resisted  by  the  steel  in  a 
simply  supported  beam,  viz.  WL/%  is  one  half  of  it  carried  by  arch 
action  and  half  by  beam  action,  and  the  actual  resisting  moment  for 
the  steel  becomes  approximately  WL/I6.  This  represents  closely 
the  condition  deduced  by  experiment  where  the  amount  of  reinforce- 
ment is  from  five  to  six  tenths  of  one  percent.  Where  the  percentage 
of  the  reinforcement  is  higher  than  this  beam  action  would  be  greater 
than  the  arch  action.  For  balanced  reinforcement,  arch  action 
■would  not  equal  beam  action  until  the  depth  of  the  beam  becomes 
approximately  one  eighth  of  the  clear  span  length.  For  depths 
greater  than  this  arch  action  would  be  increasingly  greater  than 
beam  action,  but  the  increase  would  be  at  a  much  less  rapid  rate  than 
for  smaller  depths.  Where  the  ratio  of  depth  to  span  is  as  small 
as  one  twenty-fifth,  arch  action  becomes  almost  negligible  and  may 
be  entirely  neglected. 

It  thus  appears  that  the  percentage  of  steel  enters  as  a  factor  in 
determining  the  relative  flexural  rigidity  while  the  relative  rigidity  of 
arch  action  caused  by  end  restraint  depends  directly  on  the  concrete 
and  increases  about  as  the  square  of  the  ratio  of  the  depth  relative 
to  span  length. 

Since  the  relative  rigidity  of  arch  action  depends  directly  on  the 
•concrete  it  increases  as  the  modulus  E^  of  the  concrete  increases. 
This  is  equivalent  to  steting  that  in  order  for  the  rigidity  of  arch 
action  and  beam  action  to  maintain  the  same  relation  to  each  other 
in  different  beams  with  the  same  restraint  and  same  ratio  of  depth 
to  span  but  made  of  different  grades  of  concrete,  the  more  rigid  the 
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concrete  is  the  higher  must  hf^  the  percentage  of  steel  to  maintain 
the  same  relative  amount  of  beam  action  and  arch  action  in  the  beams 
compared. 

The  general  characteristics  governing  the  distribution  of  stress 
here  discussed  are  well  known  and  generally  recognized  although  so 
far  as  known  they  have  never  before  been  discussed  in  works  on  this 
subject.  The  effect  of  end  restraint  of  rigid  supports  upon  the  magnir 
tude  of  deflection  will  now  be  considered. 

In  simple  beam  action  the  horizontal  stresses  approach  zero  at 
the  support.  In  arch  action  the  greatest  compression  occurs  at  the 
support.  Hence  these  two  actions  when  superposed  on  each  other 
bring  maximum  stresses  to  bear  on  considerable  material  which 
wouki  be  practically  unstrained  in  simple  flexure.  It  produces  a 
state  of  stress  in  which  the  horizontal  compressions  no  longer  balance 
the  horizontal  tensions  as  they  do  in  simple  beam  flexure.  The 
result  is  that  the  relative  stiffness  of  the  beam  where  arch  action 
equals  beam,  action  is  nearly  twice  as  great  as  it  would  be  were  the 
beam  operating  by  simple  flexure.  Where  the  ratio  of  depth  to  span 
decreases,  the  arch  action  decreases  and  the  deflection  increases  and 
finally  becomes  nearly  the  same  as  'that  of  the  simply  supported 
beam  where  the  depth  is  as  small  as  L/25. 

3.  Arch  Action  in  Continuous  Beams.  In  the  continuous  beam 
as  in  the  simple  beam,  arch  action  depends  directly  on  the  relative 
rigidity  of  the  concrete  as  compared  with  the  relative  rigidity  of  the 
concrete  and  of  the  metal  coacting  in  flexure.  In  the  continuous 
beam  the  different  mode  of  coaction  of  the  metal  and  concrete  from 
that  of  the  simple  beam  renders  its  relative  rigidity  five  times  as 
great  as  that  of  the  simple  beam  and  accordingly  instead  of  a  ratia 
of  §  arch  action  and  J  beam  action  as  in  the  simple  beam  where 
the  ratio  of  depth  to  span  is  l/8,  we  would  have  approximately 
5/6  as  the  beam  action  and  l/6  as  the  portion  of  the  arch  action 
and  this  for  a  value  of  j&c  =  2.5X10®  and  a  ratio  of  reinforcement 
of  1.25  percent. 

Where  the  reinforcement  is  less  than  1.25  percent,  the  proportion 
of  arch  action  would  be  increased.  As  in  the  case  of  the  simple  beam 
with  the  reinforcement  in  the  bottom  throughout  the  percentage  of 
arch  action  decreases  approximately  in  proportion  to  the  square  of 
the  ratio  of  the  depth  of  the  beam  to  the  span  length. 
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4.  Arch  Action  in  G)lunin  Supported  Flat  Slabs.  In  a  flat  slab 
of  many  panels  the  horizontal  distances  between  interior  column  and 
panel  centers  are  to  be  regarded  as  invariably  fixed  by  its  continuity, 
hence  any  given  vertical  deflections  of  panel  centers  will  develop 
horizontal  thrusts  along  these  invariable  lines  whose  magnitudes  will 
be  dependent  upon  the  relative  thickness  of  the  slab  and  upon  the 
modulus  E^  of  the  concrete  when  other  things  are  equal.  Each  of 
these  thrusts  at  any  vertical  cross  section  constitutes  one  part  of 
the  total  horizontal  compression  in  the  concrete  that  holds  in  equili- 
brium the  total  moment  at  that  section  which  arises  from  the  load- 
ing. The  other  part  of  the  compression  is  equal  and  opposite  to  the 
steel  tension  across  the  section.  These  last  together  constitute  the 
moment  of  flexure  or  bending  action  existing  at  that  section. 

It  thus  appears  that  the  arch  action  does  not  alter  the  maximum 
compressions  in  the  concrete,  but  the  horizontal  thrust  of  this  arch 
action  does  reduce  by  just  so  much  the  tensile  stresses  which  would 
otherwise  be  exerted  by  the  steel  both  at  mid  spa'n  at*the  bottom 
and  also  over  the  supports  at  the  top  of  the  floor. 

In  a  continuous  slab  the  j*elation  between  the  rigidity  of  the 
concrete  in  producing  arch  action  and  the  moment  of  inertia  of  the 
slab  in  resisting  flexure  is  analogous  to  the  arch  action  and  flexure 
in  a  continuous  beam. 

About  the  diagonal  center  of  the  panel  the  arch  action  is  of  the 
nature  of  dome  action  with  radial  and  circumferential  stresses  co- 
operating with  each  other  and  inverted  dome  action  about  the 
column  in  the  circumferential  cantilever  area.  Accordingly,  we 
may  consider  that  circumferential  action  applies  alike  both  to  the 
arch  action  and  to  the  combined  flexural  resistance  of  the  concrete 
and  metal,  and  we  may  therefore  approximate  to  the  separation 
of  these  two  actions  by  consideration  of  continuity  only  in  the 
same  manner  as  that  followed  for  the  continuous  beam.  The 
thickness  of  the  slab  should,  however,  be  taken  as  that  of  the 
slab  plus  the  thickness  of  the  drop  panel,  where  a  drop  head  is 
employed,  and  the  span  for  comparative  purposes  should  be  the 
neat  clear  span  between  the  outer  edge  of  the  column  capitals  in 
square  panels. 

In  general  the  reinforcement  over  the  capital  approaches  that  of 
l^alanced  reinforcement  for  a  short  distance  in  the  vicinity  of  the  cap 


ARCH  ACTION  IN  FLAT  SLABS  385 

but  at  mid  span  because  of  the  small  ratio  of  the  thickness  of  the  slab 
to  the  span  length  the  percentage  of  steel  is  necessarily  less  than  half 
that  permissible  in  the  deeper  continuous  beam  in  order  that  the 
curvature  may  not  become  too  sharp  when  the  steel  is  stressed  to  its 
safe  working  stress.  We  may  therfore,  conclude  from  the  steel  ratios, 
that  the  arch  action  is  approximately  one  sixth  the  applied  moment 
where  the  thickness  of  slab  is  one  eleventh  of  the  effective  span  and 
that  the  ratio  of  arch  action  to  the  applied  moment  decreases  or  in- 
creases in  square  panels  with  the  square  of  the  ratio  of  the  depth  to 
eflfective  span. 

In  rectangular  panels  a  mean  dimension  should  be  taken  as  the 
effective  span,  which  is  best  arrived  at  by  dividing  the  sum  of  the 
squares  of  the  long  and  short  sides  by  the  sum  of  these  two  sides  and 
then  deducting  the  diameter  of  the  capital  for  the  average  effective 
span  to  which  this  proportion  is  to  be  applied. 

In  case  where  the  relative  span  is  N  =  L/d=ll,  when  the  per- 
centage of  reinforcement  is  1.25  and  J?c==  2,500,000,  or  n  =  12,  it  has 
been  stated  that  arch  action  is  l/6  of  the  entire  applied  moment  or 
20  percent  of  the  beam  action.  Now  the  value  of  E^.is  not  constant 
but  decreases  with  increase  of  intensity  of  the  stress  in  the  concrete 
and  vice  versa,  a  fact  which  makes  the  amount  of  arch  action  and 
beam  action  both  depend  upon  the  value  of  E^.  It  is  proposed  here 
to  show  how  to  calculate  from  the  foregoing  the  relative  amount  of 
the  arch  action  for  any  value  of  E^  whatever.  For  example  to  cal- 
culate the  arch  action  when  the  intensity  of  stress  in  the  concrete 
is  so  small  that  £0  =  3,750,000  orn  =  8.  The  rigidity  of  the  concrete 
is  then  1.5  times  as  great  as  when  £c  =  2,500,000,  and  the  rigidity 
of  arch  action  is  concequently  larger  in  the  same  ratio.  But  the 
rigidity  of  beam  action  which  is  in  proportion  to  the  moment  of 
inertia  of  the  section,  I^AijdP,  is  also  greater  at  the  same  time  be- 
cause of  the  proposed  alterations  in  the  value  of  E^,  or  of  n  from  12 
to  8,  alters  the  values  of  both  i=  \-k  and  i,  as  shown  on  page  156. 
It  is  found  that  the  value  of  /  or  of  ij  is  13§  percent  larger  when 
n  =  8  than  w:hen  n  =  l£,  and  the  beam  rigidity  is  consequently  1.133 
times  as  great  as  when  n  =  12,  i.  e,  the  ratio  of  the  rigidities  which 

1    c 

is  1/5  =  .20  when  n  =  12,  becomes  —^^-—  =  .265    when    n  =  8,    and 

5X1. loo 
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has  thus  been  increased  by  one  third,  while  the  arch  action 
instead  of  being =l/6  of  the  appUed  moment  now  becomes 

— =1/5+. 

5X1.13+1.5      ^ 

Thus  some  part  of  the  increase  in  steel  stress  with  the  in- 
crease in  load  is  accounted  for  by  the  decrease  in  arch  action  accom- 
panying the  decrease  of  the  modulus  Ec  of  the  concrete.  This  in- 
crease in  steel  stress  caused  by  decrease  in  arch  action  under  higher 
loadp  is  a  phenomenon  often  erroneously  ascribed  to  an  elimination 
of  the  tensile  resistance  of  the  concrete  instead  of  to  a  decrease  in 
the  compressive  resistance  of  the  concrete. 

Arch  action  also  decreases  as  the  deflection  increases  since  the 

rise  is  thus  reduced  in  the  ratio  of ^and    the   stiffness   in   the 

md — A 

(md    \^ 
I    in  which  m  is  a  fractional  multiplier  representing 
md — A/ 

the  part  of  the  depth  which  is  eflfeQtive  as  the  rise  for  arch  action  and 
A  the  deflection. 

5.  Reduction  of  Measured  Fiber  Deformations  to'  Axial  De- 
formation in  Reinforcing  Rods.  Deformations  computed  accord- 
ing to  theory  of  flexure  represent  the  effect  of  axial  stress.  Deforma- 
tions measured  for  convenience  on  the  outer  fiber  of  the  l>ar  are  not 
axial  stresses.  Now  the  steel  stress  under  theory  varies  as  the  dis- 
tance from  the  fiber  to  the  neutral  plane.  Consequently,  if  i  is  the 
distance  from  the  axis  of  the  bar  to  the  neutral  plane,  i  +  Jrf  is  the 
distance  to  the  outer  fiber  of  the  bar  having  a  diameter  d.    The 

i  +  id. 
measured  stress  is  greater  than  the  axial  stress  in  the  ratio  of =-^ 

i 

In  case  the  neutral  plane  is  ,4"  from  the  center  of  a  l/2"  inch  rod, 
this  correction  to  the  measured  stress  would  be  a  reduction  of  6J 
percent.  In  case  it  were  a  5/8"  rod,  the  correction  would  be  a 
reduction  of  7.9  percent.  In  case  of  the  Printers  Union  Building 
where  there  were  5/8"  rods  and  four  layers  in  an  8"  slab,  and  the 
distance  to  the  neutral  plane  2^"  or  less  from  the  lower  layer  of  the 
steel,  the  reduction  would  amount  to  12^  percent  for  elastic  coaction 
of  the  metal  and  concrete  and  increase  to  17  or  18%  as  the  modulus 
of  elasticity  of  the  concrete  decreased. 
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This  correction'  has  been  commonly  disregarded  but  in  any  such 
abnormal  design  as  that  of  the  Printers  Union  Building  to  be  dis- 
cussed later,  it  cannot  be  disregarded  in  a  rational  interpretation  of 
test  results. 

Sharp  Bending.  Where  there  is  any  yielding  of  the  concrete  in 
compression,  sharp  bending  occurs  across  the  section.  This  is 
accompanied  by  a  shifting  of  the  neutral  axis  toward  the  steel,  a 
reduction  in  the  lever  arm  of  the  steel  stress  and  an  increase  in  the 
steel  stress  in  proportion  to  the  reduction  of  its  lever  ^rm. 

Any  reduction  in  the  modulus  of  elasticity  of  the  concrete  pro- 
duces the  relative  increases  above  noted  in  the  fiber  steel  stress. 

At  a  section  of  greatest  shearing  strain  a  material  increase  in  fiber 
stress  mav  also  come  about  in  another  manner.  The  modulus  of 
combined  shearing  rigidity  is  increased  by  the  embedment  of  steel. 
The  rigidity  of  the  steel  in  shear  is  about  10  times  as  great  as  that  of 
the  concrete  in  which  it  is  embedded.  The  steel  bar  embedded  in 
the  concrete  tends  by  its  bearing  on  the  concrete  to  transfer  the 
shearing  resistance  away  from  the  plane  of  section  where  sliding  might 
otherwise  occur.  In  so  doing  bending  stress  is  brought  upon  the 
bar  as  the  shear  is  transferred  by  flexure  to  the  centers  of  bearing  in 
the  concrete,  each  side  of  the  plane  of  shear,  The  shearing  resistance 
of  the  bar  then  becomes  a  question  of  its  rigidity  in  bending.  Its 
moment  of  inertia  in  bending  varies  as  the  fourth  power  of 
its  diameter  and  its  cross  section  varies  as  the  square  of  the 
diameter.  Bending  in  it  would  depend  on  the  distance  apart  of  the 
centers  of  the  bearings  on  the  two  respective  sides  of  the  plane  of 
section  but  this  distance  increases  with  the  increased  shearing  re- 
sistance afforded  by  the  bar  so  that  it  seems  roughly  that  the  fiber 
stress  in  the  bar  would  increase  approximately  with  the  square  of 
the  amount  of  the  load  brought  upon  the  section  of  greatest  shear 
strain,  and  that  it  would  increase  with  the  square  of  the  diameter 
of  the  bar  and  be  greater  when  the  bar  is  nearer  the  neutral  axis  than 
it  would  be  nearer  the  outer  part  of  the  slab. 

Thus,  where  the  shearing  stress  on  the  section  is  as  high  as  250 
or  300  pounds  per  square  inch,  a  bending  stress  in  the  steel  of  con- 
siderable magnitude  may  be  developed  particularly  in  slab  rods  that 
are  as  large  as  5/8"  diameter,  buried  in  a  slab  as  thin  as  8". 

The  fiber  stress  produced  by  flexural  resistance  to  shear  on  each 
side  of  the  plane  of  section  at  the  edge  of  the  cap  will  disappear  with 
the  removal  of  the  load  but  the  permanent  bending  at  such  section 
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brought  about  by  yielding  of  the  concrete  will  remain  and  this  resi- 
dual strain  which  is  not  elastic  can  be  allowed  for  by  noting  the  lack 
of  recovery  and  using  the  final  reading  under  zero  load  as  the  initial 
point  from  which  to  reckon  the  elastic  deformation  which  is  a  measure 
of  the  true  axial  stress.  The  difference  between  the  initial  reading 
and  the'  reading  under  maximum  load  represents  the  sum  of  the 
elastic  plus  the  inelastic  deformation  of  the  concrete  where  the  steel 
has  not  been  over  stressed  and  to  determine  the  true  elastic  axial 
stress  in  the  steel  under  maximum  load  we  must  use  the  recovers- 
reading  as  the  zero  from  which  to  determine  the  the  maximum  elastic 
resistance  exerted  by  the  reinforcing  element. 

The  magnitude  of  the  error  involved  in  many  published  tests  in 
regarding  the  true  deformation  as  that  measured  from  an  initial 
zero  reading  instead  of  using  the  deformation  shown  by  the  amount 
of  recovery  after  loading  one  or  more  times,  may  not  be  greater  than 
5  to  8  percent  where  the  stresses  do  not  exceed  8,000  to  10,000 
pounds  per  square  inch.  Where  the  measured  fiber  stresses  exceed 
15,000  to  25,000  pounds  this  correction  may  become  as  great  as  25  to 
30  percent  of  the  apparent  stress.  Local  bending  of  considerable 
magnitude  is  induced  in  the  steel  by  the  relief  of  shrinkage  strains 
at  and  next  to  the  edge  of  the  column  capital  where  its  junction  with 
the  slab  is  at  too  sharp  an  angle.  These  shrinkage  stresses  are  greatly 
reduced  where  the  capital  is  formed  in  an  easy  curve  joining  the 
column  and  slab. 

6.  The  Distribution  of  Moments  Between  Mid-Span  and  over  the 
Supports  in  Continuous  Beam  and  Slab  Construction.  In  Chapter 
VII  we  have  shown  how  the  moments  are  divided  in  be^ms  between 
mid  span  and  support  dependent  on  the  restraint  at  the  supports 
and  the  relative  moments  of  inertia  in  resisting  bending  at  mid  span 
and  at  the  supports.  In  like  manner  in  Chapter  X  in  sub-division 
of  moments  over  the  supports  and  at  mid  span  has  been 
apportioned  in  the  column  supported  flat  slab  in  accordance  with  the 
moments  of  inertia  but  this  division  of  resistance  is  that  of  flexure 
and  when  arch  action  is  superposed  upon  the  distribution  of  moments 
due  to  pure  flexure  the  moment  of  the  thrust  is  to  be  deducted  from 
the  moment  resisted  at  mid  span  by  the  steel  and  from  moment 
resisted  at  the  columns  as  well.  We  can  then  after  having  deter- 
mined the  approximate  amount  of  arch  action,  proceed  to  compare  the 
measured  steel  stresses  with  the  computed  applied  bending  moment 
taking  into  consideration  the  added  efficiency  of  the  steel  in  the  areas 
of  synclastic  curvature  under  the  principles  deduced  in  Chapter 
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VIII  and  apply  the  minor  corrections  before  discussed,  when 
warranted  by  the  severity  of  the  appUed  test  load. 

7.    Tests  Compared  on   the   Basis  of  Relative   Severity.     In 

Chapter  IV  we  have  shown  that  the  breaking  down  point  of  a  member 
depends  with  respect  to  the  concrete  on  the  magnitude  of  the  angular 
shearing  deformation  and  this  angular  shearing  deformation  is 
measured  by  the  sharpness  of  bending  determined  by  M/l  in  which 
M  represents  the  applied  bending  moment  in  the  particular  part  of 
the  slab  or  beam  and  /  the  resisting  moment  of  inertia  of  the  section. 

In  comparing  tests  of  the  same  classes  of  floors  or  beams  the 
serverity  of  the  test  as  measured  by  the  ratio  M/l  must  be  taken 
into  consideration  since  with  the  increase  in  load  the  modulus  E^ 
of  the  concrete  decreases  and  the  structure  is  brought  nearer  to  the 
yield  point  value  of  the  coaction  of  the  metal  and  concrete 
combination. 

A  severe  test  tends  to  bring  out  inherent  weakness  on  the  one 
hand  or  toughness  on  the  other.  It  tends  to  bring  to  the  attention 
of  the  engineer  atiy  defect  in  the  proportionaUty  of  the  cross  section 
and  arrangement  of  the  reinforcing  elements.  While  every  part 
should  be  proportionately  strong  in  different  structures,  it  may  be 
observed  that  the  formula  M/l  is  wholly  different  from  a  compari- 
son of  mere  steel  stresses  because  it  is  a  comparison  not  of  one  element 
but  of  the  coaction  of  the  two  elements.  Steel  stresses  are  deter- 
mined by  M/Ajd,  while  M/l  =  M/Aij(f.  When  the  bending  mo- 
ment increases,  if  Ec  decreases  the  neutral  plane  moves  toward  the 
steel  and  i  decreases  more  rapidly  than  does  j.  As  /  decreases  with 
the  decrease  in  E^.  the  angular  bending  per  unit  of  applied  moment 
increases  and  the  severity  of  the  tost  accordingly  dep?nds  on  the 
variation  of  the  ratio  M/L 

Another  reason  why  the  relative  severity  of  the  test  should  be 
given  consideration  is  because  under  the  sharp  bending  of  the  severe 
test  the  fiber  stresses  -become  a  larger  percentage  of  the  axial  stress 
and  the  axial  stresses  themselves  increase  in  amount  as  the  co- 
efficient Ec  decreases  throwing  the  neutral  plane  nearer  to  the  center 
of  action  of  the  axial  steel  stresses.  Further,  at  sections  where  the 
maximum  shear  and  bending  stresses  occur  at  one  and  the  same  point 
the  steel  is  brought  into  action  in  resisting  shear.  The  modulus  of 
shearing  rigidity  F  of  the  steel  is  from  10  to  12  times  as  great  as  F 
for  concrete.  Consequently,  the  steel  transfers  a  part  of  the  shear- 
ing stress  laterally''  from  the  plane  where  sliding  would  otherwise 
occur  into  the  mass  pf  the  concrete  on  each  side  of  such  plane.     In 
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SO  doing  the  reinforcing  elements  are  brought  into  local  bending 
and  the  center  of  bearing  on  each  side  of  the  plane  of  shear  moves 
outward  from  this  plane  as  the  shearing  force  increases  so  that 
where  the  shearing  stress  is  sufficiently  great  to  bring  the  steel  into 
effective  action  in  resisting  shear  the  bending  stresses  from  shear 
increase  ver>'  rapidly  with  the  load  and  as  the  extreme  fiber  stresses 
only  are  measured  by  the  extensometer  it  is  important  to  allow  for 
these  subsidiary  actions  in  making  a  proper  interpretation  of  a 
severe  test  while  they  may  be  disregarded  in  the  interpretation  of 
tests  of  low  severity. 

Modifications  of  stress  both  from  the  curvature  of  flexure  and  the 
bending  resistance  to  shear  render  the  measured  stress  greater  than 
the  axial  stress  which  furnishes  the  moment  of  resistance  to  balance 
the  applied  moment  of  the  loads.  Because  E^  for  the  concrete  is 
greater  for  lower  intensities  of  loading  the  arch  action  is  relatively 
greater,  and  for  lower  intensities  of  load  up  to  generally  about  the 
working  load  the  correction  for  increased  arch  action  and  for  the 
difference  between  fiber  stress  and  axial  stress  commonly  compensate 
for  each  other,  rendering  the  measured  stress  treated  as  axial  stress  and 
the  applied  bending  moment  in  substantial  agreement  when  arch  ac- 
tion is  allowed  for  as  before,  which  would  not  be  the  case  were  it  not 
for  this  compensation  of  minor  corrections  just  discussed. 

8.  Effect  of  Steel  Displacement.  Whether  the  steel  is  emplaced 
as  required  by  the  engineer's  plans  or  is  displaced  either  vertically  or 
laterally  has  an  effect  on  the  efficiency  and  overload  capacity  of  the 
structure.  Any  vertical  displacement  of  steel  toward  the  neutral  axis 
increases  the  steel  stress  ui^der  load  since  jd  the  lever  arm  of  the  steel 
is  thereby  reduced.  The  test  capacity  or  limit  of  overload  without 
injury'  is  reduced  in  the  more  rapid  ratio  of  ijd^.  This  ratio  in  a  con- 
tinuous beam  or  slab  is  modified  by  the  manner  in  which  the  resulting 
variation  of  /  at  the  section  of  displaced  metal  enters  into  the  appor- 
tionment of  the  moments  over  and  between  the  supports.  It  thus 
appears  that  a  vertical  displacement  which  may  not  increase  the 
working  stress  more  than  twenty  percent  may  readily  reduce  the 
limit  of  substantially  elastic  coaction  of  the  concrete  and  metal 
by  fifty  percent. 

9.  The  Difference  in  Distribution  of  the  Energy  Stored  by 
the  Elastic  Deformation  of  Reinforced  Concrete  Beams  and  Column 
Supported  Flat  Slabs  Under  Load  Establishes  a  Radical  Difference 
in  Mechanical  Operation.* 

*Reprinted  from  farm  paper  in  Franklin  Institute  Journal,  Oct.  1918,  bv 
H.  T.  FAidv. 
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(1)  Since  the  most  accurate  and  complete  test  data  available  re- 
specting reinforced  concrete  beams  is  found  in  Technological  Paper 
No.  2,  U.  S.  Bureau  of  Standards/  in  which  are  given  details  of 
tests  upon  333  of  these  beams,  for  convenience  of  comparison  the 
developments  in  this  discussion  will  deal  with  beams  reinforced  and 
loaded  in  the  same  manner  as  those  in  this  Paper  No.  2. 

The  beams  in  Paper  No.  2  had  a  span  between  supports  of 
L=12  ft.,  a  width  of  6  =  8  in.,  a  total  depth  of  11  in.,  and  a  depth 
to  the  center  of  the  bottom  layer  of  steel  of  c?=  10  in.,  a  Itotal  actual 
length  of  13  ft.,  a  uniform  reinforcement  from  end  to  end,  and  equal 
concentrated  loads  =  iTF  placed  at  each  of  the  one-third  points  of 
the  span.  The  reinforcement  consisted  of  half-inch  round  rods 
from  two  to  eight  in  number,  of  mild  steel  with  an  elastic  limit  be- 
tween 33,000  and  41,000  lbs.,  a  yield  point  between  35,000  and 
43,000  lbs.,  and  an  ultimate  strength  between  52,000  and  64,000  lbs. 

The  reader  is  referred  to  the  paper  itself  for  the  numerical  results 
of  the  tests,  except  so  far  as  herein  quoted,  as  well  as  for  the  details 
of  the  construction  of  the  beams. 

(2)  Let  M  designate  the  bending  moment,  /  the  moment  of  inertia, 
R  the  radius  of  curvature,  k  the  proportional  depth  of  the  neutral 
axis,  and  D  the  deflection  at  mid  span.  None  of  these  quantities 
except  D  vary  in  value  between  the  one-third  points,  and  they  also 
have  nearly  the  same  values  in  the  end  thirds  for  some  distance  from 
the  one-third  points  toward  the  ends.  Especially  is  this  the  case 
with  /  and  fc,  as  may  be  known  from  Figs.  22  to  30,  inclusive  of  Paper 
No.  2,  which  reveal  the  fact  that  the  cracking  of  the  concrete  by 
tension  extends  throughout'  almost  the  entire  length  of  the  beams, 
except  for  a  short  distance  near  each  end,  where  the  bending  moment 
is  so  small  that  the  variations  in  the  value  of  /  and  k  by  reason  of 
cracking  have  a  negligible  effect. 

Let  A  =  pbd  be  the  cross  section  of  the  reinforcing  steel  in  square 
inches,  when  p  =  the  steel  ratio.  Let  kd  =  the  depth  of  the  neutral 
axis  below  the  top  of  the  beam  and  i  =  l-k;  also  let  jd  =  the  depth 
of  the  center  of  action  of  the  steel  below  the  center  of  compression 
of  the  concrete.  In  Paper  No.  2,  the  parabolic  law  of  compression 
is  assumed,  i.  e.,  j  =  l  -  |  A;,  whereas  for  straight  line  compression 
j=l-ifc. 

If  we  assume  that  the  concrete  is  so  cracked  that  the  steel  supplies 
the  only  tensile  resistance,  we  have  from  the  fundamental  equation 

I* By  Humphrey  and  Losse,  Government  Printing  Office,  Washington,   1912. 
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of  flexure,  EI/R  =  Af ,  in  which  the  applied  bending  moment  M  =  IWL 
throughout  the  middle  third  of  the  span, 

Hence, 

EI  =  lWLR (1) 

But  by  the  similar  triangles  of  the  distortion  of  bending 

e^.td  :  :1  :  R,  or  R= id/ e^  =  Bid/ f^ (2) 

in  which  e^=ijE  is  the  unit  elongation  of  the  steel,  E  its  modulus 
of  elasticity,  and  /^  the  unit  stress. 

Hence, 

EI  =  MR  =  —  WL (3) 

By  the  usual  methods  of  finding  the  deflection  of  beams  from 
their  curves  of  flexure  wc  find  the  value  of  the  deflection  D'  at  a 
one-third  point  of  the  span  from  the  expression 

EID'=^!!^^ (4) 

432 

and  for  the  total  deflection  D  at  mid  span 

EID^'^^-^ (5) 

1296 

Hence, 

D-i)'  =  0.87Z) (6) 

or  each  one-third  point  moves  downward  in  bending  87  per  cent 
of  the  total  deflection  D  at  mid  span. 

Now  substitute  the  value  of  EI  given  in  (3)  in  (5)  and  we  have 

j^^23jX (7) 

216?^    . 

in  which  it  is  tacitly  assumed  that  the  mean  value  of  /  used  in  in- 
tegration in  finding  the  beam  deflection  in  (5)  does  not  differ  from 
the  value  of  I  /in  the  middle  third  as  used  in  (3)  by  more  than  a 
negligible  amount.  This  assumption  has  been  verified  as  practically 
admissible  by  a  more  complete  analysis  based  on  the  exact  and 
somewhat  larger  values  of  /  that  occur  near  the  ends  of  the  beams 
due  to  concrete  and  steel  acting  together,  with  the  resulting  larger 
values  of  A*.  It  is  found  that  the  effect  of  this  upon  the  ratio  0.87 
in  (6)  may  be  safely  neglected,  since  although  D-D'  and  D  majj  be 


\ 
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changed  by  small  amounts  their  ratio  will  be  affected  by  only  an* 
inappreciable  amount. 

Now  the  work  performed  by  the  load  and  expended  upon  the 
beam  in  the  process  of  gradually  loading  it  is  eiq^ressed  as  follows: 

(7  =  }TF(D  — 2)')=0.435TrD (8) 

in  which  D-D'  is  the  vertical  distance  moved  through  by  the  load 
in  performing  its  work.     Consequently  by  (7) 

U^^^WL\ 

2m  id 

Again,  the  work  stored  in  the  steel  of  the  middle  third  of  the 
span  may  be  written 

U,  =  }iALU, (10) 

in  which  ^AL  is  the  volume  of  the  steel  and  e^  its  unit  elongation. 
But  since  the  moment  of  resistance  of  the  steel  is  equal  to  the  mo- 
ment of  the  applied  forces  we  have 

'Af,-d^iWL (11) 

Therefore, 


FVi^e. :...(12) 

36  jd 
HencCx 

^^  =  ?16^=0.6i (13) 

U      360i         j 

In  case  we  assume  provisionally  that  A:  =  0.4,  which  is  a  good 
average  value  for  the  beam  tests  in  Paper  No.  2,  we  have  i==0.6 
and  j  =  1  -  I  /c  =  0.85.  Then  Us/U  =  0.4235  is  the  fraction  of  the  total 
work  of  the  load  which  is  stored  in  the  steel  in  the  middle  third. 

It  will  be  fair  to  estimate  the  work  stored  in  the  steel  in  the  two 
end  thirds  as  one-half  of  this  amount,  because  were  the  same  relation 
to  exist  in  the  end  thirds  between  the  applied  bending  moment  and 
the  resistance  of  the  steel  as  in  the  middle  third,  then  the  energy 
stored  in  the  steel  in  each  end  third,  and  due  to  a  moment  uniformly 
decreasing  to  the  end,  would  be  one-third  that  in  the  middle  third. 
But,  owing  to  the  existence  of  tensile  resistance  in  the  concrete 
near  the  ends,  the  stresses  on  the  steel  are  thereby  reduced  somewhat 
l>elow  one-third,  and  the  amount  of  work  expended  upon  the  steel 
in  each  end  third  may  reasonably  be  taken  as  reduced  to  not  more 
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•than  one-fourth  that  in  the  middle  third  or  possibly  to  even  less  than 
that,  thus  giving  as  an  estimated  ratio  of  the  total  work  store<l  in 
the  steel  of  the  entire  span  to  the  work  of  the  load  the  quantity 

1  1J'  =  0.9- (14) 

2U  j 

or  in  case  fc=0.4,  we  have 

^L_«  =  0.635 
2U 

This  is  considerably  more  than  one-half  of  the  total  work  of 
the,  load,  being  some  five-eights  of  it. 

(3)  The  work  U^  expended  in  compressing  the  concrete  of  the 
middle  third  and  stored  in  it  during  loading  may  be  calculated  in 
like  manner.  For,  on  the  assumption  that  beam  sections  originally 
plane  remain  plane  after  flexure  we  have 

(15) 


id 

kd 

«• 

Co 

Hence  by  (7) 

D  = 

2SL\ 

(16) 

216  kd 

But  f  \.  is  half  the  product  of  the  total  amount  of  the  reduction 
of  length  of  the  concrete  at  the  center  of  application  of  the  compres- 
sive force  multiplied  by  the  total  compressive  force,  i.  e.y  in  case  of 
parabolic  compression. 

f7e  =  -  X  -  L  —X  -fjbkd=^  Lhkdf,e,. . .  .  (17) 
2       3     8        3  72 

in  which  ^e^  is  the  unit  compression  at  the  centre  of  gravity  of  the 
parabolic  area,  and  the  factor  following  is  the  total  compressive 
force  above  the  neutral  axis. 

But  since  the  resisting  and  the  applied  moments  are  equal, 

?/e  bkdjd=  \  WL.OT  6fcrf/,  =  ^^ (18) 

3  b  4  jrf 

Hence, 

r„  =  ^5^=0.022^^" (19) 

228  ;W  jd 
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Now  using  (8),  (16)  and  (19)  we  have 

^-=0.475  -,  or  ?  ~«  =0.712  - (20) 

In  <5ase  we  use  fc=0.4  we  have  for  parabolic  compression,  Uc/U^ 
0.223  as  the  fraction  of  the  work  stored  in  the  concrete  in  the  middle 
third.  If  this  be  increased  by  50  per  cent  for  the  two  end  thirds 
we  have 

?  1^  =  0.335.. (21) 

2U 

for  the  total  compression  in  the  concrete.  This  last  estimate  in 
(21)  may  be  rather  excessive  as  appears  when  we  take  the  sum  of 
(14)  and  (21),  making  a  total  of 

nU^±UA^0.97 (22) 

^         U 

since  it  would  seem  probable  that  more  than  3  per  cent  might  be 
lost  in  cracking  of  concrete  and  slipping  of  rods  in  concrete.  For 
this  case  we  have 

U  i 

—"=1.226 -  =  1.9 

t/e  k 

How^ever,  (21)  is  somewhat  modified  in  case  we  assume  straight 
line  compression,  when  we  compute  instead  of  (17) : 

U^J-X^-L  X  ?e«  X  ^- fjbkd-^^^f^^^  , . .  (23) 
2      3  3  2  18 

But  by  equating  the  resisting  and  applied  moments  we  have 

ifjbkdjd  =-jTrL,  or  6  ^  d/e  =  — 

3jd 

Wl}e                 Wire 
[/^=!Lfli?  =  0.0185  !l-^^ (24) 

54  jd  jd 


Hence, 


and 


11  k 

^^'=0.4-: (25) 

U  j 


Now  if  A:  =  0.4,  and  ;  =  l-J^•=0.87  we  find  C7c/6'  =  0.184, 

U                       3  U  +  U 
and  — ?  =  0.414,  and =0.897,  a  not  improbable  value, 

U  2        U 
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For  this  case  we  have 


^  =  1.5^1  =  2.25 


U. 


k 


The  correct  values  seem  probably  to  lie  between  those  calculated 
from  the  hypothesis  of  parabolic  compression  and  those  calculated 
from  the  straight  line  hypothesis.  The  results  thus  arrived  at 
indicate  that  60  per  cent  or  more  of  the  work  expended  upon  the 
beam  during  flexure  by  the  downward  movement  of  the  load  is 
stored  as  potential  energy  of  elastic  elongation  in  the  steel,  and  that 
approximately  half  as  much  has  been  expended  in  the  longitudinal 
compression  of  the  concrete. 

These  results  are  confirmed  by  the  results  of  calculations  detailed 
in  the  accompanying  tables,  which  are  based  on  the  average  values 
of  k  obtained  in  the  tests  of  beams  of  seven  different  steel  ratios,  as 
given  in  Table  26,  page  60,  of  Paper  No.  2. 

Atferafje  Work  in  Reinforced  Concrete  Benmn  as  Per  Tests  in  Table  26 ^  Page  60 ^ 

U.  S.  Technological  Papfr  No.  ,?. 
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.311 
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2.05 

.418  ' 
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.621 
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1.77  1 

.861 

.608 

.345 

.953 

1.76 
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.407 

.847 

.630 

.342 

.972 

1.84 

.864 

.618 

.335 

.953 

1.85 

S  6 

.428 

.840 

.615 

.363 

.978 

1.69  , 

.857 

.600 

.356 

.956 

1.68 

£  7  ' 

.443 

.834  , 

.602 

.378  i 

.979 

1.59 

.852 

.587 

.371 

.958 
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.829 
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.382 
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.955 
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3.13 
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3.13 

S    3 
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.878  . 
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.953 
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.892 
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.258 

.939 

2.64 

.360  1 

.835  j 

.690 

.306 

.996 

2.25 

.880- 

.654 

.291 

.945 

2.25 

.359  1, 

.865  ! 

.666 

.296 

.962 

2.25 

.880 

.656 

.290 

.946 

2.26 
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2.05 
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.611 

.345 

.956 

1.77 

Mean 

.361 

.859 

.300 

.91 

2.29 

.880 

.652 

.293 

.945 

2.22 

(4)  In  order  to  determine  what  part  of  the  total  work  done  by  the 
load  on  a  flat-slab  floor  is  expended  upon  and  stored  in  the  slab  steel 
i-einforcement,  assume  that  the  center  of  gravity  of  a  uniformly 
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<Hstributed  panel  load  W  moves  downward  during  loading  through 
a  distance  equal  to  one-half  of  the  total  deflection  D2  of  the  panel 
centre.  This  estimate  of  a  mean  deflection  =  JD2  probably  exceeds 
the  actual  amount  of  the  mean  downward  motion  by  a  very  small 
amount  in  case  of  many  panels  equally  loaded,  but  is  probably  some- 
what too  small  for  the  case  of  a  single-loaded  panel,  especially  for 
a  deck  slab,  or  one  supported  on  columns  of  small  stiffness,  for, 
under  such  conditions  the  lines  of  inflection  approach  nearer  to  the 
supports,  and  the  dish-shaped  or  suspended  spans  around  the  panel 
centers  are  some-what  larger  in  area  than  when  all  panels  are  loaded. 
This  assumed  value  of  JD2  is,  however,  sufficiently  accurate  to  enable 
us  to  make  a  satisfactory  comparison  of  work  done  in  slabs  with 
that  already  found  for  beams. 

The  expression  for  the  work  of  a  load  gradually  applied  to  a 
panel  is  one-half  the  product  of  the  load  W,  by  the  mean  deflection 

U  =  iWD2 (26) 

in  which  D2  may  be  obtained  by  test,  or  usually  with  sufficient 
accuracy  from  equation  (71)  page  204,  '^Concrete  Steel  Construction,'* 
Eddy  and  Turner  edition  of  1914.  Now  making  use  of  this  value  of 
D2  first,  before  we  have  recourse  to  experimental  confirmation, 

t/=  V^ ^    (27) 

in  which  L  is  the  span  in  inches,  Ai  the  cross  section  of  a  single  belt 
in  case  of  four-way  reinforcement  of  side  and  diagonal  belts,  and  d 
is  the  depth  of  the  center  of  gravity  of  the  steel  below  the  top  of  the 
slab  at  the  panel  center. 

Again,  U2  the  work  stored  in  the  slab  rods  of  a  panel  is  equal  to 
one-half  the  product  of  the  volume  of  steel  in  the  rods,  multiplied 
by  the  mean  value  of  the  product  of  unit  stress  /  and  unit  strain  e, 
?*.  e.,  by  the  mean  value  of  ff,=f^/E.  Now  the  volume  of  steel  in 
the  side  diagonal  belts  of  a  square  panel  is 

r  =  2(H-    V2)LAi=4.83L.4i (28) 

and  the  mean  value  of  /^  in  a.  rod  is  §  f^^  when  /^  is  the  maximum 
steel  stress  at  mid  span,  provided  the  stress  diminishes  uniformly 
to  zero  at  the  lines  of  inflection.  Although  it  does  not  diminish  at 
so  rapid  a  rate  as  this  near  its  maximum  value,  nevertheless  J  /g' 
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is  a  suitable  value  to  assume  because  not  all  the  rods  in  a  belt  have 
stresses  at  mid  span  as  large  as  the  largest  observed  in  either  rod. 

Let  us  assume  from  Equation  (34),  page  183,  and  from  equation 
(52),  page  196,  "Concrete  Steel  Construction/'  that  a  mean  maxi- 
mum value  at  mid  span  is 

Wl 
/,=  — ?^^ (29) 

Then  the  work  stored  in  the  slab  rods  of  a  panel  is 

E      6X3X10^  V200d^,/ 


Hence  by  (26)  and  (30) 

=  0.127  =  i  nearly (31) 


f/2 


U 

By  (26),  (28)  and  (30)  this  ratio  may  also  be  found  otherwise 
in  terms  of  observed  quantities  without  assuming  (29)  as  follows: 

Ih  ^  1.07  1  AJ, 

u      10^  w  D2 

which  may  therefore  be  used  to  calculate  the  proportion  of  the 
total  work  of  deflection  stored  in  the  steel  from  test  data  alone 
and  independently  of  theory,  since  it  depends  on  observed  quantities 
only. 

For  example,  in  the  test  of  the  Deere  and  Webber  Building* 
assuming  a  mean  observed  value  of /e  =  9000  at  mid  span 

U2      1.07X226X12X0.15  (9  000)^ 


U  107X124  678X0.224 


=  0.126 


Similarly  in  the  test  of  the  Northwestern  Glass  Company  Build- 
ing! C^2/f'^ =0.121,  and  in  the  St.  Paul  Bread  Companj'  Buildingf 
U 2/ U^  0.12s,  These  results  of  tests  differ  very  little  from  the 
theoretical  value  obtained  above  in  (31).  They  show  conclusively 
that  a  much  smaller  proportion  of  the  total  work  of  the  load  is 
stored  in  the  reinforcing  rods  of  a  slab  than  in  those  of  a  beam,  in 
fact  under  test  conditions  only  about  one-fifth  as  much. 

t  See  "C/oncrete-Steel  Construction,"  page  228  Edition  1919. 
t  Page  227. 
•  Page  232. 
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This  difference  is  so  large  as  to  make  it  certain  that  beam  theory- 
is  entirely  inapplicable  to  flat  slabs,  as  it  evidently  should  be  when 
we  consider  the  physical  and  mechanical  dissimilarity  of  the  two 
structures,  one  of  the  most  noticeable  of  which  is  the  almost  total 
loss  of  resistance  of  concrete  in  the  tensile  regions  of  beams  under 
heavy  load,  as  shown  by  the  numerous  cracks  below  the  neutral 
axis  already  referred  to,  while  ordinary  tests  of  slabs  show  little  if 
any  cracking  that  would  materially  reduce  the  resistance  of  the 
concrete  in  opposing  the  very  complicated  stresses  to  which  the 
concrete  is  subjected  in  the  tensile  zones  of  the  panel,  to  all  of  which 
the  concrete  opposes  an  effective  resistance,  as  is  evident  from  the 
fact  that  it  continues  intact.  The  dissemination  of  the  steel  in  a 
fine-grained  structure  throughout  these  zones  enables  it  to  bring 
all  the  concrete  into  action  in  such  a  way  as  to  afford  the  resistance 
needed  to  effect  a  result  such  as  is  impossible  in  beams,  since  in  the 
tensile  zones  of  slabs  it  is  subjected  to  a  combination  of  several  com- 
pressions, twists  and  shears,  which  it  is  abundantly  able  to  bear; 
and  it  must  be  remembered,  in  this  connection,  that  any  kind  of 
resistance  called  into  play  in  such  a  structure  assists  by  just  so  much 
in  transmitting  the  load  to  the  supports.  The  concrete  in  a  slab, 
without  being  taxed  beyond  its  direct  tensile  resistance,  as  it  is  taxed 
in  beams,  is  able  to  afford  at  the  same  time  other  effective  resistances 
that,  relieve  the  steel  and  greatly  enhance  the  load  carrying  capacity 
of  the  slab. 

If  only  about  J  U  is  stored  in  the  slab  steel,  where,  it  may  be  asked, 
is  the  remaining  1 17  to  be  found?  Most  of  it  must  be  found  some- 
where in  the  concrete,  which  is  subjected  to  various  kinds  of  stress 
not  found  in  beams.  In  fact,  the  numerous  observable  and  mi- 
croscopic cracks  in  beams  almost  entirely  prevent  any  storage  of 
energy  in  the  concrete,  except  that  of  compression,  and  a  small 
amount  in  vertical  and  horizontal  shear,  while  the  almost  total 
absence  of  cracks  in  slabs  permits  the  storage  of  more  energy  in 
shears  than  in  beams,  and  permits  the  storage  of  energy  in  the  slab 
in  twisting  and  in  several  other  ways,  as  well  as  in  bond  shear  de- 
formations throughout  the  tensile  zones  of  the  slab. 

The  enormous  difference  which  we  have  found  above  between 
the  storage  of  energy  in  beams  and  slabs  thus  proves  conclusively 
that  the  mode  of  action  of  slabs  is  entirely  different  from  that  of 
beams,  and  that  their  analysis  must  also  be  entirely  different.  It  is 
consequently  wholly  inadmissible  to  attempt  to  compute  slabs  by 
beam  theor}\ 
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Having  thus  conclusively  established  a  radically  different  dis- 
tribution of  storage  of  energy  between  the  steel  and  the  concrete  in 
keeping  with  the  foregoing  divergent  mathematical  analyses  of  colimin 
supported  flat  slabs  and  beams,  we  will  now  proceed  to  demonstrate 
the  ^^^plicability  and  accuracy  of  the  analyses  heretofore  derived,  in 
4l9tsiii  by  comparing  the  moments  of  resistance  figured  from  measured 
steel  stress  under  load,  with  the  computed  moments  of  the  applied 
loads;  the  theoretical  position  of  the  points  of  inflection  with  those 
observed  under  test,  the  relative  efficiency  of  different  relative 
widths  of  mats  of  crossed  rods  which  determine  the  areas  of  circum- 
ferential resistance,  and  finallj'^  a  checking  up  of  the  entire  elastic 
deportment  by  the  hamK)nious  agreement  of  measured  and  computed 
deflections  within  the  range  of  the  elastic  resistance  of  the  slabs. 
This  will  be  followed  by  observations  and  suggestions  for  the  proper 
interpretat'on  of  excessive  tests  and  a  short  discussion  of  the  indica- 
tion of  abnormal  shrinkage  strains,  and  the  causes  which  produce 
them. 

For  example,  we  might  take  the  case  of  a  slab  simply  supported 
on  two  sides  in  which  the  drawings  call  for  the  steel  to  be  placed  at 
8"  from  the  center  of  the  steel  to  the  top  of  the  slab.  Suppose  this 
steel  has  been  raised  by  the  workmen  1"  higher  than  it  should  be  so 
that  the  depth  from  the  center  of  the  steel  to  the  top  of  the  slab  is 
7"  in  place  of  8"  and  suppose  that  in  its  proper  position  the  percent- 
age of  steel  is  .5  of  one  percent.  The  lever  arm  j  would  be  reduced 
by  approximately  13%  while  /  the  moment  of  inertia  would  be 
reduced  26%.  In  other  words,  under  working  loads  the  unit  stress 
is  13%  higher  than  computed  but  the  test  capacity  is  26%  less  for 
the  elastic  coaction  of  the  metal  and  concrete  than  before.  Precise 
vertical  emplacement  is  therefore  important  since  the  test  capacity 
is  reduced  by  vertical  displacement  more  rapidly  than  the  ratio  of 
the  squares  of  the  depth  of  the  center  of  steel  to  the  outer  fiber  of 
the  concrete  for  the  steel  in  its  correct  and  displaced  positions  re- 
spectively. 

General  rather  than  precise  lateral  emplacement  is  important  in 
floors  of  Tyi^es  III  and  IV  since  the  efficiency  of  the  mat  of  rods 
depends  upon  its  covering  the  areas  of  synclastic  curvature  and  not 
upon  the  precise  lateral  spacing  of  the  bars  within  an  inch  or  so  of 
the  figured  lateral  arrangement. 

Ultimate  Strength  and  test  capacity  do  not  follow  the  same  law. 
Test  capacity  is  the  magnitude  of  the  load  which  the  member  can 
support   in  a  substantially  elastic  manner  by  the  coaction  of  the 
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metal  and  concrete  without  undue  permanent  deflection  and  is  pro- 
portional to  the  ratio  M  /ijtf.  The  ultimate  strength  when  it 
depends  on  the  sWl  element,  varies  on  the  other  hand  as  M/ijd 
so  that  the  ultimate  carrying  capacity  is  fortunatly  not  reduced  so 
rapidly  ^s  the  elastic  test  capacity  by  displacement  of  the  metal. 

10.  Foregoing  Analysis  Supported  by  Published  Tests  of 
Column  Supported  Flat  Slab  Floors. 

(1)  Franks  Building.  Slab  9i"  thick,  panels  20'3"X19'4/'  drop 
head  6'0"X6'0"X4"  deep.  Column  cap  44"  diam.  Test  published 
Proc.  Nat.  Assoc.  Cement  Users,  1912.  See  also  Eng.  News  April 
18,  1912.  Test  was  made  on  the  10th  floor;  column  below,  20" 
diam.  reinforced  by  eight  IJ"  round  verticals  with  spiral;  column 
above,  15"  diam.  six  1"  verticals. 

Reinforcement,  four  way,  18  rods  l/2"  round  in  diagonal  and 
long  direct  band§,  16  rods  l/2"  round  in  short  direct  bands.  Spider 
of  eight  1"  radial  arms  and  outer  8'0"  square  carrying  frame  of  3/4" 
round.  Lap  of  diagonals  6'0"  over  the  columns  regarded  as  .8 
efficient.  Lap  of  direct  bands  2'6"  over  columns.  Width  of  belts 
8'0",  which  is  less  than  7/l6  ths  of  the  mean  of  the  side  spans.  Be- 
cause of  the  relatively  light  load  on  the  slab  it  may  be  considered  a? 
fully  restrained,  or  dz/dx=0  at  the  columns,  and  the  moments  of 
inertia  to  resist  bending  at  mid  span  and  supports  are : 

/o  =  3.5X8.25^X.90X.71X3.5  =  745 

/,  =  3.5X11^X.88X.76X7.5      2007 

Spider,  approx.  200 

Total     =2207 

'    Jx/Io  =  3  +  nearjy . 

The  variation  of  the  moment  ratios  TTio/WL  or  Vdj^/WL  is  less 
than  half  as  rapid  as  ^hat  of  the  ratio  of  Ix/Iqj  a  circumstance 
which  permits  clcSsely  approximate  calculations  of  these  moment 
ratios  without  material  error  by  the  use  of  roughly  approximate 
values  of  /x//o- 

Four  panels  were  tested  with  pig  iron  to  a  load  of  312  lbs.  per 
sq.  ft.  The  estimated  dead  load  was  115  lbs.  per  sq.  ft.  The  pub- 
lished values  of  stresses  are  not  those  measured  but  are  those  mea- 
sured increased  in  proportion  to  the  dead  weight  and  a  propor- 
tionate reduction  has  been  made  in  their  use. 

Total  live  load  per  panel  =  118,000  lbs. 

Total  applied  moment  =  118,000  X  .062  X  19^  X  12  =  1,690,000 
lb.  ins. 
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The  percentage  of  arch  action  in  this  floor,  is  to  be  calculated  in 
the  manner  explained  in  Section  3  of  the  present  Chapter,  as  follows: 

The  mean  span  between  the  edges  of  the  caps  is  237.5-44  =  192.5" 
and  this  is  14.6  times  the  thickness,  13.25,"  at  the  edge  of  the  cap, 
hence 


(t-J  ■  (lie)'  ■■■■'^'■- ■"''» 


or  the  arch  action  is  9.46  percent  of  the  total  applied  bending  mo- 
ment for  Ec  =  2,500,000.  But  E^  for  the  concrete  was  found  nearly 
4,000,000  and  is  here  taken  as  3,750,000,  i.  e.  archaction  equals 
1,690,000  X  .0946  X  1.33  =213,000.  The  total  applied  moment  is 
distributed  between  supports  and  mid  span  in  accordance  with  the 
principles  and  tables  already  developed  and  is  to  be  corrected  for 
arch  action  as  follows: 

mx  =  1,260,000— 213,000  (arch  action)  =  1,047,000  lbs.  ins. 
nio^    430,000— 213,000  (    ''        "     )=    217,000 lbs.  ins. 

Hence  the  sum  total  of  the  applied  moments  computed  from  the 
loads  and  corrected  for  arch  action  =  1,047,000+  217,000  =  nix  +  mo 
=  1,264,000  lbs.  ins. 

Resisting  moment  mo  =  3.5XllX.88X5X3180=    538,000 
over  the  center  3.5  X 1 1 X  .88  X 2.5  X 3540  =  302,000 

column  at  312  lbs. 

,    per  sq.  ft.  2  X 9 X  .8 X  2000  (Rad  rods)  =  45,000 

Cross  band  lap  and 

ring  estimate  3.5  X 1 1 X  .88  X  2200  X  74,000 

959,0001b. 

Resisting  moment  m,  =  3.5 X 8.25 X. 9X4500=         117,000 

3.5X8.25X.9X1400X2.5  =  91.0Q0 

208,000 

nio  +  m„  = 1,167,0001b. 

Half  the  sum  of  the  resisting  moments  over  the  supports,  plus  the 
moment  at  mid  span  equals  1,167,000  and  that  computed  from  the 
loads  is  1,264,000  which  is  a  fair  agreement.  The  true  stresses  are 
here  somewhat  reduced  })y  initial  shrinkage  stresses.  The  effect  of 
such  stresses  is  less  than  in  the  simple  beam  because  they  are  induced 
both  in  the  top  and  bottom  of  the  floor  instead  of  in  the  bottom  only 
as  in  the  simple  beam. 
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After  the  loading  of  312  pounds  over  the  four  panels,  which  load 
was  too  light  to  stress  the  steel  to  such  an  extent  that  the  effect  of 
the  knee  in  the  stress  strain  of  the  steel  caused  by  shrinkage  stresses 
would  be  entirely  eliminated^  two  panels  situated  diagonally  were 
loaded  by  doubling  up  the  load.  Under  this  applied  load  of  624  lb. 
per  sq.  ft.  the  total  applied  moment  will  be  twice  that  computed  for 
312  lbs.  viz.  3,380,000  lb.  ins.  of  which  the  moment  due  to  arch 
action  is  3,380,000 X. 0946  =  320,000  provided  we  take  £e  =  2,500,000 
in  this  case  of  higher  stresses  in  the  concrete  by  reason  of  the  greater 
load.  Since  this  moment  of  arch  action  is  to  be  deducted  from  the 
moment  of  the  steel  stresses  both  at  mid  span  and  supports,  the  sum 
total  of  moments  of  steel  at  mid  span  and  half  those  over  the  supports 
will  be  3,380,000— (2X320,000)  =274000.  Under  this  applied  load 
of  624  lbs.  per  sq.  ft.  after  including  an  increase  for  115  lbs.  dead 
load  the  average  unit  stress  on  the  diagonal  was  9280  lbs.  on  the 
cross  band,  8140  lb.  over  the  central  column  and  5315  lbs.  over 
the  side  column.  We  therefore  have  to  compute  the  side  and  center 
column  separately  each  on  a  different  basis  in  which  the  reported 
stresses  have  been  reduced  in  the  ratio  of  739  to  624  in  order  to  obtain 
actual  stresses. 

Resisting  Moment    m^  =3.5X11X.88X5    X7800=  1,330,000 

over  center  column  3.5 X 10 X. 88X2.5X6850=  525,000 

computed  from  measured  Rad.  rod  and  short  lap  estimated  206,000 
steel  stresses  2,051,000 

Resisting  Moment  at  side  column  computed  for  measured 

cross  band  stress  4400  lbs.  and  as- 
sumed diagonal  band  stress  7800  lbs. 
same  as  center  column  Illx  =  13^2,000 

Resisting  Moment  m,  =  3.5 X 8.25 X. 9X1.5X8,500=  336,000 

at  mid  span  from  3.5X8.25X.9X2.5X5,850=  450,000 

measured  stress  786,000 

Hence  half  the  sum  of  the  resisting  moments  over  the  supports,  plus 
those  at  mid  span,  figured  from  measured  stresses  as  noted  is  2,742,000 
lb.  ins.  But  half  the  sum  of  the  moments  over  the  supports,  plus  that 
at  mid  span,  computed  from  the  loads  =  2,740,000  lb.  ins.,  thus 
showing  a  better  agreement  than  previously  because  of  the  higher 
intensity  of  loading. 

(2)  Larkin  Building.  Test  published  in  Proc.  Natl.  Assoc. 
Cement  Users,  1913.  Cement  Era,  Jan.  1913;  Eng.  Contracting 
Feb.  1913.     A  four  way  flat  slab,  panels  24'2"X20'2",  9"  thick  in 
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the  rough.  Cohimn  cap  60"  diam.,  drop  head  8'0"X8'0"X6|". 
*  Five  panels  were  uniformly  loaded  throughout.  Spider,  eight  radial 
rods  7/8"  round,  carrjdng  rods  5/8"  and  l/2"  round.  Reinforce- 
ment of  interior  panels,  diagonal  bands  19  rods  l/2"  round  35'0" 
long  and  8'9"  wide;  long  direct  band  7'9"  wide  of  twenty-three  rods 
1/2"  rounds;  short  band  8'9"  wide  of  thirteen  l/2"  rounds;  wall 
panel  26  rods  l/2"  round  in  long  direct  band,  diagonals  as  in  in- 
terior panels.  Laps  were  meager,  amounting  to  only  1'8"  over  the 
columns  in  diagonal  bands,  and  I'lO"  to  2'0"  on  long  direct  bands, 
and  on  short  band,  half  2'0"  laps  and  half  7'0"  laps,  the  latter  only 
being  fully  effective  in  mat  action.  This  statement  as  to  efficient 
operation  is  verified  by  the  table  of  comparative  stressas  given  in 
Cement  Era,  January  1913,  p.  56,  which  is  quoted  below: 


TABLE   OF   COMPAIUTIVE   STRESSES   OVER   EDGE   OF    CAPITAL 

TOTAL  DEAD  AND  LIVE  LOAD  IN  FLOOR 


Loads 

370 

535 

738 

Short  cross  band 

Design  load 
1,710 
3,620 
3,000 

2,760 
5,600 
3,540 

6,540 

Diaconal  band 

7,880 

Long  cross  band 

■  7,000 

TABLE   OF   COMPARITIVE  STRESSES  OVER  EDGE  OF  DEPRESSED 
HEAD  TOTAL  DEAD  AND  LIVE  LOAD  ON  FLOOR 


I^ads 


Short  cross  band 
Diagonal  band.  . 
Jjong  cross  band. 


370 


Design  load 
2,000 
5,120 
4,270 


535 


2,760 
8,270 
9,300 


738 


5,500 
13,470 
13,900 


Because  the  ends  of  the  laps  in  the  diagonal  bands  extended  only 
to  the  edge  of  the  drop  the  resistance  of  the  laps  was  radial  only, 
othenvis(»  the  stresses  over  the  edge  of  the  drop  could  not  have  been 
as  great  as  over  the  edge  of  the  caj),  but  the  fact  that  they  were 
nearly  tmice  as  great  confirms  the  explanation  here  proposed. 


*See  page  57  Cement  Era,  January  1913. 
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Taking  the  long  direction  of  the  panel  and  figuring  the  laps  and 
light  spider  as  adding  25%  to  the  moment  of  inertia  over  the  head, 
we  have  the  long  way  of  the  panel- 

7^=2520  in.^  /o  =  569in.2 

I j^/ 1 0  =  4.5  approximately 

Panel  load  at  535  pounds  per  square  foot  =  256,000  pounds. 

Taking  the  diameter  of  the  cap  as  C  =  ,2L  the  total  applied  mo- 
ment is  4,340,000  lbs.  ins.,  and  using  either  the  coefficients  in  Fig. 
122  or  those  given  in  Table  Page  284,  Chapter  10,  we  have 

mo  =  830,0p0  1b.  ins. 
ni,  =  3,510,000  lb.  ins. 

Percent  of  arch  action  computed  as  before  =  11.7  percent 
Moment  of  arch  action  =  4,340,000 X.  117  =  510,000  lb.  ins. 
Hence  the  calculated  applied  moments  as  shown  by  steel  stresses 
corrected  for  arch  action  will  be  as  follows: 

mo  =  830,000-510,000  =  320,000  lb.  ins. 
m,  =  3,510,000-510,000  =  3,000,000  lb.  ins. 

which  results  are  to  be  compared  with  trie  resisting  moments  shown 
bv  the  measured  stresses  in  the  steel  as  follows: 

Resisting  Mon^ent      j  3.73X8iX.89X2.5X3240=  173,000 
at  center  of  span  /  4.5  X8iX.9   X 2.5X2740=  93,000 

Total         266,000 

which  is  fair  agreement  with  m„  considering  the  low  intensity  of  the 
stresses  involved. 

Resisting  Moment      j  3.73X  14X.87X5X5600  =  1,640,000 
over  the  support  I  4.5  X 14 X .87  X 5 X3540  =  1 ,250,000 

Spider  112,000 

Total        3,002,000 
which  is  in  good  agreement  with  3,000,000  computed  from  the  loads. 

In  computing  the  above  moment  of  resistance  the  short  laps  are 
taken  as  effective  circularly  at  the  edge  of  the  column  cap  but  as 
inefficient  between  the  edge  of  the  cap  and  the  drop  head  as  appears 
from  the  measured  stresses  shown  on  the  preceding  page.  The 
narrow  relative  width  of  the  diagonal  belts  rendei*s  these  belts  only 
about  eighty  percent  efficient. 

In  the  preceding  analysis  of  the  applied  bending  moments  and 
moment  of  inertia  the  diagonal  of  the  panel  was  taken  as  the  axis  of 
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zero  shear.  When  q.  drop  head  is  of  the  same  rectangular  form  as 
the  panel  as  treated  in  Fig.  123,  Chapter  10,  this  is  exact.  Other- 
wise not. 

The  drop  head  in  the  Larkin  building  is  square  and  rigid  because 
of  its  relatively  great  thickness.  This  causes  the  axis  of  zero  shear 
to  coincide  with  the  diagonals  of  the  drop  head  within  the  head  and 
to  follow  the  line  from  diagonal  corner  to  diagonal  comer  of  the 
drop  heads  along  the  diagonals  of  the  panel.  Thus  the  centers  of  the 
diagonal  bands  are  unsynunetrically  situated  with  reference  to  the 
diagonal  axis  of  zero  shear,  and  the  twisting  moments  and  bending 
moments  are  changed  slightly  thereby.  The  principal  effect  of  this, 
however,  consists  in  a  modification  of  the  moment  of  inertia  at  the 
supports  in  the  short  cross  direction  since  the  center  of  the  diagonal 
belt  is  not  over  the  comer  of  the  drop  but  to  one  side,  strengthening 
the  longer  side  and  weakening  the  shorter  side  of  the  column  head. 

Taking  this  fact  into  consideration  the  ratio  of  /,  to  /©  for  the 
short  side  is  approximately  four,  while  lengthwise  the  increase  is 
relatively  smaller  taking  care  of  the  increased  moment  in  the  long 
direction  by  this  shift  of  the  axis. 

On  the  basis  of  this  ratio  and  using  the  coefficients  obtained  in 
the  table  already  employed  Ihe  total  applied  moment  is 

mo+  m  J  =  .054X256,000X240  =  3,300,000 

and  the  correction  for  arch  action  is 

3,300,000  X .  1 17  =  388,000 

while,  IHo  =  .0237  X  256,000/2  X  240  =  730,000 

and  730,000-388,000  =  342,000  lb.  ins.,  is  the  applied  moment  at 

mid  span  to  produce  steel  stresses  in  the  short  direction. 

Resisting  Moment     13  X  .196  X  8}  X  .91 X  12,300  =  236,000 

at  mid  span  19X. 196X8  X.89X  3,240X2.0=  171,000 

407,000lb.ins. 

This  moment  is  somewhat  greater  than  the  applied  moment 
figured  from  the  loads,  assuming  dz/dx^O  at  opposite  columns,  but 
there  would  be  some  slight  tipping  of  the  columns  under  the  condition 
of  three  panels  loaded  which  would  tend  to  increase  this  monent 
slightly  but  because  the  columns  are  large  and  relatively  \e:Yy  stiflF 
the  major  portion  of  this  increase  is  to  be  looked  for  in  the  lack  of 
uniformity  of  the  reinforcement  of  the  plate.  Thus  in  the  cross 
band  there  is  only  13  rods  against  23  in  the  long  direct  band,  pre- 
senting a  wide  variation  between  5j"  and  8f "  center  to  center  of 


LARKIN  BUILDING  407 

the  bare  in  the  respective  belts,  an  arrangement  which  would  cause 
relatively  high  stresses  in  the  ci-oss  band,  such  as  indicates  an  un- 
scientific distribution  of  metal. 

Paint  of  Inflection.  This  test  was  conducted  particularly  to  lo- 
cate the'^  points  of  inflection.  The  columns  were  stiff*,  so  that  the 
restraint  was  nearly  complete  at  the  column  supports.  Hence  the 
points  of  inflection  will  be  determined  with  practical  accuracy  from 
the  table  Chapter  X,  for  the  relative  moments  of  inertia  over  the 
supports  and  between  the  supports. 

On  the  long  side  of  the  panel  since  the  ratio  of  /,  to  /©  is  4.5  the 
point  of  inflection  for  pure  flexure  along  the  long  side  is  8'3"  distant 
from  the  column  but  the  arch  action  produces  an  opposite  bending 
moment  of  510,000  lb.  ins.,  which  renders  the  state  of  stress  nearly 
constant  for  a  considerable  distance  inside  of  the  line  of  inflection. 
This  distance  can  be  determined  by  laying  off  the  moment  produced 
by  the  arch  thrust  on  the  moment  diagram  and  scaling  the  horizontal 
distance  through  which  the  negative  moment  is  neutralized  by  this 
opposing  moment,  which  is  found  to  be  11  J".  Subtracting  this 
distance  from  the  8'3"  gives  an  apparent  point  of  inflection  7'3 J" 
from  the  column.  As  determined  by  this  test  7'3"  was  the  ap- 
parent point  of  inflection  which  is  in  close  agreement  with  the 
theoretical  value. 

In  the  short  direction,  taking  the  ratio  of  /,//o  as  4,  the  theore- 
tical point  of  inflection  is  6.7'  from  the  column  and  the  moment  of 
arch  thrust  388,000  in.  lbs.,  would  move  this  back  .7'  giving  the 
apparent  point  of  inflection  as  6'  which  agrees  with  the  value  de- 
termined })y  test. 

Moments  Figured  in  the  Diagonal  ^Direction  of  the  Panel.  In 
the  preceding  computation  the  bending  moments  have  been  figured 
normal  to  the  sides  of  the  panel.  By  aid  of  the  axes  of  zero  shear 
which  are  the  median  Hnes  of  the  panel  parallel  to  the  side,  we  may 
also  figure  the  bending  moment  applied  nornial  to  the  diagonal  and 
again  check  the  stresses  in  this  direction. 

The  median  lines  of  the  panel  and  the  panel  edges  or  direct  column 
lines  divide  tlie  panel  area  into  four  squ^ires.  Each  of  thes?  lines 
being  an  axis  of  zero  shear  we  may  treat  the  load  of  each  of  these 
squares  st^parately  so  far  as  deriving  the  bending  moment  on  the 
diagonal  is  concerned.  Thus  each  quarter  panel  has  a  moment 
about  the  column  that  supports  its  load.  The  center  of  gravity  of 
this  area  is  at  the  quarter  point  of  the  diagonal.  Hence  the  bend- 
ing moment  diagonally  may  be  taken  as  the  product  of  l/4th  of 
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the  panel  load  multiplied  by  the  quarter  length  of  the  diagonal  less 
one  half  of  the  diameter  of  the  column  cap.  This  total  applied 
moment  is  accordingly- 

iX256,000(}  V20^+  24. 16^-2.25)  X 12  =  3,860,000  lb.  ins. 

which  is  closely  a  mean  between  the  applied  bending  moment  in  the 
two  respective  directions  but  it  is  more  eaxctly  the  product  of  a 
coefficient  for  the  mean  span  multiplied  by  the  load  times  the  mean^ 

2    I     r2 

span= ,  in  which  a  and  6  are  the  long  and  short  sides  of  the 

a  +  b 

panel  respectively.  Now  this  bending  moment  is  subdivided  be- 
tween the  supports  and  mid  span  in  such  a  way  that  the  sum  of  the 
negative  moment  areas  near  the  supports,  divided  by  the  moment  of 
inertia  at  the  supports  is  equal  to  the  total  positive  moment  area 
at  mid  span  when  divided  by  the  moment  of  inertia  at  mid  span, 
t.  e.,  5//x  =  i4//o. 

Now  the  moment  of  inertia  over  the  supports  diagonally  may  be 
taken  as  a  mean  between  the  moments  of  inertia  normal  to  the  sides 
or  /x  =  2390,  while  that  at  mid  span  will  be  the  sum  of  the  moments 
of  inertia  across  the  median  lines  of  the  panel  in  both  directions  be- 
cause the  metal  cut  by  the  planes  of  division  of  the  diagonal  beam 
squares  pulls  from  the  columns  supporting  both  the  diagonal  beams. 
This  gives  a  ratio  of  1^^/1^  —  2,2^  from  which  the  point  of  inflection 
on  the  diagonal  is  determined  graphically  as  8*9"  and  as  modified 
by  11.7%  arch  action  the  apparent  point  of  inflection  is  7'lJ". 

This  position  of  the  Une  of  inflection  is  based  on  the  consideration 
of  the  lines  of  zero  shear  as  being  the  true  diagonal  of  the  panel. 
The  unsymmetrical  form  of  the  drop  head,  it  being  square  instead  of 
rectangular  as  the  panel  is,  would  have  a  tendency  to  move  the  points 
of  inflection  perhaps  2"  or  3",  while  the  flatness  of  the  moment  curve 
at  this  point  would  make  it  very  difficult  indeed  to  determine  ex- 
perimentally the  apparent  point  of  change  of  stress  within  1"  or  2". 

The  measurements  indicate  this  apparent  point  of  inflection  to  be 
1%\"  from  the  column  center  along  the  diagonal.  The  bending  of 
the  interior  column  at  the  edge  of  the  load  area  might  increase  the 
distance  of  the  point  of  inflection  from  the  central  column  slightly^ 
but  without  complete  data  as  to  the  reinforcement  of  the  cohmms 
this  cannot  be  precisely  investigated  though  it  appears  doubtful 
whether  the  total  tipping  of  the  columns  would  permit  the  measured 
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points  of  inflection  in  the  diagonal  direction  to  agree  precisely  with 
those  computed  on  the  assumption  that  the  floor  is  perfectly  restrain- 
ed at  the  column. 

Approximate  Estimate  of  the  Effect  of  Narrowing  the  Diagonal 
Belts  in  Reducing  Their  Efficiency  and  'in  Increasing  Center  Deflec- 
tions. Computing  the  deflection  in  the  Larkin  test  according  to 
formula  in  Section  8,  Chapter  X,  equations  (21)  and  (23),  we  find 
the  computed  deflection  on  the  diagonal  amounts  to  .2505  ins.  The 
measured  deflection  .27,  indicates  that  the  estimate  made  of  the 
efficiency  of  tne  narrow  belts  of  80%  may  be  5%  too  high  since 
although  the  deflection  would  be  increased  somewhat  by  the  tipping 
of  the  coliunns  an  amount  which  may  be  precisely  figured  were  the 
steel  reinforcement  of  the  column  known  the  deflection  would  be  re- 
duced on  the  other  hand  by  the  arch  action  by  approximately  9%  or  to 
.228.  Thus  the  amount  that  it  is  to  be  increased  by  the  tipping  of 
the  coliunns  appears  from  the  size  of  the  columns  somewhat  too  great 
to  be  accounted  for  fully  on  that  basis  and  we  therefore  conclude 
that  the  efficiency  of  the  belt  is  about  5%  less  than  80%  of  the  nor- 
mal efficiency  as  was  assumed  as  a  basis  for  the  foregoing  computa- 
tion because  of  the  narrowness  of  diagonal  band. 

To  apply  the  further  corrections  that  it  is  possible  to  figure  from 
the  unsymmetrical  form  of  the  cap  and  the  shifting  of  the  line  of  zero 
shear  from  the  true  diagonal  of  the  panel  to  a  broken  line  at  45°  from 
the  center  of  the  column  cap  to  its  edge  and  from  the  corner  of  the 
cap  diagonally  to  the  corner  of  the  opposite  cap  in  a  diagonal  direc- 
tion would  in  the  absence  of  a  precise  steel  survey  and  complete  data 
regarding  column  reinforcement,  be  carrying  the  computation  to  a 
degree  of  precision  unwarranted  by  the  completeness  of  the  published 
data.  Other  refinements  before  mentioned  have  not  been  attempted 
for  like  reason. 

(3)  Northwestern  Glass  G)inpany  Building.  Floor,  a  Mush- 
room flAt  slab  approximately  eight  inches  thick  in  the  rough,  interior 
panels  16'X17'  and  wall  panels  about  16'  wide  from  the  edge  of  the 
wall  to  the  center  of  the  opposite  columns  by  17'  long.  Four  panels 
were  first  loaded,  then  the  load  was  shifted  to  two  panels  diagonally 
situated. 

The  test  is  described  in  Trans.  Am.  Soc.  C.  E.  Vol.  LXXVII, 
1914.  Basement  story  10'6",  columns  30"  diameter,  six  IJ"  round 
verticals  with  3/8"  round  spiral;  cap  50".  First  story  16'8",  column 
28"  diameter,  vertical  reinforcement  four  IJ"  round  rods. 
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Slab  reinforcement,  four  way  belts  of  fifteen  3/8"  round  rods 
each,  width  7'4".  Spider  eight  1|"  radial  arms,  rings,  one  7/8" 
round  rod  7'3"  diameter,  one  |"  round  rod  4'9"  diameter.  No  slab 
rod  splices  over  central  column,  short  splices  on  side  columns  of 
area  tested. 

Loads  and  Equivalent  Moments.  The  loads  were  applied  in 
squares  to  prevent  arch  action  in  the  loading,  and  unloaded  areas 
were  left  about  the  columns  in  order  to  measure  the  defoniiations. 
The  diagram  of  these  areas  is  given  p.  1347  and  the  detail  of  loading 
p.  1348  of  the  paper.  Under  load  3  the  unit  load  on  the  loaded  area 
varied  from  512  to  558  lbs.  per  square  foot.  Most  of  the  deformations 
were  measured  in  panel  Z>,  the  loaded  area  having  a  maximum  unit 
load  of  512  lbs.  equivalent  to  68%  of  this  amount  distributed  uni- 
formly or  350  lbs.  per  square  foot. 

Panel  Load  =  350  X  282  =  99,000  lbs. 

Because  the  slab  steel  was  lapped  over  one  line  of  columns  and 
no  splices  were  present  over  the  other,  the  moments  of  inertia  of 
the  columns  in  the  line  further  away  from  the  wall  would  be  much 
greater  than  of  the  central  line  of  columns.  This  would  affect  the 
stresses  in  the  diagonals  of  panel  D  equally  in  each  dii-ection.  The 
ratio  of  I,^  to  /«  toward  the  center  column  is  found  to  be  1.36.  The 
same  ratio  for  the  columns  with  the  splices  is  1.84  or  a  mean  of  1.6. 
C/L  =  . 215.     Arch  action  of  6%  =  68,000  Ib.ins. 

IHo  computed  from  the  load  and  the  mean  ratio  of  the 

moment  of  inertia  by  coefficients  of  the  table  =  356,(X)0in.ll)S. 
Arch  action  to  be  deducted  68,000 

Applied  moment  to  produce  steel  stresses  at  midspan  288,000  *'  '  ^ 

The  resisting  moment  computed  from  the  steel  ratio 

and  the  measured  stresses  at  mid  span  267,0(K) 


ft      *T 


Accounting  for  92%  of  the  applied  load  moment. 

m,  figured  from  the  loads  is,  for  the  mean  moment  of  780,000  in  lbs. 
inertia,  68,000 


Mean  applied  steel  moment  712,000 


>»    >r 


Or  approximately  740,000-68,000  =  672,000  Ib.ins.  over  the  central 
column  having  the  smallest  moment  of  inertia.  Computed  resisting 
moment  687,000  Ib.ins.  The  stresses  over  the  column  bead  having 
been  given  in  panels  adjacent  to  D  which  were  more  heavily  loaded 
have  been  reduced  in  accordance  with  the  increase  in  load  so  as  to 
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apply  to  panel'  D  in  which  the  steel  stresses  were  measured  in  the 
bottom  while  corresponding  measurements  over  the  columns  were 
not  made  in  these  directions. 

It  thus  appears  that  fair  agreement  between  theory  and  measured 
stresses  has  been  established  for  loads  that  do  not  exceed  substantially 
the  range  of  approximately  elastic  coaction  of  the  metal  and  concrete. 

Under  load  7  of  1,004  lbs.  per  foot  of  loaded  area  or  an  equivalent 
of  somewhat  over  800  lbs.  uniform  load,  the  column  stresses  were 
figured  in  Chapter  XII,  Unbalanced  Loading. 

It  may  be  interesting  in  conclusion  to  compare  the  relative 
severity  of  this  test  with  that  of  the  Deere  and  Webber  building. 
The  moment  of  inertia  of  the  Deere  and  Webber  floor  across  mid  span 
is  approximately  286  compared  with  202  for  the  Northwestern  Glass 
Building.  If  we  assume  roughly,  that  the  ratio  of  the  average  mo- 
ments over  the  supports  to  that  at  mid  span  is  the  same  the  severity 
of  the  test  would  be  determined  substantially  by  M/l  at  mid  span  in 
the  two  cases.  Therefore,  the  Northwestern  Glass  Company  test 
which  at  the  maximum  load  was  1004  pounds  per  foot  on  the  loaded 
area  or  an  equivalent  of  over  800  lbs.  uniformly  applied  was  2.3  times 
as  severe  as  the  Deere  and  Webber  test.  Had  2.3  times  the  load  been 
applied  to  the  Deere  and  Webber  floor  it  is  thought  that  the  some- 
what narrower  belt  in  the  Deere  and  Webber  floor  would  have  given 
valuable  data  clearly  confirming  the  theoretical  deduction  as  to  the 
decrease  in  eflliciency  with  the  decrease  in  width  of  the  mat  of  crossed 
rods  at  mid  span  and  over  the  supports. 

As  the  Larkin  building  test  gave  valuable  information  showing 
the  necessity  of  uniformity  in  distribution  of  the  metal  through  the 
areas  of  s>'nclastic  curvature,  whether  in  a  rectangular  or  a  square 
panel,  so  the  test  of  the  Northwestern  Glass  Company  building  in- 
dicates the  desirability  of  uniformity  of  the  arrangement  of  laps  or 
splijoes  in  the  floor  to  secure  uniformity  in  the  moment  of  inertia 
over  adjacent  columns  if  uniformity  of  maximum  stresses  in  similar 
parts  of  the  structure  is  to  be  secured. 

As  in  all  cases  where  small  rods  are  used,  kinks  or  sharp  bending 
may  be  expected  at  various  points.  In  the  Northwestern  Glass 
Company  test,  gage  point  III  indicates  a  straightening  out  of  one 
of  these  kinks  by  the  lack  of  recovery  of  over  50%.  This  particular 
rod  was  for  a  slight  distance  uncovered  at  the  top  of  the  slab,  facili- 
tating such  straightening  out  due  to  the  lack  of  complete  embed- 
ment. The  condition  of  the  Northwestfern  Glass  Company  slab 
was  not  particularly  satisfactoiy.     It  was  cast  in  winter  time  and 


412  CONCLUSIONS 

the  surfac.^  of  the  plastic  concrete  was  covered  with  boards  leaving 
the  resulting  thickness  from  a  scant  7"  minimiun  to  8  and  7/l6" 
maximum  and  one  of  the  points  of  minimum  thickness  of  substan- 
tially 7"  occurred  directly  under  gage  points  110  and  111  which 
would  tend  to  increase  the  stress  in  this  rod. 

Conclusions.  From  the  foregoing  analysis  of  tests  of  concrete 
floors  in  normal  condition  where  the  tests  were  not  particularly 
severe  nor  carried  beyond  the  substantially  elastic  coaction  of  the 
concrete  and  metal,  it  will  be  observed  that  agreement  between 
theoretical  computation  of  the  stresses  and  the  measured  stresses  is 
statisfactory  without  the  necessity  of  supposing  that  the  negligible 
tensile  resistance  of  the  concrete  plays  a  part  in  the  actual  operation 
of  the  slab  wholly  inconsistent  with  the  assumption  of  its  negligible 
character  on  which  the  theoretical  computations  are  based.  Xo 
attempt  has  be^n  made  to  apply  the  small  corrections  of  fiber  stress, 
reduction  of  arch  action  for  deflection,  etc.,  because  the  precision 
of  the  steel  survey  was  not  sufficiently  exact  to  warrant  such  re- 
finement although  had  the  test  loads  been  greatly  increased  such 
corrections  would  have  assumed  greater  relative  importance. 

The  effect  of  the  finish  coat  or  added  thickness  on  the  central 
portion  tf  the  slab  for  floors  in  which  there  is  a  wide  divergence  be- 
tween the  moment  of  inertia  over  the  sui)ports  and  mid  span,  will 
now  l>e  considered. 

A  1}  inch  eflfective  finish  coat  if  added  to  the  Northwestern  Glass 
Company  building  would  increase  the  moment  of  inertia  of  the  slab 
at  mid  span  by  nearly  50  percent.  It  would  increase  the  moment  of 
inertia  in  a  diagonal  direction  to  an  amount  greater  than  that  over 
the  central  support.  It  would  greatly  relieve  the  tension  in  the 
cantilever  area,  while  increasing  that  at  mid  span.  Thus,  such 
a  floor  as  that  in  the  Northwestern  Glass  Company  building,  would 
be  increased  in  strength  by  more  than  25  percent  by  the  addition 
of  the  finish  coat  while  the  same  relation  would  not  hold  true  in 
a  floor  in  which  there  is  such  a  wide  variation  between  the  mo- 
ment of  inertia  over  the  support  and  at  mid  span  £s  that  found 
in  the  Larkin  design.  The  moment  of  inertia  at  mid  span  can  be 
increased  by  the  addition  of  concrete,  but  that  at  a  support  cannot. 

Thus,  by  taking  proper  account  of  the  relative  moments  of  inertia 
at  the  critical  sections  of  the  slab,  as  well,  the  arrangement  of  the 
metal  vertically  in  the  areas  of  synclastic  curvature  and  its  uniformity 
of  distribution  therein,  it  is  possible  to  compare  all  published  tests 
upon  substantially  the  same  basis,  and  to  draw  valuable  conclusions 


therefrom  dependent  of  course  on  the  accuracy  of  the  experimental 
work  and  the  completeness  of  tlic  test  data. 

No  wider  variation  in  the  relative  moments  of  inertia  would  pro- 
bably be  encountered  than  that  found  in  the  Larkin  Building  on  the 
one  hand,  and  the  Northwestern  fJlasa  Building  on  the  other,  and  any 
theory  fthich  can  rationally  predict  the  apphed  momenta  in  agree- 
ment with  measured  resistinf;;  iroments  in  two  structures  differing  so 
widely  cannot  conceivably  err  in  substantial  particulars. 

1 1.  Interpretation  of  a  Test  Beyond  the  Elastic  Coaction  of  the 
Metal  and  Concrete.  The  Wealem  Newspaper  Union  Building*  Chi- 
cago was  an  eight  story  reinforced  concrete  structure  in  which  there 
were  two  flat  slab  floors.  It  was  erected  in  1909  by  the  Hinchcliff  Com- 
pany, S.  N.  Crowen,  Archt.  The  floor  tested  was  referred  to  somewhat 
without  warrant  in  the  Bulletin  as  a  Turner  Mushroom  flat  slab 
type.  Sketches  for  this  construction  were  made  for  the  architect 
by  Turner,  with  a  typical  design  of  the  reinforcement  corresponding 
tfl  the  load  and  thickness  of  the.  slab.  This  design  was  aftenvards 
changed  without  consulting  Turner  so  as  to  include  a  cross  section 
of  metal  of  about  double  that  of  the  original  Turner  design  and  of 
half  its  efficiency.  The  panels  of  the  building  were  19'4j"  by  17'5J". 
The  slab  though  nominally  SJ"  thick  had  a  measured  thickness  from 
7.51"  to  8.46"  about  the  central  coluirn  of  the  loaded  ^rea  and  in 
places  nearly  9"  lH?tween  columns.  Columns  were  octagonal  24" 
diam.  below  and  21"  above  the  floor  octagon,  cap  54"  sliort  diam. 

Test  Ijoad.  Four  panels  were  loaded  with  pig  iron  as  shown  in 
Fig.  135,  the  ma.ximum  load  reached  913  pounds  per  square  foot. 
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Form  of  the  Capital.  The  form  of  the  capital  and  its  unscientific 
proportions  should  be  particularly  noted.  Instead  of  a  curved 
capital  properly  filleting  the  junction  of  the  slab  and  the  column  or 
one  which  has  a  lateral  flare  sufficient  to  permit  such  moderate 
yielding  at  its  outer  edge  as  to  bring  the  load  gradually  upon  the 
center  of  bearing  within  the  capital  the  small  inclination  of  its  sides 
to  the  vertical  localize  and  accentuate  the  bending  deformations 
directly  above  the  edges  of  the  cap  at  the  top  of  the  slab  and  in  the 
concrete  at  the  bottom.  This  phenomenon  accords  perfectly  with 
the  accentuation  of  bending  stress  indicated  by  theory  and  shown 
by  experiment  to  occur  in  a  piece  of  steel  under  flexure  at  the  point 
where  a  sharp  re-entrant  angle  is  formed  by  an  abrupt  change  in 
section. 

Reinforcement.  The  reinforcement  in  the  slab  consisted  of 
fifteen  5/8"  rods  about  6f "  between  centers  iu'four  belts,  a  diameter 
of  rod  suitable  for  a  13"  or  14"  slab  but  wholly  unsuited  for  an  8" 
slab  because  of  the  great  thickness  of  the  mat  which  results  when 
four  or  more  layers  of  steel  are  placed  one  above  the  other.  The 
layers  of  reinforcement  over  the  columns  were  placed  in  a  most  un- 
scientific manner,  the  rectangular  belts  alternating  with  the  diagonal 
belts,  as  will  be  noted  in  the  diagram  showing  the  steel  deformations 
in  the  top  of  the  slab  over  column  22. 

Quoting  from  the  bulletin,  p.  29: 

"The  average  depths  of  the  layers  of  bars  at  the  edge  of  the 
capital  of  column  22  ranged  from  0.90  in.  below  the  upper  surface 
of  the  slab  for  the  upper  layer  to  3.65  inches  for  the  lower  layer. 
At  this  column  the  layers  of  bars  in  the  order  of  their  position  with 
respect  to  the  upper  surface  of  the  slab  were  as  follows:  (1)  north 
and  south  rectangular  bars  (one  lap),  (2)  diagonal  bars  ruimins 
to  Northwest,  (3)  east  and  west  rectangular  bars,  (4)  diagonal 
bars  running  Northwest,  (5)  north  and  south  rectangular  oars, 
(second  lap),  (6)  circumferential  ring  bars,  (7)  radial  column  bars." 

From  the  above  statement  it  appears  that  the  lower  layer  of  the 
bars  was  but  little  above  the  center  of  the  slab,  a  position  which 
would  greatly  reduce  its  relative  moment  of  inertia  in  comparison 
to  the  same  belt  at  mid  span  and  therefore  reduce  the  relative  re- 
sistance of  that  layer  at  the  support  and  increase  the  relative  stress 
upon  the  same  layer  at  mid  span. 

Defledion  Under  Various  Loads,  The  loaded  area  is  represented 
in  the  accompanying  plan  of  panels  i4,  B,  C,  and  Z),  in  which  the 
<leflections  under  various  intensities  of  loading  are  shown  in  the 
plot  of  the  deflection  of  the  various  points  noted  on  the  plan. 
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Fig.  135. 


The  extent  of  recovery  or  the  permanent  deformations  are  shown 
by  the  small  circles  indicating  the  recovery  readings  on  the  zero  line. 
It  will  be  noted  that  at  the  center  of  the  panels  the  lack  of  recovery 
on  points  17,  3,  13,  and  10,  is  equal  to  the  total  deflection  of  the  floor 
under  the  400  lbs.  applied  load. 

Steel  deformations  measured  on  the  upper  surface  of  the  bars  over 
the  top  of  the  cap  and  concrete  deformations  on  the  under  side  of 
the  slab  next  to  the  cap  are  shown  in  Figs.  137  to  140,  under  300, 
400,  600,  and  900  lbs.,  loading  per  square  foot. 
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The  steel  deformations  shown  in  the  foregoing  figures  were 
measured  upon  gage  lines  centered  over  the  edge  of  the  capital 
while  the  concrete  deformations  below  were  measured  at  one  side 
of  that  edge  and  were  consequently  less  than  the  unit  deformation 
at  the  edge  because  these  deformations  increase  toward  and  are 
greatest  at  the  edge  of  the  cap  so  that  to  determine  the  true  position 
of  the  neutral  plane  and  the  centroid  of  compression  corresponding 
to  the  steel  stress,  the  concrete  measurements  should  be  increased 
in  amount  by  some  twenty  percent. 

The  steel  deformations  measured  on  the  upper  side  of  the. bars 
increases  from  the  outer  to  the  inner  layers.  This  indicates  a  scalloped 
shaped  neutral  surface  about  the  column  capital. 

The  deformation  on  gage  lines  5  and  17  in  the  North  and  South 
direct  belt  is  half  that  on  gage  lines  12  and  21  the  East  and  West 
belts,  beacuse  in  the  North  and  South  belt  on  which  5  and  17  were 
measured,  there  is  a  splice  and  double  the  cross  section  of  metal 
resists  the  stress  brought  upon  this  belt  so  that  the  deformations  are 
correspondingly  reduced. 

Comparing  the  measured  deformations  in  the  concrete  and  steel, 
it  will  be  noticed  that  the  concrete  deformations  increase  at  a  more 
rapid  ratio  than  the  steel  deformations  with  the  increase  of  load; 
accordingly  the  neutral  plane  is  moved  up  toward  the  steel  somewhat 
more  than  would  be  indicated  by  the  diagram  because  the  concrete 
stresses  are  considerably  higher  at  the  edge  of  the  cap  than  the  average 
deformation  measured  along  the  gage  line  outside  of  the  cap.  The 
condition  of  the  concrete  at  the  edge  of  the  cap  under  the  913  pound 
load  is  thus  described  page  27  of  the  bulletin: 

"The  greatest  strains  on  concrete  in  the  lower  surface  of  the 
slab  were  found  close,  to  the  edge  of  the  capital  of  column  22.  The 
strains  at  this  column  at  the  diagonal  gaee  line  (See  Fig.  15)  ranged 
from  0.0012  to  0.0016  in.  per  in.  at  the  maximum  load.  These 
strains  are  as  great  as  the  strains  which  were  found  at  failure  in  the 
tests  of  the  concrete  prisms  cut  from  the  slab;  they  represent  the 
range  in  deformation  at  the  ultimate  load  usually  found  in  com- 
pression tests  of  concrete.  Spalling  or  chipping  of  the  concrete 
surface  w^  plainly  visible  near  the  edge  of  tne  capital  of  column 
22  in  panel  A.  At  rectangular  gage  lines  near  the  capital  of  this 
column  a  strain  in  the  concrete  of  0.0014  in.  per  in.  was  observed. 
These  high  deformations  indicate  that  the  concrete  near  the  capital  of 
column  22  was  highly  stressed  and  that  at  certain  gage  lines  it  was 
stressed  to  its  ultimate  strength,  the  action  of  the  surrounding  con- 
crete preventing  its  complete  failure." 

Since  the  greatest  compression  in  the  concrete  occurs  at  the  edge 
of  the  cap  and  has  there  been  stressed  under  the  higher  load  to  nearly 
its  ultimate  resistance  as  stated  in  the  bulletin,  the  larger  part  of  the 
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pennanent  deformation  would  occur  at  that  place.  The  lack  of 
recovery  shown  by  the  deflection  diagrams  amoimting  to  .3"  at  mid 
span  is  the  result  largely  of  this  inelastic  3delding  at  the  edge  of  the 
cap  because  the  concrete  was  old,  very  hard  and  highly  elastic,  and 
because  of  this  condition  relatively  little  inelastic  deformation 
could  elsewhere  occur. 

The  localization  of  bending  at  the  edge  of  the  cap  would  obviously 
result  in  a  combination  of  two  kinds  of  stress  in  the  steel,  axial' stress 
and  bending  stress  across  the  section  of  localized  yielding,  so  that  in 
determining  the  static  moment  of  resistance  of  the  steel,  the  fiber 
stress  involved  in  the  measurement  of  the  deformation  on  the  upper 
surface  of  the  bars  must  be  separated  from  the  average  axial  stress 
in  the  total  section  of  the  metal. 

Properties  of  the  Concrete  and  Steel,  Sample  cubes  cut  from  the 
floor  showed  a  unit  compressive  strength  of  3300  to  5400  pounds  per 
square  inch  and  it  is  not  unlikely  that  the  specimens  giving  the  lower 
values  may  have  been  somewhat  injured  in  removal  from  the  floor. 
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Fig.  141. 
Strel  Peforination,  times  E^  for  913  pound  loading. 


Teste  of  the  bars  showed  an  average  yield  point  value  of  66,000 
pounds  per  square  inch,  and  an  average  ultimate  strength  of  100,000 
pounds. 

Steel  DeformalioTis.  The  steel  deformations  are  given  under  all 
loads  in  various  diagrams  in  the  Bulletin.  These  deformations  under 
913  pound  loading  are  multiplied  by  E,  the  modulus  for  the  steel 
and  tabulated  in  Fig.  141. 

These  figures  represent  not  the  average  axial  stress  on  the  bars 
but  the  approximate  fiber  stress  on  their  upper  surfaces  where  the 
measurements  were  made.  Pig.  142  shows  the  deformations  mul- 
tiphed  by  £,  under  the  300  pound  loading,  from  which  the  ratio  of 
increase  of  the  average  stresses  at  mid  span  and  over  the  supports 
may  be  computed. 
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it  appears  by  comparing  the  values  in  Figs.  141  and  142,  that  the 
rate  of  increase  of  the  stresses  at  mid  span  was  2.1  times  as  rapid  as 
the  rate  of  increase  in  the  loading  between  300  and  000  pounds  at 
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mid  span  but  only  1.45  times  as  rapid  over  the  support?,  indicating 
that  the  relative  proportion  of  resisting  moment  is  greatly  decreased 
over  the  support  with  increase  in  the  load  and  increased  between  the 
supports  as  would  be  expected  from  the  large  deformations  at  the 
edges  of  the  caps  in  the  concrete  before  noted  under  the  greater  load. 
Under  the  load  of  913  pounds,  the  yielding  of  the  concrete  at  the 
edge  of  the  cap  on  the  under  side  of  the  slab  caused  cracks  to  open 
up  on  the  upper  side  of  the  slab,  as  shown  in  the  sketches  in  the 
bulletin  which  are  reproduced  in  Fig.  143. 
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Fig.  143. 
Figure  Showing  Cracks  under  the  913  lb.  loading. 

*'The  cracks  on  the  upiper  side  at  the  load  of  913  pounds  per 
square  inch  opened  to  a  width  of  .02  inch  and  .06  inch.  Those  on 
the  lower  side  were  not  so  wide.  Upon  the  removal  of  the  load 
the  cracks  closed,  leaving  the  surfaces  of  the  slab  with  the  appear- 
ance which  they  had  before  the  load  was  applied."     (Bulletin  p.  44.) 

The  comment  on  the  cracks  is  that  they  may  be  expected  to 
indicate  the  region  of  high  tensile  stresses  in  the  reinforcing  bars,  a 
statement  with  which  the  authors  partially  agree,  beacuse  the 
cracks  indicate  localities  of  sharp  bending  and  high  fiber  stress. 

Column  Stiffness.  As  the  tested  floor  was  an  intermediate 
floor  with  rigid  columns  above  and  below,  little  bending  would  be 
expected  to  occur  in  them  and  an  examination  of  the  slab  deforma- 
tion about  the  columns  bounding  the  loaded  area  taken  in  eonncction 
with  the  laps  shown  in  Fig.  4  of  page  12,  of  the  Bulletin,  indicates  that 
the  restraint  at  the  outer  edges  of  the  panels  was  such  that  the  angle  of 
inclination  at  those  edges  was  very  small  indeed  so  that  the  slabs 
might  for  practical  purposes  be  considered  as  fully  restrained. 

Treating  the  edges  of  the  loaded  areas  as  fully  restrained,  we  may 
investigate  a  panel  wide  strip  East  and  West  through  the  central 
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part  of  the  loaded  portion  and  from  the  average  stresses  at  mid 
span  determine  with  considerable  precision  the  moment  of  resis- 
tance along  the  colunm  line  by  deducting  the  moment  of  resistance 
at  mid  span  figured  in  accordance  with  the  principles  of  Chapter 
VIII  from  the  total  applied  bending  moment  and  then  apportioning 
the  renoainder  between  supports,  and  so  determine  the  total  resisting 
moment  necessary  for  equilibrium  at  each  support. 

From  these  relative  resistances  we  may  determine  the  relation  of 
the  moment  of  inertia  at  mid  span  and  over  the  supports  and  we  may 
compare  the  result  computed  in  this  wise  with  that  which  would  be 
figured  in  accordance  with  the  principles  in  Chapter  VIII.  Then  if 
these  two  different  methods  of  investigation  produce  concordant 
results,  we  may  proceed  to  separate  approximately  the  fiber  stresses 
from  the  axial  stress  in  the  measured  steel  deformations  over  the 
supports. 

Under  300  pounds  per  square  foot,  the  total  applied  bending 
moment  is  1,280,000  inch  pounds  the  long  way  of  the  panel. 

Moment  of  arch  action  103,000  in.  lbs.  or  8%  for  JFe  =  3,750,000 

/o  =  514 

/x=250  for  column  22,  while  for  columns  14,  26,  27  it  is  approxi- 
mately 400  due  to  the  liips  of  the  slab  belts. 

The  mean  value  of  /,//o  =  .65 

mo=*.048X98,000/2X  19.4X12=  545,000  lb.  ins. 

Less  arch  moment  103,000    ''     " 

Applied  moment  in  steel  computed  from  loads  =  442,000 

Measured  resisting  moment 

4.6  sq.  in.  X 3400 X 2. 5 X 7. 6 X. 87  =  260,000  lb.  ins. 
4.6 X  5300 X 7.8 X. 89  =170,000   ''   '' 


430,000 


>>    >> 


In  selecting  the  above  average  values  it  will  be  noted  that  the 
highest  stress  in  both  panels  A  and  C  about  mid  span  did  not  occur 
at  the  center  but  at  one  side  of  the  center  due  to  the  irregularity  of 
the  vertical  position  of  the  various  belts  in  their  emplacement  on 
the  column  tops.     Thus  in  panel  C  the  maximum  stress  in  a  diagonal 

•Interpolation  from  tabular  coefficients. 
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slab  rod  at  mid  span  is  4200  at  one  side  of  the  center  and  in  panel  A 
it  is  3600  also  at  one  side  of  the  center  and  nearer  column  22»  Those 
particular  diagonal  belts  are  low  in  position  over  22  and  high  in 
position  over  28  and  14  respectively  accounting  for  this  shifting  of 
the  position  of  maximum  stress.  The  splice  laps  were  extremely 
irregular,  massing  metal  between  columns  14  and  15  to  double  the 
cross  section;  between  columns  22  and  23  on  direct  belt  lines,  an 
equivalent  average  stress  on  the  basis  of  a  sectional  area  of  four 
belt*  between  columns  is  estimated  as  above  and  appears  to  agree 
reasonably  with   the   applied  moment   computed  from   the  loads. 


m,  from  loads  ==  1,280,000  -  545,000  =  725,000  lb.  ins. 
Less  arch  moment  103,000   '*    " 

Approximate  moment  of  steel        =622,000  "     " 

Stress  over  Col.  22 
622,000/ (4.6X2X.7X2.5X.85X5.5)  =8450    average   axial    steel 

i+  id 
stress.     Fiber  stress  — : —  would  increase  the  value  approximately 

1000  lbs.  per  sq.  in.,  or  to  an  average  of  9450.  This  average  value 
would  in  turn  be  increased  for  the  lower  rods  having  the  smaller 
lever  arm  and  decreased  for  the  rods  in  the  belts  higher  up  and  where 
the  single  belt  is  spliced  the  measured  stress  would  be  reduced  in 
proportion  to  the  increased  section  of  metal. 

A  wide  variation  in  stress  is  caused  by  the  change  in  thickness  of 
the  concrete  from  7.51"  to  8.52"  around  the  peripher^-^  of  the  cap 
taken  in  connection  with  the  great  thickness  of  the  mat  of  steel. 
The  top  surface  of  the  rods  was  found  in  the  top  layer  to  average 
.9"  below  the  top  of  the  slab  and  the  lowest  layer  3.65";  therefore 
the  distance  from  the  center  of  the  steel  slab  rods  to  the  outer  fiber 
of  the  concrete  at  the  edge  of  the  cap  averaged  from  approximately 
4"  minimum  to  7.3"  maximum  inducing  a  corresponding  variation 
of  from  25  to  30  percent  above  and  below  the  mean  axial  resistance 
of  the  mat  as  a  whole.  The  highly  unsatisfactorj'^  character  of  the 
mat  of  such  large  rods  in  so  thin  a  slab  thus  becomes  apparent. 

As  the  load  was  increased  to  913  pounds  per  square  foot  the 
concrete  tended  to  yield,  at  and  about  the  edge  of  the  column  capital. 
Such  yielding  would  reduce  the  lever  arm  jd  of  the  steel  and  cause  the 
neutral  plane  to  move  toward  the  steel  producing  a  material  reduc- 
tion in  the  value  of  the  moment  of  inertia  of  the  steel  over  the  column 
and  a  corresponding  decrease  in  the  relative  amount  of  moment  to 
be  borne  at  the  column  and  an  increase  in  the  moment  to  be  resisted 
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at  mid  span.  Thus  in  the  diagonal  belts  in  the  Fig.  142  showing  th 
relative  stresses  for  300  pound  loading  the  highest  stress  in  a  diagonal 
direction  is  4200  lbs.  while  under  the  913  pound  loading  the  highest 
stress  recorded  is  24,000  pounds,  an  increase  of  5.6  times  for  an  in- 
crease in  loading  of  a  little  more  than  three  times  indicating  a  shift- 
ing of  the  apportionment  of  the  moments  because  of  the  reduced 
moment  of  inertia  by  reason  of  over-strain  of  the  material  around 
the  column  support. 

The  diagram  of  deflections,  Fig.  136  shows  a  marked  yield  point 
of  the  slab  as  a  whole  shortly  after  600  pounds  per  square  foot  live 
load  has  been  exceeded.  The  bulletin  notes  that  there  was  a  lack 
of  recovery  of  25  percent  on  removal  of  the  load.  This  lack  of  re- 
covery would  represent  in  a  large  measure  a  permanent  bending  of 
the  bars  about  the  support  with  permanent  compression  of  the  con- 
crete at  the  column  edge  so  that  no  doubt  approximately  one 
third  of  the  measured  stress  of  Fig.  141  showing  the  fiber  deforma- 
tions multiplied  by  E^  for  913  pouftd  loading  represents  bending  of 
the  steel  brought  about  by  the  yielding  of  the  concrete  at  the  edge 
of  th3  capital. 

The  average  axial  stress  would  of  necessity  be  less  than  25,000 
pounds  p?r  square  inch  because  of  the  reduction  of  the  relative 
moments  of  inertia  at  the  supports  due  to  the  excessive  loading. 

It  thus  appears  that  more  than  50  percent  of  the  measured  fiber 
stress  has  no  relation  whatever  to  the  axial  stress. 

Steel  Stresses  Caused  by  Shear.  Under  300  pounds  per  square 
foot  loading  the  bending  stress  induced  by  the  coaction  of  the  metal 
and  concrete  around  the  column  cap  is  estimated  to  be  about  400 
pounds  per  square  inch.  As  the  load  is  increased  to  900  pounds, 
since  this  fiber  stress  would  increase  in  proportion  to  the  square  of 
the  load,  for  the  reasons  before  deduced,  this  fiber  stress  which  would 
be  in  the  neighborhood  of  3600  to  4000  pounds  per  square  inch  would 
disappear  as  the  load  was  removed. 

Conclusion.  It  is  difficult  to  verify  the  computed  mode  of 
op(  ration  by  measurements  beyond  the  yield  point  of  the  coacting 
materials  experimented  upon.  For  illustration,  should  we  under- 
take to  determine  jBj,  from  a  piece  of  steel  when  ^deformations  of 
the  load  approached  the  ultimate  strength  of  the  piece  we  would  be 
dealing  with  an  elongation  of  approximately  20  percent  of  the  length 
in  a  specimen  of  structural  grade  steel  and  our  value  for  E^  would  be 
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approximately  300,000  instead  of  30,000,000  its  true  value.  The 
error  is  not  bo  marked  when  dealing  with  the  coaction  of  metal  and 
concrete  as  with  steel  alone  but  the  method  in  the  former  case  is 
equally  erroneous. 

Had  the  recovery  at  the  various  gage  points  been  recorded  in 
this  experiment  it  would  have  added  greatly  to  the  value  of  the  test. 

The  attempt  in  the  Bulletin  to  conclude  from  this  test  that  the 
operation  of  this  particular  slab  is  accounted  for  by  beam  theory  is 

based  on  the  following  fundamental  errors: 

« 

1.  The  assumption  that  the  applied  bending  moment  is  equal 

to  the  statical  moment  by  wholly  disregarding  the  twisting  moment 
which  is  a  component  of  the  statical  moment. 

2.  An  attempt  to  compare  the  computed  resisting  moment, 
with  the  applied  moment  on  the  naive  assumption  that  the  tensile 

*  strength    of  the   concrete  accounts    for  results   produced,   by  the 
operation  of  twisting  resistance. 

3.  An  equally  fundamental  error  is  also  involved  in  the  method  of 
arriving  Skt  the  applied  moment.  The  presence  of  the  lines  of  zero 
shear  which  determine  the  magnitude  of  the  moment  were  not 
considered,  while  the  moments  required  by  the  known  position  of 
these  lines  establishes  a  rule  wholly  different  from  the  rule-of-thumb 
method  proposed  by  the  Joint  Committee. 

4.  The  sum  total  of  the  moments  between  mid  span  and  sup- 
ports accords  with  the  law  of  moment  magnitudes  and  the  appro- 
tionment  of  them  in  detail  depends  on  the  relation  of  the  moment  of 
inertia  and  the  moment  areas,  whereas  the  division  attempted  in 
the  bulletin  disregards  this  fundamental  relation  and  assumes  that 
the  moment  resisted  over  the  support  is  twice  that  at  mid  span  which 
is  wholly  unwarranted  by  the  distribution  of  the  steel  found  in  the 
floor. 

5.  Such  practical  considerations  as  the  effect  of  massing  of  steel 
are  also  disregarded  in  the  Bulletin.  For  example,  the  statement 
is  made  in  it  that  there  is  no  apparent  reason  why  the  stress  in  the 
North  and  South  belt  should  be  but  half  that  in  the  East  and  West 
belt  when  in  fact  there  is  twice  as  much  steel  present  in  it  to  resist 
the  applied  stress. 
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That  a  slab  so  poorly  designed  and  inaccurately  executed  in  fact 
carried  four  times  its  working  load  with  the  steel  so  arranged  over  the 
supports  as  to  operate  at  half  its  normal  efficiency  as  a  mat  and  the 
depth  of  the  concrete  so  reduced  by  the  thickness  of  the  mat  of  steel 
as  to  have  but  half  its  effective  depth,  speaks  volumes  for  the  tough- 
ness of  such  multiple  way  reinforced  concrete  slabs.  To  conclude 
as  was  done  in  the  Bulletin,  from  such  an  extremely  irrational  design 
that  the  steel  stresses  were  in  any  way  typical  of  a  normal  design  is 
wholly  without  warrant  or  justification. 

12.  Tests  of  a  Concrete  Floor  in  Abnormal  Condition.  The  Bell 
Street  Warehouse^  Seattle^  Wa&h.  This  building  is  of  flat  slab  Mushroom 
type  80'  by  435',  five  stories  and  basement.  Four  panels  were  loaded, 
two  interior  and  two  next  to  the  wall.  Panel  sizes  20'9"  by  20" 
interior  panels  and  20'9"  by  19'4"  for  the  wall  panels.  Interior 
columns  32"  octagons  reinforced  with  sixteen  l-l/S"  round  rods. 
Exterior  wall  columns  16"  deep,  by  4'  the  long  way  of  the  building, 
reinforced  with,  eight  l-l/S"  rounds  and  four  1"  round  verticals 
Caps  were  plain,  flared  caps  24"  deep  by  12"  spread.  The  slabs  10^" 
thick  in  the  rough  reinforced  with  seventeen  l/2"  slab  bars  in  each 
direction. 

The  work  was  designed  by  A.  O.  Powell,  Engineer,  Seattle,  but  the 
inspection  and  supervision  of  the  work  was  under  the  direction  of  the 
Port  Conunission.  Standard  specifications  as  to  the  handling  of  the 
concrete  were  supposed  to  be  followed.  The  work  was  executed  in 
\\dnter  time  and  although  the  concrete  was  initially  heated  it  was 
thoroughly  chilled  by  spouting  it  into  position  through  long  spouts 
and  was  somewhat  frosted.  The  efifect  of  this  chilling  was  to  cause 
the  hardening  to  progress  at  an  abnormally  slow  rate,  such  that  at 
the  end  of  90  days  the  concrete  was  neither  as  rigid  as  it  should  have 
been  normally,  nor  thoroughly  dried  out. 

The  test  was  conducted  by  Messrs.  Fuller  and  More,  assisted  by 
employees  of  the  Building  Department. 

Realizing  the  necessity  of  exact  emplacement  of  the  steel  if  re- 
sults in  keeping  with  theoretical  computation  wfere  to  be  secured,  the 
junior  author  requested  that  he  be  notified  when  the  steel  was  placed 
in  the  test  panels  that  he  might  independently  make  a  careful  survey 
of  the  emplacement.     This  request  was  overlooked  and  in  place  of 


a 


compliance,  a  photograph  Fig,  144,  apparently  indicating  the  good 
intention  to  show  that  this  was  done,  waa  forwarded  to  him,  but  the 
final  steel  survey  of  the  finished  floor  disclosed  a  material  displace- 
ment of  the  exterior  column  head  steel  at  the  wall. 


The  center  of  the  slab  rods  in  the  direct  belt  (on  which  the  gage 
line  350  was  located)  were  required  by  the  plan  to  be  SJ"  from  the 
bottom  of  the  slab;  through  ermr  these  were  placed  5-7/8"  from  the 
bottom  of  the  slab.  Accordingly,  the  moment  of  inertia  was  ap- 
proximately 45%  of  what  it  should  have  been  at  this  column  head, 
had  those  conducting  the  test  made  a  proper  steel  survey  before 
allowing  the  concrete  work  to  proceed.  The  range  of  elastic  co- 
action  of  the  metal  and  concrete  determined  by  M/I  was  consequent- 
ly leas  than  one  half  of  what  it  would  have  been  had  the  observers 
been  accurate  inspectors. 

Such  a  radical  difference  in  the  moment  of  inertia  over  the  column 
makes  a  wide  variation  in  the  moment  to  l)e  supported  at  mid 
span  and  over  the  columns,  as  heiet  of  ore  shown,  and  furthermore,  it 
reduces  the  yield  point  value  of  the  coaction  of  the  metal  and  concrete 
as  will  be  discussed  more  in  detail  later. 

The  slow  curing  of  the  concrete  tended  to  cause  abnormal  shrink- 
age stresses  at  the  junction  of  the  cap  and  column  and  some  little 
permanent  deformation  of  the  concrete  at  the  edge  of  the  cap  under 
initial  loading.  This  loading  would  tend  to  relieve  these  concrete 
stresses.  The  extension  of  the  upper  fibers  due  to  the  sharp  bending  of 
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the  slab  rods  6ver  the  edge  of  the  cap  was  incorrectly  recorded  as 
axial  deformtion  but  would  not  vitiate  the  result  were  the  recover>' 
readings  employed  as  the  basis  for  determining  the  axial  fiber  stress. 

Experimental  work  was  very  carefully  done  and  the  recovery 
readings  noted  and  recorded  in  all  cases.  These  recovery  readings  by 
showing  closely  the  true  axial  stress  in  the  bars  give  a  clear  idea  of 
the  change  in  deportment  under  load  due  to  both  the  shrinkage 
stresses  and  the  displacement  of  the  steel.  The  great  reduction  in 
the  moment  of  inertia  over  the  wall  columns  induced  sharp  bending 
and  slipping  of  the  concrete  and  metal  at  that  point,  producing  cer- 
tain permanent  deformations  of  the  slab  similar  to  those  produced  by 
the  change  in  level  of  the  supports  of  a  continuous  beam. 

The  lack  of  recovery  at  gage  points  147,  148,  149  in  the  bottom 
of  the  slab  between  the  wall  column  and  the  first  interior  column  was 
practically  50%  indicating  that  this  percentage  of  the  measured 
deformation  represents  permanent  curvature  due  to  the  pennanent 
deformation  of  the  slab  because  of  the  reduction  in  the  moment  of 
inertia  at  the  column  due  to  the  steel  displacement  noted. 

Gage  poinjt^iSSO  for  example  shows  a  deformation  which  multi- 
plied by  ^8  ■*  42,000  pounds  under  applied  load  of  700  jiounds 
per  sq.  foot,  with  a  lack  of  recovery  of  approximately  17,000  pounds. 
At  306  directly  over  the  -  edge -of*  the  cap  it  showed  a  defoicmation 
XE^  =  a,pprox\mBXe\y  22,000  pounds,  and  a  lack  of  recover^"  of  sub- 
stantially 7,000  pounds,  while  305  on.the  same  rod  just  beyond  the 
edge  of  the  cap  where  it  would  be  less  influenced  by  the  inelastic 
compression  of  the  concrete  showed  only  13,000  pounds,  with  a  lack 
of  recovery  of  5000.  Gage  points  316  and  318  show  similar 
phenomena.  Point  316  directly  over  the  edge  of  the  cap  shows 
original  deformation  multiplied  by  Bg  corresponding  to  26,000 
pounds  with  a  lack  of  recovery  of  9000  pounds,  while  318  next  to 
it  and  within  the  cap  shows  21,000  pounds  with  a  lack  of  recovery 
of  9000.  Point  319  at  one  side  of  the  edge  of  the  cap  shows  the 
same  phenomena. 

The  writer  took  exception  to  the  results  of  this  test  on  the  ground 
that,  in  view  of  the  low  temperature  when  the  concrete  was  cast  and 
the  failure  to  get  it  in  place  hot,  the  concrete  had  not  become  rigid 
and  thoroly  cured  and  that  it  was  not  for  that  reason  a  satisfactory 
test. 

Second  Test  of  the  Bell  Street  Warehouse  Discussed  by  Turner, 
The  second  test  of  the  Bell  Street  Warehouse  was  made  because 
exception  was  taken  to  the  firet  test  on  the  grounds  stated.     Be- 
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cause  a  more  accurate  measure  of  elastic  axial  stress  may  be  obtained 
by  repeated  loading,  the  Department  was  advised  by  the  writer, 
under  date  of  August  12,  1916,  as  follows: 

"It  seems  to  me  that  these  (same  panels)  ought  to  be  t«ated 
afcain  Bo  that,  a  definite  and  indiaputahle  answer  could  be  given  to 
the  quention  as  to  whether  the  concrete  was  tested  in  an  uncured 
condition  aa  1  maintain.  If  a  test  is  dedred  in  a  new  place  it  ie 
all  right,  but  the  old  slab  should  be  tested  to  refute  the  wide  pub- 
licity given  to  a  premature  test." 

The  request  that  the  same  panels  l)e  retested  was  made  in  order  to 
show  the  indisputable  improvement  caused  by  further  curing,  and 
make  a  clear  disclosure  of  the  theoretical  error  in  interpreting  the 
readings  of  the  first  test  from  Initial  deformation  instead  of  from 
recoverj'  readings.  But  no  attention  was  paid  to  this  request. 
The  readings  under  repeated  loading  would  have  been  less  than  the 
former  recovery  reading  on  removal  of  the  initial  load  because  of 
the  longer  period  of  hardening. 


Test  Load  On  Conc»Dtnt«  Id  Saobh  800  Pounds  Per  Sqiurs  Foot  Over  Four  Panels. 

The  Instrumerti<^  Work.  The  instrumental  work  was  carefully 
done,  little  variation  appearing  in  observations  of  the  different 
observers.  The  readings  accordingly  represent  the  distances  between 
the  points  of  the  instrument  at  the  time  the  observations  were  made 
with  accuracy.  The  interpretation  of  such  readings  or  their  correct 
translation  into  stress  is  dependent  on  the  applied  knowledge  of  the 
properties  of  the  material  on  whicli  the  measurements  are  made. 

Properties  of  the  Steel.  The  reinforcing  steel  in  the  slab  rods, 
as  is  stated  by  Messrs.  More  and  Fuller,  page  II  of  their  report  of 
the  first  test,  showed  an  ultimate  strength  of  90,000  pounds  per 
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square  inch  with  a  yield  point  value'  greater  than  50,000.  The 
steel  accordingly  is  hard  grade,  which  shows  no  set  of  sufficient  mag- 
nitude to  be  measured  by  an  extensometer  under  about  45,000  pounds 
per  squai'e  inch.  Therefore  readings  upon  rods  not  stressed  to 
this  extent  do  not  indicate  permanent  set.  The  small  nick  produced 
by  drilling  of  the  holes  might  affect  the  small  slab  rods  so  that  the 
above  limit  is  slightly  reduced  perhaps  to  as  low  a  value  as  40,000 
pounds  per  square  inch. 

The  distance  between  the  points  of  the  instnunent  is  affected  by 
the  curvature  of  the  rods  as  for  instance  where  there  are  any  kinks 
followed  by  straightening  of  the  bar  under  stress,  or  by  any  bending 
of  the  bar  with  the  bending  of  the  floor  slab,  as  well  as  by  the  tempera- 
ture effects  and  the  readjustment  of  initial  shrinkage  stresses  in  the 
concrete. 

Altho  observations  on  the  recovery  of  the  steel  on  removal  of  the 
load  were  made  by  both  Mr.  Fixen  and  the  observers  for  the  Depart- 
ment of  Buildings,  these  important  data  do>  not  appear  in  the  pub- 
lished report. 

The  observations  of  both  the  initial  deformation  and  recovery 
readings  are  tabulated  in  the  accompanying  tables  I,  II,  III  and  IV. 
Column  2,  gives  the  difference  in  reading  on  appUcation  of  the  load 
of  860  lbs.  and  the  original  zero  reading.  Column  3  represents  the 
difference  between  the  reading  under  a  load  of  860  lbs.  per  square 
foot  and  the  reading  when  the  load  was  entirely  removed  or  the 
recovery  reading.  Table  I  shows  the  original  readings  on  points 
101  to  120  in  the  bottom  of  the  slab  excepting  105,  106,  115  an  J 116, 
which  are  given  in  Table  III. 


TABLE  I. 

A 

C 

Gage  Line 

Reading  at 

Reading 

Difference  or 

Percent 

72.5A 

72.5C 

860  lbs.  load 

860  lbs.  re- 
moved 

Recovery 

Recovery 

101 

415 

196 

219 

53% 

31.200 

16.500 

102 

345 

178 

167 

48% 

26.200 

12.600 

103 

346 

168 

178 

52% 

25.500 

13.300 

104 

348 

179 

109 

48% 

27.000 

13.000 

107 

431 

197 

234 

54% 

32,500 

17.600 

108 

448 

213 

235 

52% 
66% 

33.800 

17,300 

109 

412 

142 

270 

30,700 

20.200 

110 

403 

178 

225 

56% 

29.800 

16.700 

111 

283 

139 

144 

51% 
67% 

21.700 

11.100 

112 

315 

105 

210 

23.900 

16.000 

113 

351 

128 

223 

64% 
53% 
59% 

25.400 

16.300 

114 

310 

147 

163 

24.100 

12.800 

117 

241 

99 

142 

15.500 

9,200 

119 

351 

132 

219 

62% 

21.700 

13.i>00 

120 

315 

127 

188 

60% 

20.000 

12.000 

A  aiMl  C  are  multiplied  by  the  constant  of  the  inatrument.  72.5  to  obtain  the  product  of 
deformation  times  modulus  >=  stress.  56.3%  average  recovery 
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TABLE  II. 


A 

C 

Gage  Line 

Readinic  at 

Reading 

Difference  or 

Percent 

72.5A 

72.5C 

860  lbs.  load 

860  lbs.  re- 
moved 

Recovery 

Recovery 

306 

379 

88 

296 

78% 

27.500 

21,500 

307 

648 

138 

510 

79% 

46.500 

36.700 

308 

531 

161 

370 

70% 

37.200 

264)0 

309 

801 

276 

525 

65% 

58.200 

37.800 

310 

667 

168 

499 

75% 
69% 

48.700 

36.600 

311 

522 

181 

341 

37,800 

24,600 

312 

552 

17r 

375 

68% 

40.700 

27.700 

313 

707 

.... 

•    •    •    ■ 

52,700 

•    ••••■ 

314 

387 

54 

333       ' 

86% 
60% 
74% 

79% 

28,200 

24.200 

315 

533 

214 

3}9 

37.900 

22.800 

316 

585 

150 

435 

42.900 

31.800 

317 

409 

85 

324 

30,200 

23.800 

Multiply  by  72  .{i  for  product  of 

deformation  times  modulus.  72 .6^  average  recovery. 

Above  rods  are  average  of  those  around  top  of  slab  at  interior  column  No.  72. 


TABLE  III. 


A 

C 

Gage  Line 

Reading  at 
860  IbM /load 

Reading 

Difference  or 

Percent 

72.5A 

72.5C 

860  lbs.  re- 
moved 

Recovery 

Recovery 

105 

689 

248 

441 

64% 

50.800 

82,600 

106 

709 

286 

423 

60% 

52.600 

31,600 

115 

340 

129 

21T 

62% 

54% 

24,400 

15.100 

116 

306 

140 

166 

21.400 

11.500 

• 

Ave.  60% 

301 

447 

65 

382 

86% 

33.500 

28,800 

;i04 

668 

214 

454 

68% 

48.500 

38.000 

305 

811 

323 

488 

60% 
Ave.  71% 

60.200 

36.100 

Multiply  by  72.5  for  product  of 
deformation  times  mixiulus. 


TABLE  IV. 


Gage  Line 

A 

Reading  at 
860  lbs.  load 

Reading 
860  Ib-i.  re- 
moved 

C 

Difference  or 

Recovery 

Percent 
Recovery 

1 

72.5A               72..'»C 

1 

201 
202 
203 
205 

252 
314 
485 
338 

105 
145 
182 

108 

147 
169 
303 
230 

58% 
W% 
62% 
68% 
Ave.  60.5% 

1,700                    985 
2,100                 1,130 
3.100                 1,920 
2,100                 1.430 

1 

The  percentage  of  recovery  in  these  gage  lines  in  the  l)ottom  is 
found  to  vary  from  48%  to  67%  or  an  average  recovery  of  56.3% 
leaving  a  residual  of  43.7  percent.  Interpreting  the  stresses  on  the 
basis  of  72. 5A  all  of  these  stresses  are  low  relatively  to  the  yield  point 
of  the  steel.  The  highest  ofi  gage  line  108  is  only  33,000  lbs.  with  a  re- 
covery of  52%  while  gage  point  102  shows  48%  recovery'  with  a 
nominal  stress,  computed  in  this  manner  of,  26,000  lbs.  Steel  is 
elastic  within  the  yield  point  while  the  concrete  on  the  other  hand  is 
by  no  means  elastic  until  it  has  been  subjected  to  repeated  loading. 
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The  proper  interpretation  of  extensometer  measurements  to 
indicate  axial  steel  stress  should  be  based  on  measurements  of  re- 
cover}' after  removal  of  the  load  or  measurements  made  on  repeated 
loading  to  bring  out  the  precise  state  of  facts  as  to  the  steel  stress 
since  this  stress  is  produced  by  the  coaction  of  the  metal  and  con- 
crete. If  the  indication  of  lack  of  recovery  is  due  to  permanent  set 
or  to  an  actual  deformation  of  the  steel  instead  of  being  partly  pro- 
duced by  a  change  in  distance  between  the  points  of  the  instrument 
thru  curvature  of  the  bar  or  axial  change  in  direction  of  the  small 
reinforcing  bars  then  the  percentage  of  recovery  should  decrease 
with  a  large  increase  of  observed  deformation. 

The  readings  both  initial  and  with  respect  to  recovery  made  in 
the  upper  slab  rods  over  the  top  of  interior  column  72  are  presented 
in  Table  II. 

The  initial  deformation  times  jBg  varies  from  27,500  to  58,000  so 
that  they  are  much  higher  than  those  of  Table  I  but  the  average  re- 
covery instead  of  being  less  than  57%  is  nearly  30%  greater,  or  72.6% 
so  that  it  appears  that  the  higher  the  steel  stress  in  the  slab  tested  the 
more  perfect  the  recovery  toward  the  initial  reading  before  loading, 
a  result  wholly  at  variance  with  the  deportment  of  the  steel  bar  by 
and  of  itself  and  one  which  would  at  once  cast  doubt  on  the  assump- 
tion that  the  measurement  represents  pure  deformation  instead  of 
curvature  and  deformation  combined. 

In  Tabled  I,  II,  II  and  IV,  Columns  2,  3,  4,  and  6  are  based  on 
Mr.  Fixen's  readings.  Columns  6  give  the  values  reported  by  Mr. 
Hooker  under  the  860  lb.  load.  Column  7  is  obtained  by  multiply- 
ing values  in  Column  6  by  the  corresponding  percentage  as  shown  in 
Colimxn  5  or  by  multiplying  C  by  72.5. 

The  observations  on  gage  points  115  and  116  are  closely  duplicated 
by  119  and  111  both  as  to  intensity  of  stress  and  percentage  of  re- 
covery. Also  gage  lines  105  and  106  in  which  the  bars  are  much 
more  heavily  strained  present  a  percentage  of  recovery  materially 
higher  than  the  average  under  Table  I  in  which  the  observed  deforma- 
tions were  smalL  It  therefore  appears  that  the  more  highly  the  steel 
was  stressed  the  more  complete  the  recovery  of  the  steel  on  removal 
of  the  load  under  the  conditions  of  this  test  as  shown  by  these 
extensometer  measurements,  and  our  attention  is  therefore  directed 
to  further  investigation  of  this  phenomenon  which  indicates  material 
errors  in  the  interpretation  of  readings  in  the  published  report. 

It  is  a  reasonable  and  accepted  conclusion  that  parallel  rods  of 
the  same  size  and  placed  in  the  same  manner  and  at  the  same  dis- 


tance  from  the  neutral  plane  are  stressed  alike  and  any  experimental 
deteimination  incompatible  with  this  rational  conclusion  must  have  a 
most  substantial  foundation  before  it  can  be  accepted  by  thoughtful 
members  of  the  profession. 
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We  will  now  compare  readings  on  similarlylocated  gage  points  301, 
304  and  305  over  the  capital  of  wall  column  71.  (See  Fig.  146  Plate  2 
of  the  Report.)  These  readings  were  taken  as  indicating  pure  stress 
under  the  final  load  of  860  lbs.  per  sq.  ft.  for  gage  line  301  of  33,500 
lbs.,  for  gage  hne  304  of  48,500  lbs.,  and  for  gage  line  305  of  60.200 
lbs.,  per  sq.  in.  But  here  is  a  variation  of  approximately  100  percent 
fi-om  the  common  a.=sumption  of  design  so  that  if  this  interpreta- 
tion of  measurement  of  stress  is  correct,  and  if  it  has  any  foundation 
in  fact,  the  ordinary  rules  of  design  should  be  modified  at  once  be- 
cause these  three  l/2  inch  rods  are  parallel  rods  similarly  located  and 
there  is  no  conceivable  reason  why  the  stress  actually  sustained  by 
them  should  vary  more  than  5  to  10  percent  from  the  moan  value. 

Considering  now  the  recovery  of  these  bars  after  the  i-emoval  of 
the  load  and  reducing  the  measured  change  of  deformation  under 
rccoverj-  t,o  stress  we  find  that  301  Table  III  recovered  86  percent, 
301  recovci-ed  68  percent  and  305  recovered  60  percent,  so  that  the 
extreme  of  the  resulting  stresses  differ  from  the  mean  b>'  but  10 
I>ercent  when  the  errors  due  to  change  of  curvature,  straiglitening 
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out  kinks  or  little  bends  which  were  undoubtedly  made  in  the  bars^ 
in  the  fabrication  are  eliminated.  It  is  therefore  apparent  that  con- 
sideration of  the  change  of  deformation  under  recovery  is  a  more 
rational  inteipretation  than  one  which  may  involve  the  gross  errors 
above  noted. 

There  is  yet  another  line  of  reasoning  by  which  the  sam,e  conclu- 
sion may  be  arrived  at.  This  is  furnished  by  the  well  knoA^Ti  law 
governing  moment  magnitudes  which  shows  that  the  numerical 
sum  of  half  the  moments  over  the  supports  plus  the  moment  at  mid 
span  is  a  constant.  Consequently  if  we  have  the  readings  on  each 
of  these  bars  at  mid  span  and  over  both  supports  we  should  be  able 
to  get  a  line  on  the  probability  of  the  variation  of  100  percent  in  the 
stresses  over  the  w^U  column,  but  apparently  when  we  consider  gage 
points  105,  106,  310  and  312,  which  is  the  nearest  that  we  can  come 
to  comparing  these  readings,  we  have  a  refutation  of  this  law 
in  the  measurements  thus  interpreted,  hence  a  refutation  of  the 
vahdity  of  the  method  of  interpretation  adopted  in  the  report. 

Propert:es  of  Concrete  Ccaction  with  the  Steel.  Concrete  unlike 
steel  is  far  from  being  perfectly  elastic.  Shrinkage  stresses  are  de- 
veloped in  curing  and  when  a  floor  is  first  loaded  some  permanent 
deformation  occurs  following  the  relief  of  these  stresses,  and  a 
readjustment  between  the  relations  of  the  steel  and  concrete  in 
their  coaction  together  follows.  These  relations  are  so  complex  that 
little  efifort  has  been  made  to  investigate  them  or  their  cause  by  the 
research  department  of  our  universities.  The  intensity  and  amount 
of  the  shrinkage  stresses  depend  upon  the  plasticity  of  the  mix  of , 
concrete,  the  contour  of  the  forms,  the  rapidity  of  pouring  and 
hardening  and  how  jcon  relatively  to  the  progress  of  hardening  the 
superposed  loads  are  brought  upon  partially  cured  columns  during 
construction. 

The  Bell  Street  Warehouse  is  exceptional  in  respect  to  certain 
conditions  of  casting  and  curing.  The  concrete  was  spouted  at  a 
tempeiature  of  about  32  degrees  F.  To  facilitate  this  method  of 
deposition  it  was  mixed  with  more  water  than  is  desirable  and  it  was 
deposited  rapidly  by  this  method.  Because  of  the  low  temperature 
and  the  long  spout,  the  concrete  which  was  mixed  with  warm  water 
was  cold  by  the  time  it  was  in  place  and  appears  to  have  been  touched 
by  frost.  It  was  exceedingly  slow  in  curing  and  undoubtedly  re- 
ceived some  set  by  the  rapidly  superposed  load  of  the  upper  stories 
causing  unusual  shrinkage  stresses  about  the  cap  by  the  compression 
and  flow  of  the  partly  cured  concrete.     This  would  accentuate  the 
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condition  of  internal  stress  from  shrinkage  at  the  edge  of  the  column 
cap  where  these  stresses  are  of  necessity  greatest. 

The  concrete  at  the  bottom  of  the  slab  and  next  to  the  periphery 
of  the  column  capital  was  in  a  state  of  tension  due  to  this  ^rinkage 
and  inevitably  took  a  permanent  set  of  considerable  magnitude  un- 
der the  first  loading.  This  loading  relieved  the  shrinkage  stress  and 
produced  some  permanent  deflection  at  mid  span.  The  set  produced 
under  either  the  working  load,  or  greater  loads,  caused  a  change  in 
the  curvature  of  the  steel  above  the  edge  of  each  capital,  and  a 
relatively  large  apparent  deformation  due  to  the  bending  of  the 
rods,  which  does  not  represent  axial  stress  in  the  steel  except  in  part, 
and  this  should  be  apportioned  by  noting  the  apparent  recovery  of 
the  steel  on  removal  of  the  load.  The  curvature  of  the  slab  and  steel 
as  well,  occurring  at  this  point  is  evidently  much  sharper  than  the 
total  residual  deflection  of  the  slab  would  indicate. 

The  question  naturally  arises,  how  can  the  steel  accomodate  itself 
to  the  change  of  form  of  the  slab  without  being  strained  beyond  its 
yield  point?  It  may  be  noted  that  the  steel  is  placed  in  a  sinusoidal 
curve  which  permits  readjustment  with  the  concrete  without  elong- 
ating the  steel  as  would  of  necessity  result  were  the  steel  disposed  in 
a  catenary  curve.  That  the  steel  under  such  moderate  loads  as  those 
placed  upon  the  Bell  Street  Warehouse  is  not  in  any  wise  over- 
strained is  shown  by  the  amount  of  deflection.  Slabs  of  this  span 
and  thickness  have  been  tested  without  injury  to  as  great  a  deflec- 
tion as  one  and  one  half  inches  where  the  columns  were  not  particu- 
larly rigid,  and  with  a  recovery  of  85  percent. 

Investigation  of  Errors,  The  concrete  and  steel  both  work 
together.  When  the  concrete  takes  a  permanent  set  the  form  or 
contour  of  the  slab  is  changed  ami  the  bars  bend.  Bending  stresses 
are  readjusted  in  small  bars  under  tension  so  that  they  have  little 
effect  upon  the  ultimate  axial  resistance  of  the  bar,  providing,  of 
course,  that  the  bending  is  not  too  shaip.  That  this  is  the  fact  is 
generally  unconsciously  recognized  by  all  engaged  in  practical  con- 
struction since  bars  are  usually  bent  ♦old  through  a  large  angle 
of  curvature  and  yet  they  are  not  thought  inferior  in  resisting  tension. 

Accordingly,  small  steel  fiber  stresses  due  to  change  of  curvature 
should  not  be  considered  in  rating  the  safety  of  the  structure  nor 
should  they  be  considered  as  in  any  wise  representing  axial  stress  in 
the  bar,  which  it  is  the  object  of  the  experiments  to  deteraiine. 

Again,  it  is  known  that  any  change  in  curvature  of  the  bar  has  a 
marked  effect  on  the  extensometer  readings  other  than  and  different 
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from  the  fiber  stress  plus  the  axial  stress.  Preparation  for  exten- 
someter  readings  is  made  by  drilling  into  the  rod  with  a  small  drill  of 
about  l/20th  in.  diameter  and  burring  the  edge  of  the  hole  so  that 
the  line  of  bearing  on  the  conical  points  of  the  instrument  are  ap- 
proximately or  a  httle  more  than  l/l6th  in.  in  diameter.  Any  bend- 
ing of  the  bar,  whether  from  the  straightening  of  some  kink  or  cur- 
vature of  the  slab  causes  shifting  of  the  axis  of  the  fixed  point  rela- 
tive to  the  axis  of  the  hole.  Knowing  the  angle  of  curvature  and 
taper  of  the  conical  point  it  is  a  simple  matter  of  solution  of  a  plain 
triangle  to  determine  the  amoimt  of  this  shifting  for  the  fixed  point 
of  the  instrument.  This  is  not  true  for  the  movable  point  or  leg 
since  the  angle  of  curvature,  by  changing  the  distance  between  the 
points  on  the  outer  fiber  of  the  bar  changes  the  angle  of  the  inter- 
section of  the  axis  of  the  leg  with  the  axis  of  the  hole  and  increases 
this  shifting  of  the  point  relatively  to  the  axis  of  the  hole  much  more 
rapidly  than  the  curvature  of  the  rod  at  the  fixed  point. 

Computation  on  this  basis  will  show  a  large  error  for  a  change 
in  the  direction  of  the  tangent  of  the  bar  of  a  single  degree.  This 
error  increases  rapdily  with  the  increase  of  the  angle  so  that  large 
differences  in  readings  will  be  found  wherever  these  small  slab  rods 
have  been  sUghtljr  kinked  in  handling  and  placing  and  change  in 
curvature  has  occurred  under  test  conditions.  Evidently  when  the 
concrete  receives  a  permanent  deformation  from  the  elimination  of 
shrinkage  stresses  through  yielding  of  the  concrete  or  by  excessive 
bending,  the  bent  bars  do  not  come  back  to  their  original  curvature 
as  the  load  is  removed,  although  no  axial  set  or  'permanent  stretching 
has  taken  place  in  the  steel.  While  the  amount  of  these  corrections 
may  be  computed  if  we  assume  the  amount  or  degree  of  change  in 
curvature,  there  has  been  developed,  to  date  no  method  of  measuring 
this  change  in  curvature  accurately  nor  has  such  a  method  been 
developed  from  "a  consideration  of  elastic  and  inelastic  deflections. 

Whatever  the  apparent  deformations  in  ti|p  steel  may  be  under  a 
residual  deflection  due  ta  inelastic  deformation  of  the  concrete  after 
removal  of  any  load  that  has  not  stressed  the  steel  beyond  16,000  or 
18,000  lbs.  per  square  inch,  it  is  certain  that  the  steel  has  received 
no  permanent  axial  set  at  such  a  low  stress  as  this  atid  any  residual 
•steel  deformations  must  be  due  to  bending  which  has  occurred  dur- 
ing loading  and  not  during  recovery.  These  deformations  do  not 
indicate  residual  axial  steel  stresses.  Consequently,  the  most  accurate 
measure  available,  in  this  case,  of  the  stress  that  existed  in  the  steel 
before  the  load  was  removed  is  obtained  by  multiplying  the  modulus 


E,  by  the  amount  of  the  recoverj-  after  removal  of  the  load,  A  still 
moi-e  accurate  method,  however,  would  be  to  repeat  the  loading  of 
the  same  panels  and  observe  the  deformations  produced  thereby. 
A  pi-ocedure  which  would  avoid  the  influence  of  inelastic  defonna- 
tion  of  concrete  and  the  curvature  of  the  steel. 

In  Chapter  XII,  in  our  treatment  of  unbalanced  load,  we  have 
shown  how  the  stiffness  of  the  column  enters  into  the  operation  of 
the  slab  by  determining  the  angle  v  of  the  inclination  at  the  support. 
In  the  tests  of  the  Northwestern  Glass  Building,  Franks  Building, 
and  Larkin  Building,  the  rigidity  of  the  columns  rendered  this  angle 
small  indeed. 

In  the  Bell  Street  Warehouse,  th?  small  dimension  of  the  w^ 
column  normal  to  the  side  of  the  building  does  not  afford  the  cus- 
tomarj-  degree  of  restraint  for  such  columns.  This  matter  was 
discussed  at  some  length  with  Capt.  Powell,  who  desired  a  relatively 
thin  but  wide  column  in  order  to  economize  space  next  to  the  wall. 
The  intent  of  the  designer  was  to  support  a  bridge  on  exterior  brackets 
which  would  stiffen  the  wall  column  sidewise,  while  on  the  water 
front  Ihc  necessary  runway  would  prevent  excess  loading. 


The  bracket  is  shown  in  the  accompanying  cut  of  Photo  B  while 
Photo  A  shows  the  effort  of  Engineer  Hooker  to  regulate  artificially 
the  magnitude  of  the  angle  of  restraint  by  jacking  up  the  beam 
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resting  on  the  over-hanging  bracket.  It  is  difficult  to  suppose  that 
this  was  done  under  the  misapprehension  that  the  building  in  use 
would  require  jack  screws  and  a  post  under  each  of  these  various 
beams  shown  in  Photo  A,  to  remove  the  negative  bending  of  the  bridge 
floor  in  order  to  secure  the  safety  of  the  building  when  this  negative 
bending  enchances  and  increases  that  safety. 

The  omission  of  any  statement  of  fact  regarding  this  matter  in 
the  published  report  is  perhaps  inadvertent. 

The  Displacement  of  Steel  in  the  wall  panel  at  mid  span  in  the 
bottom  of  the  slab  was  unusually  great.  The  center  of  the  rods  at 
gage  point  105  and  106  were  1-3/4"  and  2-1/8"  above  the  bottom  of 
the  slab  instead  of  3/4"  thereby  reducing,  if  these  are  average  heights, 
the  moment  on  inertia  at  mid  span  to  70%  of  that  of  a  structure  built  as 
required  by  the  plans.  Over  the  wall  columns  the  average  vertical 
displacement  was  1.44",  reducing  the  moment  of  inertia  to  two-thirds 
of  that  which  the  vertical  position  of  the  steel  required  by  the  plans 
would  give.  While  the  ultimate  strength  of  the  floor  was  reduced 
perhaps  not  more  than  12  to  15  percent,  the  test  capacity  was,  by 
such  displacement  reduced  at  least  35  percent  for  the  elastic  coaction 
of  the  metal  and  concrete. 

The  apparent  assumption  in  the  report  that  the  vertical  displace- 
ment of  the  steel  reduced  the  test  capacity  in  proportion  to  the  re- 
duction of  the  effective  arm  of  the  steel  before  checking  of  concrete 
occurs  is  as  has  been  shown  wholly  erroneous  and  is  apparent  at  once 
from  the  fact  that  were  the  steel  placed  at  mid  depth  or  in  the  neutral 
surface  it  would  be  without  effect  in  strengthening  the. slab  until 
after  the  concrete  had  cracked  almost  in  to  the  neutral  surface  in 
bending. 

The  data  of  this  test  furnishes  the  basis  from  which  certain  im- 
portant deductions  can  be  made. 

First,  ti-ue  axial  stresses  in  reinforcing  elements  can  be  accurately 
determined  only  from  the  recovery  readings  and  not  from  the  initial 
deformations  where  there  has  been  excessive  shrinkage  stress  de- 
veloped in  curing  or  where  the  bending  under  test  has  been  sharp. 

Second,  the  magitude  of  the  common  error  in  interpreting  ex- 
tensometer  readings  is  brought  out  strongly  in  this  test  as  the  re- 
covery readings  were  carefully  recorded.  No  one  would  think  of 
converting  deformations  beyond  the  yield  point  of  a  piece  of  steel  in- 
to elastic  stress  by  multiplying  these  deformations  by  the  modulus 
JEg  of  the  steel,  yet  in  treating  reinforced  concrete  structures  it  has 
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been  common  to  attempt  to  convert  deformations  which  are  par- 
tially  inelastic  by  reason  of  the  imperfect  coaction  of  the  metal  and 
concrete  from  shrinkage  and  sharp  bending  into  elastic  stress  by  the 
very  process  that  would  be  considered  absurd  in  treating  the  steel 
element,  alone.  Thus  the  elastic  stress  in  a  bar  of  steel  stressed  be- 
yond the  yield  point  may  be  computed  with  approximate  precision 
if  the  unit  recovery  is  measured  and  this  recovery  multiplied  by  E^ 
and  the  same  is  true  of  the  combination  of  metal  and  concrete. 

Thirdy  the  criticism  based  upon  checks  in  the  concrete  is  in  fact 
a  criticism  of  the  lack  of  thoroughness  of  the  work  of  the  investi- 
gators as  inspectors  in  the  first  test  in  which  the  emplacement  of  the 
steel  was  inspected  by  them,  and  in  the  second  test,  the  responsibility 
lies,  not  with  the  designer,  but  with  the  inspectors  on  the  work. 
Where  there  is  no  inspector  on  a  job,  a  reliable  contractor  places  this 
work  in  charge  of  an  ordinary  carpenter  who  makes  it  his  business  to 
measure  the  vertical  position  of  the  steel  and  approves  it  befo^e  the 
pouring  commences.  On  the  other  hand,  where  a  force  of  inspectors 
is  employed  by  an  owner,  the  contractor  considers  himself  relieved 
of  such  responsibility  and  pays  attention  only  to  the  rapid  execution 
of  the  work.  Indifferent  inspection  by  the  owner  is  therefore,  as  a 
rule,  worse  than  none  at  all. 

Criticism  of  a  design  should  in  fairness  be  limited  to  features  in 
which  the  design  has  been  executed  precisely  according  to  the  details 
thereof.  Reinforced  concrete  details  have  rarely  been  prepared  with 
greater  completeness  and  precision  in  the  details  of  emplacement  of 
metal  than  were  the  plans  of  this  building.  Vertical  displacement 
of  steel  from  l-l/2"  to  2-1/2"  in  a  slab  as  thin  as  10-1/2"  does  not 
come  within  the  range  of  ordinary  care.  A  resulting  moment  of 
inertia,  which  determines  a  sharpness  of  bending,  less  than  half 
that  which  would  result  from  following  the  design  has  a  marked 
effect  in  causing  cracks  under  loads  which  do  not  approach  the  ulti- 
mate strength  but  are  sufficient  to  cause  permanent  change  in  the 
contour  of  the  slab,  relieving  parts  which  are  overstrained  and  per- 
mitting the  resistance  of  other  parts  to  come  into  action,  b}"  shifting 
the  resistance  to  more  rigid  portions  to  an  extent  possible  in  rein- 
forced concrete  as  it  is  in  no  other,  kind  of  structure. 

Finally,  in  considering  the  stiffness  of  the  columns  in  furnishing 
rigid  restraint  it  may  be  observed  that  this  rigidity  decreases  with 
the  cube  of  the  length  of  the  column  and  varies  as  its  moment  of 
inertia.  If  the  column  merely  rests  at  its  foot  it  furnishes  but  half 
the   restraint   present  when   thoroughly   anchored   in   the    footing 
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below.  A  column  in  a  continuous  Ifne  with  sufficient  load  brought 
upon  it  from  upper  stories  is  enormously  stiifer  than  the  column  of  a 
deck  slab  in  which  the  steel  is  forced  to  supply  the  tensile  resistance 
tmder  flexure. 

With  the  counter  moment  of  the  bridge  the  wall  column  of  the 
panels  of  the  second  test  would  be  comparable  in  stiffness  to  an 
average  wall  panel,  but  with  this  restraint  removed  by  energetic 
jacking  the  wall  column  did  not  present  such  rigidity. 

Under  the  emergency  of  the  recent  war  conditions  it  is  said  that 
these  floors  were  loaded  to  more  than  their  full  working  load  over 
large  areas  and  that  under  such  loads,  as  should  be  expected  from  the 
foregoing  analysis  no  indication  of  over-straiti  was  observed,  and 
unquestionably  the  axial  stresses  in  the  reinforcing  elements  did 
not  exceed  by  n?ore  than  15  percent  those  figured  upoil  notwith- 
standing inexcusable  displacements  of  the  metal  which  limits  the 
overload  capacity,  without  checking  the  concrete,  to  a  much  lower 
amount  than  it  would  have  been  had  the  steel  been  properly  placed. 

13.  Summary.  Uniformly  reinforced  concrete  beams  loaded  at 
the  one-third  points  store  some  60  percent  or  more  of  the  total  energy 
of  flexure  in  the  steel  reinforcement  alone,  and  only  about  half  as  much 
in  longitudinal  compression  in  the  concrete. 

Continuous  uniformly  loaded  column  supported  flat  slab  floors 
with  mat  reinforcement,  store  only  about  12.5  percent  of  the  total 
energy  of  flexure  in  the  slab  steel.  Since  this  is  only  about  one-fifth 
of  the  amount  stored  in  beams,  it  evidently  is  impossible  to  compute 
slabs  by  beam  theory. 

The  accuracy  or  inaccuracy  of  the  elastic  theorj'  of  reinforced 
concrete  is  not  a  matter  of  opinion  but  one  capable  of  demonstration 
by  the  elastic  behavior  of  the  floors  in  accord  with  that  theory  and 
by  the  agreement  of  the  measured  stresses  with  those  computed  by 
theor>'  when  all  elements  entering  into  the  phenomena  are  given  due 
consideration.  Experimental  measurements  will  diverge  from  com- 
puted values  unless  proper  allowance  is  made  for  subsidiary  as  well 
as  predominant  phenomena  of  flexure.  As  the  elastic  theory  is 
based  on  the  assumption  that  the  direct  tensile  strength  of  concrete 
plays  but  a  negligible  part  in  resistance  to  transverse  bending, 
measured  steel  stresses  which  are  above  4000  to  5000  pounds  per  square 
inch  indicate  the  accuracy  of  this  assumption  when  due  weight  and 
consideration  are  given  to  the  subsidiar>'  phenomena  presented  by 
every  test. 
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To  reduce  measured  deformation  to  stress  the  rjBCovery  determina- 
tion should  be  multiplied  by  the  modulus  of  elasticity  of  steel  for  the 
same  reason  that  it  is  necessary  to  do  this  very  thing  in  the  case  of  steel 
if  we  are  to  determine  the  elastic  stress  where  the  strain  has  exceeded 
the  yield  point  value  of  the  material.  Because  of  induced  shrinkage 
stresses  the  coaction  of  the  concrete  and  metal  is  not  elastic  except 
for  a  limited  angular  deformation  when  the  loads  are  first  applied, 
and  the  measurement  of  the  recovery  on  removal  of  the  load  is  the 
one  to  be  given  the  greatest  weight  in  a  scientific  test. 

Unless  properly  interpreted,  extensometer  measurements  not  only 
fail  to  clarify  but  add  to  present-day  confusion  and  mystification  re- 
garding the  mode  of  operation  of  concrete  slab  floors. 

The  calibration  of  an  extensometer  for  curvature  of  the  bar  so 
that  curvature  and  fiber  stress  may  be  properly  apportioned  is  ex- 
ceedingly difficult  mathematically,  but  comparatively  simple  ex- 
perimentally. Fix  two  points  of  the  rod  on  a  plank  two  to  three  feet 
apart  dependent  on  the  size  of  the  rod  and  arrange  a  micrometer  screw 
operating  normal  to  the  center  of  the  line  joining  the  two  points. 
Place  a  square  bar  spanning  the  supporting  points  and  apply  the 
central  screw.  Clamp  the  bar  in  its, curved  position,  compute  the 
fiber  stress  and  compare  the  difference  of  extensometer  readings 
between  the  condition  of  the  bar  straight  and  the  bar  curved,  and 
the  correction  for  curvature  for  that  degree  of  bending  will  be  the 
difference  determined. 

This  correction  will  vary  widely  for  different  sized  bars  and  for 
different  kinds  of  instruments  with  different  lengths  of  leg,  all  of 
which  requires  investigation  for  dependable  results  in  any  test  that 
is  relatively  severe  or  where  the  member  is  one  in  which  relief  of 
shrinkage  strains  may  occur  under  initial  load. 

In  the  column  supported  flat  plate  scientifically  designed,  be- 
cause the  shearing  resistances  play  a  far  more  important  part  than 
in  the  operation  of  beam  structures,  the  deflection  curves  approach 
more  nearly  a  straight  line,  again  confirming  the  difference  in  mode 
of  operation  of  such  a  floor  plate  from  that  of  ordinary  beam  action. 
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CHAPTER  XIV 
FOUNDATIONS 

1.  Bearing  Value  of  Soil.  In  a  building  the  floor  loads  are 
carried  to  the  columns, or  to  the  walls  in  case  bearing  walls  are  used, 
and  the  weight  is  concentrated  on  small  areas  of  ground  at  the  foot- 
ings of  the  columns  and  walls.  Evidently  if  we  are  to  avoid  settle- 
ment the  weight  must  be  distributed  over  a  sufficient  area.  The 
following  are  suggestions  for  safe  loading  for  foundations  where 
the  material  can  be  clearly  defined. 

Ordinary  ledge  rock,  such  as  good  shale,  limestone  and  the  like, 
twenty  to  thirty  tons  per  square  foot.  Granite,  trap  where  the  ledge 
is  not  shattered,  fifty  to  seventy  tons  per  square  foot.  Hard  pan, 
seven  tons  per  square  foot.  Gravel,  five  tons.  Clean,  coarse  sand, 
four  tons.  Fine  sand,  with  a  little  clay,  three  to  three  and  one-half 
tons.  Hard  clay,  three  tons.  Clay,  such  as  is  to  be  found  in  Regina, 
which  is  rather  soft,  not  over  one  and  one-half  tons.  Blue  clay 
of  Winnipeg,^wo  to  two  and  one-half  tons. 

In  each  case,  however,  it  is  well  for  the  engineer  to  look  into  the 
conditions  carefully  unless  thoroly  conversant  with  the  locality. 
His  judgment  as  to  the  bearing  power  of  the  soil  should  be  checked, 
if  doing  business  in  a  strange  city,  by  a  careful  examination  of  the 
buildings  resting  on  similar  foundation  and  general  inquiry  among 
experienced  members  of  his  profession.  This  caution  may  prove 
of  value  to  the  engineer  doing  business  over  an  extended  area, 
particularly  if  he  is  acting  in  a  consulting  capacity  for  a  contracting 
firm  assuming  responsibility  for  the  design.  ^ 

In  cases  where  there  is  filled  ground,  marsh,  quick-sand  and 
the  like  it  is  frequently  necessary  to  use  a  pile  foundation  or  distribute 
the  weight  over  the  entire  area.  In  general  in  reinforced  concrete 
construction,  it  is  economical  to  use  a  comparatively  thin  footing 
and  thoroly  reinforce  it  and  make  the  concrete  a  rich  mix. 

2.  Column  Footings  and  Method  of  Figuring.  Fig.  149  shows 
a  form  of  footing  which  seems  somewhat  objectionable  for  the  reason 
that  as  usually  placed  the  concrete  is  worked  rather  dry  in  order  to 
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make  the  -slope  without  top  fonna,  and  the  contractor  does  not 
ordinarily  get  it  in  place  so  that  it  can  be  depended  upon  with 
certainty. 

A  preferable  form  is  shown  in  Fig.  149,  in  which  the  footing  is 


He.  14H 

made  in  two  layers.  The  bottom  layer  is  cast  with  the  rod;;  at  the 
bottom,  then  the  column  assembled  and  the  top  layer  cast  with  the 
column.     Its  advantage  from  a  practical  standpoint  is  first,  that 


^.Ja^J 


the  upper  layer  of  roils  assists  the  footing  in  resistinjt  the  shearing 
strain  of  the  column  which  tends  to  punch  thru  the  footing  and  .second- 
ly it  also  ais.«iHts  in  distributing  the  load  out  over  the  lower  plate.  The 
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bottom  plate  being  cast  with  a  wet  mix  we  can  depend  with  certainty 
on  the  bond  between  the  steel  and  the  concrete  by  the  shrinkage 
of  the  wet  mixture  as  we  could  not  in  the  footing  first  mentioned. 

In  computing  the  lower  plate,  the  cross  sectional  area  of  the  steel 
should  be  such  as  to  provide  for  a  bending  moment  of  the  upward 
pressure  on  the  under  side  of  the  plate  distributed  imiformly  over 
it  with  the  column  as  the  point  of  support. 

The  arm  of  the  total  pressure  either  side  of  the  center  may  be 
taken  roughly  as  five-eighths  of  the  half  diameter  of  the  footing,  hence 
the  actual  bending  moment  is  5/l6  Wb.*  The  metal  acting  as  a 
fiat  plate  would  be  as  we  have  shown  for  the  square  panel  twice  as 
efiicient  as  single  way  reinforcement  and  as  the  sectional  area  of 
each  bar  cOmes  into  play  on  each  side  of  the  center  of  the  footing 
we  can  use  four  times  the  area  of  all  rods  crossing  the  footing  times 
.85  of  the  total  thickness  of  the  two  layers  times  the  working  stress 
on  the  steel  as  the  resisting  moment. 

The  amount  of  steel  placed  in  the  top  layer  is  more  a  matter  of 
practice  than  that  of  exact  computation.  The  rods  are  generally 
made  the  same  size  as  those  used  in  the  lower  layer  and  no  time 
is  wasted  in  computing  the  stresses  thereon.  It  is  preferable  to 
take  long  rods  and  bend  them  hair-pin  style  for  the  footings  rather 
than  to  use  short  rods. 

There  is  a  further  advantage  in  ordering  the  rods  this  way,  that 
in  case  the  steel  for  the  footings  is  delayed,  stock  steel  can  be  used 
while  the  steel  ordered  for  footings  may  be  used  elsewhere  in  the 
building  later. 

3.  Pile  Foundations.  Where  piles  if  used  will  be  continually 
wet  and  there  is  no  possibility  of  changing  conditions  from  that 
to  alternate  drying  out  and  wetting,  there  is  no  type  of  reinforced 
concrete  pile  that  can  compete  with  timber  piles.  However,  where 
the  piles  are  liable  to  be  above  the  permanent  water  line  or  it  becomes 
necessary  to  excavate  thereto,  then  and  there  concrete  piles  become 
an  economic  method  of  building  up  the  foundation. 

Practical  concrete  piles  may  be  divided  into  two  classes,  one, 
those  which  are  made  up  first  and  driven  afterwards,  and  second, 
those  in  which  a  core  or  form  is  used  and  the  hole  filled  in  with 
concrete  reinforced  or  otherwise. 

4.  Driven  Piles.  Hennebique  was  one  of  the  first  to  use  rein- 
forced concrete  piles  that  were  made  up  separately  and  then  driven. 

*In  this  notation  b  is  the  breadth  or  diameter  of  footing. 


In  design  they  were  similar  to  his  columns  which  have  been  pre- 
viously illustrated,  witli  longitudinal  reinforcement  coupled  with 
either  of  several  arrangements  of  lateral  ties. 

Consid^re  in  his  pile  design,  shown  in  the  accompanying  Fig.  150, 
commonly  made  use  of  spirals  for  lateral  reinforcement  in  place  of 
Hennebique's  ties.  His  fonii  of  piles  is  used  to  a  large  extent  on 
the  continent  and  is  similar  as  regards  the  point  at  its  lower  extremity 
to  Hennebique's. 

In  driving,  it  is  customary  to  use  a  water  jet  for  loosening  up  the 
sand  or  earth  at  the  bottom  and  rap  or  jar  the  pile  into  place  with  a 


hammer.  A  steam  hammer  should  be  used  in  driving  concrete  piles 
rather  than  a  drop  hammer,  since  with  the  heavy  ram  and  short 
stroke  of  the  steam  hammer  there  is  less  shock. 

5.  Piles  Cast  in  Place.  Coming  under  the  second  class  are 
the  Raymond  and  Simplex  piles. 

The  Raymond  piles  arc  made  tapering  to  secure  greater  resis- 
tance against  settling.  The  manner  of  constructing  Raymond 
concrete  piie.s  is  as  follows:  A  steel  pile-core  the  size  and  shape  of 
pile  desired  is  encased  in  a  thin,  closely  fitting  shell.     The  core  and 


shell  are  then  driven  into  tlic  ground  by  means  of  a  pile-driver  in 
the  usual  manner.  By  a  sini^.e  and  ingenious  device  the  core  is 
collapsed  or  shrunken  slightly,  su  that  it  loses  contact  with  the  shell, 
and  is  easily  withdrawn,  leaving  in  the  ground  a  clean,  perfectly 
formed  hollow  tube  of  tlit;  siite  and  depth  required,  which  has  only 
to  be  filled  in  with  the  best  Portland  cement  concrete  to  complete 
the  pile.  ^ 

Fig.  151, shows  the  Uaynnmd  pile  expanded  ready  to  be  driven. 


Fie.  131.     tUymond  Pile  Con. 
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Fig.  152,  shows  the  core  in  the  leaders  with  the  shell  chi  the  ri^ht. 


FIc.  lai.    Pile  Con  CoUlpHd  or  FHirunkro.  >ind  pirtly  irilbdnwil  llom  tb«  ^D. 

The  core  is  expanded  when  driven  and  collapsed  to  be  withdrawn 
from  the  shell. 

The  relative  merits  of  the  various  kinds  of  piles  would  apparently 
depend  on  outside  conditions.  A  pile  like  the  R&jinond  pile  should 
be  most  suitable  for  a  clay  soil  where  the  consistency  or  cohesiveness 
of  the  clay  is  such  that  the  pile  core  can  be  driven  and  the  shell 
omitted. 
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Raymond  piles  are  made  of  various  lengths,  tapering  generally 
from  20"  at  the  top  to  6"  at  the  bottom,  making  a  symmetrical  eone 
affording  by  friction  material  resistance  to  soil  penetration. 

For  the  Simplex  pile  a  casing  is  first  driven,  and  then  as  the  casing 
is  pulled  up,  concrete  is  deposited  and  rammed  in  place,  forcing  it 
out  to  a  somewhat  greater  diameter  than  the  shell  that  has  I>een 
driven. 

Figs.  153  and  154,  show  the  make-up  of  the  Simplex  pile.  With 
the  steel  casing  is  driven  a  point,  either  of  steel  or  concrete.-  and 
afterward-s  the  shell  is  gradually  withdrawn  and  the  hole  filled  with 
concrete  as  the  shell  is  pulled  up. 


For  use  in  earth  that  is  reasonably  firm  in  its  texture  and  free 
from  water,  the  preparatory  removable  pile,  (see  Fig.  154)  is  used. 
This  pile  form  consists  of  a  length  of  extra  heavy  wrought  iron  pipe, 
fitted  with  a  suitable  <lriving  head  of  oak,  and  a  conical  steel  point 
of  a  somewhat  larger  diameter  than  the  pipe,  and  fitted  with  an 
automatic  air  valve.  This  preparatory  tube  is  driven  into  the  groun<l 
to  the  required  depth,  and  then  withdrawn  without  difficulty,  and 
the  hole  so  produced  is  filled  with  well  rammed  concrete.  This 
form  of  pile  can  be  constructed  of  any  desired  length,  as  the  pre- 
paratory tube  can  be  driven  and  removed  with  but  a  fraction  of 
the  force  required  in  the  planting  or  removal  of  the  ordinary  pile. 
It  can  also  be  driven  thru  ground  of  a  density  quite  impenetrable 
by  any  wooden  pile  and  to  almost  any  desired  depth,  as  there  is 
comparatively  small  increase  in  frictional  resistance,  as  the  depth 
increases,  either  in  driving  or  withdrawing  the  tube. 


The  ramming  process  forces  the  larger  pieces  of  the  aggregate 
into  the  sMes  of  the  hole,  materially  adding  to  the  frictional  hold 
of  the  pile  on  all  parts  of  ita  surface. 

Where  the  earth  is  soft,  marshy,  or  where  quicksand  or  water 
as  encountered,  a  detachable  "point"  of  concrete,  (see  Fig.  155)  is 
substituted  for  the  fixed  one  of  steel.  This  concrete  point  is  driven 
to  the  required  depth,  and  as  the  pipe  is  being  lifted  off,  concrete 
is  grjidually  filled  in  and  rammed  home  thru  the  pipe,  care  being 
taken  that  a  head  of  the  concrete  be  maintained  inside  of  the  pipe 
while  it  is  being  thus  gradually  withdrawn.  By  this  system  all 
water  is  <lisplaced  and  the  po.ssibiiity  of  the  sides  of  the  aperture 
•closing  in  is  entirely  removed. 


Corrugated  piles  have  Ijceii  patented  by  Frank  B,  Gilbreth. 
One  of  the  claims  advanred  in  fbeir  favor  is  that  the  corrugations 
assist  in  jetting  the  piles  into  place. 
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Fig.  156  shows  a  driver  handling  one  of  the  corrugated  piles. 


Fi|.  lae.     Dtivinc  ComicmUd  Concnte  Pileg. 

Fig  157  shows  the  cushion  cap  used  in  driving  the  pile. 


♦   ...... 


FU.  1S7.     Cushion  C»p  ur 
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Concrete  piles  havit  this  advantage  over  wood  piles;  they  do 
not  decay,  are  not  subject  to  destruction  by  insects  and  furnish 
a  durable  foundation  regardless  of  soil  conditions;  they  can  be  used 
in  dry  filled  ground  as  well  as  in  wet  soil,  which  may  dr>'  out  and 
cause  wood  piles  to  decay. 

A  pile  foundation  generally  tends  to  prevent  settlement  by  the 
packing  and  settling  of  the  soil  in  the  vicinity  of  the  pile,  fi-equently 
rendering  the  bearing  value  of  the  soil  around  the  piles  materially 
greater.     See  Fig.  158. 


Til.  lOS.    A  Tnnah  Filled  wilb  Caaont«  PilM. 


Fig.  159,  gives  a,  fair  idea  as  to  the  advantage  of  a  reinforced  con- 
crete pile  foundation  over  the  wood  pile  which  must  In:  cut  off  in 
the  vicinity  of  the  low  water. 


Fig.  ISe.     Showing  ttw  idvanlage  of  oonfrete  over 

6.  Safe  Bearing  Loads  for  Piles.  Two  cases  are  to  be  dis- 
tinguished; that  of  piles,  the  lower  end  of  which  rests  upon  a  hard 
strata  and  that  of  the  ordinary  pile  which  is  supported  largely  by 
skin  friction  of  the  material  into  which  it  is  driven.  The  capacity 
of  the  former  is  determined  by  the  strength  of  the  pile  as  a  column 
thru  the  upper  or  soft  strata  while  the  bearing  power  of  the  latter 
is  some  function  of  the  penetration  under  a  given  drop  of  a  ram  of 
a  given  weight. 
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Many  formulas  have  been  proposed,  but  the  only  formulas  in 

anything  like  general  use  are  known  as  the  Engineering  News 

Formulas.    They  are: 

2Wh 
For  a  pile  driven  with  a  drop  hammer  P  = 

^  S+1 

2Wh 

For  a  pile  driven  with  a  steam  hammer  P  = 

S+O.l 

to  which  P  is  the  Safe  load  in  pounds,  W  the  weight  of  the  hanmier 
in  pounds,  h  the  fall  of  the  hammer  in  feet,  and  S  the  penetration 
or  sinking  in  inches  under  the  last  blow,  assumed  to  be  at  an  approx- 
imately uniform  rate.  They  are  deduced  for  wood  piles;  but  are 
the  best  there  are  for  concrete  piles. 

Morsch  gives  the  Brix  formula  as  usually  employed  on  the 
Continent: 

hOf'g 

^    2e(Q+gf 

wherein  h  is  the  fall  of  the  hammer;  ^ 

Q  the  weight  of  the  hammer; 
g  the  w^eight  of  the  pile;  ^ 

e  the  penetration  of  the  pile  under  the  last  blow; 
p  is  double  the  safe  allowable  load  for  the  pile. 

The  quantity  e  will  haturally  be  the  averafge  of  the  last  few  blows. 
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CHAPTER  XV 

ELEMENTS  OF  ECONOMIC  CONSTRUCTION  AND  COST  OF 

REINFORCED  CONCRETE  WORK 

1.  Introductory.  Reinforced  concrete  construction  of  buildings 
presents  problems  which  from  an  economical  standpoint  are  so  com- 
plicated that  they  cannot  well  be  investigated  as  questions  of  max- 
ima and  minima  by  means  of  equations  which  show  the  cost  of  the 
several  variable  items  and  determine  their  proper  relation  by  mathe- 
matical treatment.  For  this  reason  it  is  necessary  to  pursue  the 
investigation  along  simpler  lines,  by  taking  up  questions  of  general 
arrangement,  column  spacing,  spacing  of  beams,  choice  of  type  of 
reinforcement,  cost  of  centering  for  each  kind,  cost  of  aggregate,  etc. 

2.  Column  Spacing.  Eighteen  feet  center  to  center  of  columns 
in  each  direction  usually  costs  less  than  for  shorter  spans  while  the 
increase  in  cost  with  increase  of  column  spacing  up  to  twenty  feet 
is  very  little,  if  the  loads  are  heavy,  and  the  building  high.  In  whole- 
sale hardware  buildings,  the  customar>'  requirement  is  that  of  lines 
of  shelving  and  boxing  about  twelve  feet  centers.  For  such  a  build- 
ing, diagonal  spacing  of  columns  with  flat  slab  construction,  making 
the  columns  about  seventeen  feet  between  centers,  will  provide 
the  desired  spacing  in  a  multiple  of  twelve  feet  for  the  boxing  and 
shelving,  i.  e.  twenty-four  feet  in  directions  parallel  to  the  sides  of 
the  building. 

3.  Floors.  In  treating  the  strength  of  floors  by  comparison 
on  the  principle  of  proportion  it  has  been  noted  that  the  coefficient 
of  bending  with  continuous  flat  slab  type  is  smaller  than  the  corres- 
ponding coeflficient  for  beam  construction.  This  advantage  is  off- 
set for  light  loads  by  the  disadvantage  of  the  smallness  of  depth 
which  is  a  factor  in  the  moment  of  resistance.  Further,  stiffness 
varies  as  the  square  of  the  depth,  but  the  coefficient  for  deflection 
is  smaller  than  for  simple  beams.  Hence  it  is  evident  that  for  stiff- 
ness under  light  loads,  lower  percentages  of  steel  are  requisite  than 
in  the  beam  t>T)e  of  construction.  Where  the  loads  are  heavy  the 
continuous  flat  slab  type  becomes  more  and  more  economical  com- 
pared with  other  types  of  floor  as  the  depth  of  slab  increases  by  reason 
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of  the  relatively  small  coefficient  of  bending.  A  little  computation 
as  to  the  cost  of  concrete  and  steel  shows  that  considerable  variation 
from  the  exact  economical  proportions  of  the  two  materials  for  a 
given  strength  will  make  comparatively  little  difference  in  the  ulti- 
mate cost,  whereas  in  the  flat  slab  types  using  a  smaller  amount  of 
steel  and  more  concrete  does  make  a  large  increase  in  the  stiffness. 

Flat  slab  types  have  the  advantage  of  simpler  centering  and  lower 
cost  of  placing  the  steel,  but  aside  from  that  they  possess  little 
advantage  over  the  two-way  beam  system  for  light  loads,  tho  requir- 
ing less  material  both  of  concrete  and  steel  for  heavy  loads  and  mod- 
erate spans  up  to  twenty-five  or  thirty  feet,  and  they  compare 
favorably  for  greater  spans  where  the  loads  exceed  five  hundred 
pounds  per  square  foot. 

Slabs  reinforced  in  one  direction,  being  supported  on  two  sides 
only,  are  at  a  disadvantage,  since  the  coefficient  of  bending  is  three 
times  as  high  with  one-way  reinforcement,  as  it  is  for  the  slab  rein- 
forced in  two  ways  and  supported  on  four  sides. 

In  comparing  Types  III  and  IV,  it  should  be  observed  that 
if  the  beams  of  Type  III  are  of  twice  the  thickness  of  the  slab  of 
Type  IV,  the  same  weight  of  reinforcement  is  required  in  the  beams 
of  Type  III  that  is  required  in  the  whole  floor  of  Type  IV. 

Usual  proportions  would  be  a  depth  of  beam  equal  to  three  times 
the  thickness  of  the  slab  of  Type  IV  requiring  two  thirds  the  steel 
for  the  beams. 

The  apparent  moment  to  be  resisted  in  the  slab  supported  on 
four  sides  Type  III  is  but  two  thirds  that  to  be  borne  by  slab  of  Type 
IV.  Hence  a  slab  may  be  used  of  less  thickness  than  with  T>'pe 
IV  tending  to  equalize  the  concrete  quantities  and  leaving  the  dif- 
ference in  cost  of  forms  and  steel  to  be  considered. 

Type  II  is  frequently  made  of  a  combination  of  hollow  tiles  and 
thin  reinforced  concrete  beams  between  the  hollow  tiles,  in  order  to 
secure  economic  depth  and  reduced  weight  for  long  spans,  with 
decreased  deflection  under  load.  Where  this  type  is  used,  the 
cost  of  centering  is  kept  down  to  a  figure  approaching  that  of  the 
flat  slab  types  but  extra  care  is  required  in  placing  the  steel  and  the 
labor  of  putting  tile  in  position  and  the  cost  of  the  tile  is  added. 
Where  tile  is  low  in  cost  and  concrete  material  is  high  in  cost,  tile 
and  concrete  for  a  light  building  may  be  more  economical.  On 
the  other  hand,  the  risk  of  erection  is  greater  with  this  type  on  ac- 
count of  the  brittleness  of  tile  and  the  character  of  failure  of  one 
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way  reinforced  slabs  as  pointed  out  in  the  discussion  of  beams. 
For  heavy  loads,  however,  this  type  cannot  compete  with  the  natural 
concrete  types,  III  and  IV. 

4.  Centering.  As  we  have  noted,  centering  is  one  of  the 
important  considerations  since  the  cost  of  centering  runs  to  twenty- 
five  to  thirty-five  percent  of  the  total  cost  of  the  ordinary  floor. 

In  the  selection  of  the  type  of  floor  to  be  used,  the  cost  of  center- 
ing is  so  large  an  item  that  it  should  be  given  careful  consideration 
in  any  approximate  solution  of  an  economic  design. 

Where  the  spans  are  long  and  the  loads  are  light  and  the  cost  of 
concrete  materials,  stone,  gravel  and  cement  are  very  high,  flat 
slab  types  cannot  compete  \\ith  the  beam  type.  T>'pe  III  as  a 
beam  and  slab  type  is  more  economical  than  other  beam  types  for 
heavy  loads  and  panels  of  sixteen  to  eighteen  feet.  Where  the 
columns  are  equally  spaced,  the  economy  is  greatest.  Where  the 
spacing  is  such  that  the  panels  are  rectangular  and  one  side  is  less 
than  six-tenths  of  the  longer  side,  its  economy  disappears  and  it 
is  preferable  to  use  an  intermediate  beam,  thus  dividing  the  slab 
into  panels  more  nearly  square. 

For  joist  and  girder  construction  surmounted  by  light  slabs,  the 
spacing  of  the  ribs  is  governed  by  the  character  of  the  centering 
used.  If  the  centering  is  arranged  ii}  panels  so  that  it  is  easily 
handled  as  such,  six  to  ten  foot  spacing  of  beam  joists  works  out 
very  economically.  Considerable  increase,  however  in  the  cost  of 
centering  is  brought  about  by  the  additional  framing  of  the  joists 
to  the  main  beams  or  girders. 

No  exact  rule  can  be  given  covering  all  cases,  as  the  conditions 
of  the  problem,  such  as  size  of  the  building,  manner  in  which  it 
divides  up  for  the  purposes  intended,  etc.,  fix  so  many  of  the  condi- 
tions that  any  rule  disregarding  these  conditions  might  readily  be 
misleading.  The  number  of  stories  figures  largely  in  the  cost  of 
centering.  The  cost  of  framing  beam  boxes  as  a  rule  must  be 
figured  for  three  stories.  Additional  stories,  if  the  framing  is  worked 
out  so  that  the  same  boxes  can  be  used  over  and  over  again  reduces 
the  cost  per  foot  greatly  and  these  are  conditions  which  must  be 
taken  into  consideration  in  any  practical  comparison  of  different 
types. 

5*  Columns.  The  hooped  column  is  the  safest  type  to  erect 
and  where  the  loads  are  at  all  heavy  the  most  economical  type  to 
adopt.    The  economy  of  the  reinforcement  depends  largely  upon  the 
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adoption  of  the  proper  proportion  of  hooping  and  vertical  steel. 
The  hooping  adds  to  the  toughness  of  the  column  and  to  its  ultimate 
strength  but  does  not  raise  the  point  where  the  column  shell  com- 
mences to  scale  and  chip  unless  the  hooping  be  combined  with  the  pro- 
per proportion  of  vertical  steel.  When  this  has  been  done,  very  high 
values  indeed  can  be  safely  developed.  The  carrying  capacity, 
however,  of  the  coliunn  is  secured  at  a  minimum  cost  by  concrete 
rather  than  by  reinforcement.  Still  a  certain  amount  of  steel  is 
necessary  to  secure  toughness  and  resist  flexure.  Again,  considera- 
tion of  the  value  of  floor  space  frequently  limits  the  size  of  the  column 
which  the  architect  or  owner  is  willing  the  designer  should  emplo3^ 

As  to  what  may  be  done  with  the  reinforced  concrete  column, 
Turner  has  used  a  twenty-seven  inch  core,  heavily  banded  and  re- 
inforced vertically,  for  working  loads  from  eleven  to  twelve  hundred 
tons.  This  pressure  being  a  little  over  4000  pounds  per  square  inch 
of  core  area.  The  development  of  such  high  working  values  by  heavy 
reinforcement,  tho  unobjectionable  from  the  standpoint  of  safety 
and  desirable  from  the  standpoint  of  occupying  small  floor  space 
is  not  economical  from  the  standpoint  of  first  cost  of  providing  a 
post  of  proper  capacity  for  a  given  load.  A  rich  concrete  is  more 
economical  than  a  lean  mixture,  and  where  the  loads  are  heavy  a 
1  :  li  :3  mixture  is  recommended  in  place  of  the  usual  1:2:4 
employed  under  ordinary  conditions. 

6.  Bearing  Walls  or  Full  Concrete  Skeleton.  A  very  im- 
portant question  in  economic  design  is  the  question  as  to  whether 
bearing  walls  are  to  be  preferred  to  a  full  concrete  skeleton. 

For  such  a  low  building  as  four  to  five  stories,  bearing  walls  are 
generally  cheaper  than  a  full  concrete  skeleton.  For  buildings 
higher  than  five  stories  a  full  concrete  skeleton  with  curtain  walls 
costs  less  than  heavy  bearing  walls. 

In  putting  up  a  concrete  skeleton,  the  additional  cost  involved 
in  making  provision  for  two  or  three  additional  stories  is  generally 
so  small  that  it  is  advisable  for  the  owner  to  make  this  provision 
if  there  is  a  reasonable  probability  that  he  may  use  the  additional 
floor  space  in  the  future  and  the  value  of  the  real  estate  warrants 
such  investment. 

7.  Concrete,  or  Brick  Exterior  Walls.  In  some  cases  where 
the  concrete  aggregate  is  cheap  and  union  brick  layers'  wages  are 
high  it  is  better  to  use  a  concrete  exterior  wall.  Generally,  However, 
exterior  walls  may  be  constructed  much  more  cheaply  of  brick,  or 
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of  some  material  that  can  be  laid  up  without  the  necessity  of  using 
forms,  since  the  forms  for  exterior  wall  construction  run  into  money 
quite  rapidly. 

8.  Rich  Mixture.  Economic  construction  in  reinforced  concrete 
requires  a  rich  mixture.  This  is  a  necessity,  first,  from  the  stand- 
point of  certainty  of  computation,  second  from  the  standpoint  of 
quick  hardening  which  enables  the  early  removal  of  the  forms  \vith 
economy  incident  to  repeated  use  of  the  same  form  lumber,  and 
from  the  standpoint  of  economy  due  to  the  fact  that  we  can  use  less 
material  of  good  quality  which  we  can  absolutely  depend  upon  than 
we  can  of  material  of  an  inferior  quality  and  imcertain  character 
which  is  liable  to  be  discredited  by  reason  of  its  slow  hardening 
through  the  lack  of  necessary  amount  of  cement.  Further,  where 
the  material  used  has  been  of  good  quality  the  construction  can  be 
increased  in  strength  to  any  desired  degree  by  the  addition  of  more 
good  concrete  tho  the  strength  so  secured  will  not  be  at  so  low  a 
cost  as  if  the  original  design  was  for  heavier  construction. 

9.  Economy  in  Selecting  Aggregate.  Good  bank  gravel  when 
obtainable  makes  an  excellent  aggregate.  Its  adaptability  for  the 
purpose  should  be  determined  by  screening  out  the  sand  and  pebbles 
which  are  under  |  inch  diameter  and  comparing  the  volume  of  sand 
with  the  volume  of  coarse  aggregate.  If  these  proportions  depart 
from  those  desired,  that  is,  one  cement,  two  sand,  and  four  of  the 
coarse  aggregate,  then  the  cement  content  must  be  increased  to  make 
the  mortar  of  the  proper  proportion,  or  else  crushed  stone  must  be 
added  to  the  mixture. 

Where  the  expense  of  securing  crushed  stone  is  high  and  the  cost 
of  cement  is  low,  the  addition  of  more  cement  to  keep  the  mortar 
a  true  1  : 2  mix  is  cheaper  than  the  addition  of  stone,  and  in  a  way 
preferable,  because  with  the  excess  of  mortar  there  is  less  liability 
of  voids  and  poor  work.  Sometimes  crushed  stone  and  gravel  is 
not  available  and  a  good  hard  furnace  or  smelter  slag  may  be  secured. 
Slag  should  be  examined  for  chemical  impurities  which  might  injure 
the  cement  and  for  hardness  which  determines  its  fitness  as  a  good 
aggregate. 

10.  Cinders.  Cinders  are  sometimes  used  as  an  aggregate 
for  concrete.  Cinder  from  the  soft  Iowa  coal  is  generally  very 
injurious  to  the  cement.  In  fact  it  may  be  stated  as  a  general  rule 
that  the  only  cinder  fit  to  make  a  permanent  concrete  is  that 
which  is  a  hard  or  more  or  less  vitrified  clinker  such  as  generally 
results  from  burning  soft  coal  with  a  mechanical  stoker.     Too  great 
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care  cannot  be  exercised  in  this  respect  as  upon  the  character  of  the 
aggregate  and  its  freedom  from  sulphur  or  other  injurious  chemical 
elements  which  would  damage  the  cement,  depends  the  permanence 
and  integrity  of  the  work. 

In  general  a  clinker  concrete  should  not  be  used  where  a  high  de- 
gree of  strength  is  required.  It  is  desirable  to  use  it  for  such  work  as 
roof  work  where  the  spans  ai-e  short  and  it  is  desired  to  nail  a  tile 
or  slate  cover  to  the  concrete  roof  slab.  For  such  purposes  the 
concrete  should  not  be  mixed  too  rich,  otherwise  it  will  be  difficult 
to  nail  into  it. 

11.  Adaptability.  Reinforced  concrete  is  not  adapted  for  long 
spans  and  light  loads.  For  instance,  in  a  span  of  fifty  or  sixty 
feet  in  a  shop  or  factory  building  having  only  a  light  roof  load, 
reinforced  concrete  is  not  an  economical  material  to  use.  Struc- 
tural steel  costs  far  less  and  is  generally  employed.  For  bridges  of 
long  spans  and  light  loads  reinforced  concrete  is  not  economical  in 
first  cost.  Where  the  loads  are  heavy,  as  for  a  city  bridge,  and  the 
grade  such  that  there  is  opportunity  for  ample  rise,  a  reinforced 
concrete*  arch  may  be  built  at  a  cost  not  greatly  exceeding  that  of  a 
good  stmctural  steel  bridge  and  when  the  maintenance  charges 
are  considered  the  concrete  will  be  the  least  expensive. 

For  office  buildings  and  ordinary  business  blocks  reinforced 
concrete  will  in  general  save  the  owner  from  one-half  to  three-quarters 
of  the  cost  of  a  structural  steel  skeleton. 

Reinforced  concrete  is  particularly  well  adapted  for  school 
buildings.  The  difference  in  cost  between  the  ordinary  timber 
floor  and  a  reinforced  concrete  floor  will  frequently  not  exceed  ten 
or  fifteen  cents  per  square  foot.  With  this  fact  in  mind  it  is  really 
astonishing  to  observe  how  frequently  dangerous  fire  traps  are 
erected  to  serve  as  school  buildings  on  which  expensive  and  orna- 
mental exteriors  have  been  used  when  plainer  buildings  with  fire- 
proof construction  could  be  erected  for  the  same  money. 

The  archietect  for  a  school  building,  in  order  to  make  a  show, 
frequently  specifies  a  fancy  brick  exterior,  terra  cotta  or  stone 
trimmings  and  other  external  frills  and  then  economizes  in  the 
interior  construction  of  the  building  by  the  use  of  timber  joists 
1^  or  If  inches  thick  by  16"  covered  with  g  inch  rough  floor  and 
I  inch  hardwood  finished  floor,  with  wood  lath  and  plaster  on  the 
under  side,  electric  wires,  heating  flues,  etc.,  between  the  joists. 
This  is  a  construction  in  which  if  a  fire  once  started  there  would  be 
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hardly  time  for  the  occupants  of  the  building  to  escape   before 
the  collapse  of  the  floor  with  the  probable  loss  of  life  incident  thereto. 

The  Collinwood  disaster  well  illustrates  this  fact.  The  state  of 
Wisconsin  has  passed  a  law  making  it  compulsory  to  build  school 
buildings  of  fireproof  materials  and  other  states  may  well  follow  her 
example. 

For  buildings  subject  to   the   vibration   of  heavy  machinery 

concrete  steel  construction  has  many  advantages.     Properly  designed, 

j  the  joints  (connections  of  floor  to  columns)  are  far  more  rigid  than 

I  in  any  of  the  old  types  of  construction,  hence  a  rigid  building  costs 

i  least  in  concrete  steel. 

The  Forman-Ford  Company,  plate  glass  dealers,  etc.,  make 
the  statement  that  twenty-five  percent  more  work  is  done  in  their 
cutting  and  polishing  department  in  their  new  concrete  building 
with  the  same  men  than  in  the  old  timber  framed  structure 
previously  occupied  owing  to  the  increase  in  rigidity  of  the  structure. 

Impact  or  shock  at  any  point  of  a  steel  structure  is  propagated 
longitudinally  along  elastic  members  extending  in  a  linear  direction 
from  the  point  and  it  goes  practically  undiminished  to  the  far  ends 
of  these  members  where  it  is  subdivided  among  other  members  and 
propagated  still  further.  An  allowance  up  to  eighty  or  ninety  per- 
cent is  usually  added  for  impact  to  the  static  effect  of  a  moving  load 
in  bridges. 

Impact,  or  the  dynamic  effect  upon  any  point  of  a  reinforced 
concrete  slab,  however,  is  entirely  different  from  this.  In  the  first 
place,  the  effect  of  the  blow  does  not  travel  in  one  direction  only 
but  in  all  directions  radially  from  its  point  of  application,  so  that 
in  a  very  thin  slab  its  effect  at  any  other  point  would  be  inversely 
as  the  distance  and  in  a  very  thick  slab  inversely  as  the  square  of 
the  distance.  This  would  make  the  allowance  for  impact  in  the 
thick  concrete  floor  of  a  bridge  or  building  very  small  in  comparison 
with  that  inevitable  in  steel  construction. 

Secondly,  the  effect  of  impact  must  be  inversely  proportioned 
to  the  weight  of  the  body  receiving  the  blow.  Now  in  monolithic 
concrete  construction  the  mass  affected  is  of  far  greater  weight  than 
would  be  the  case  in  a  steel  frame  which  is  made  up  of  independent 
steel  members  and  tile  as  in  the  old  style  buildings  and  for  that 
reason  the  effect  of  impact  on  a  monolithic  concrete  floor  would  be 
reduced  by  a  large  percentage. 

Third,  the  continuity  and  stiffness  of  the  floor  greatly  reduces 
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its  vertical,  lateral  and  torsional  deformations  below  those  of  the 
steel  structure.*  The  work  done  during  an  impact  and  its  effect 
depend  on  the  amplitudes  of  the  deformations.  In  particular  the 
horizontal  resistance  of  the  slab  is  many  thousand  times  that  of  the 
steel  members  in  a  structure.  The  vibratory  energy  absorbed  by 
the  slab  during  impact  is  consequently  small. 

Fourth,  the  small  amount  of  energy  which  is  absorbed  is  not 
transmitted  (as  it  is  in  a  highly  elastic  and  resilient  structure)  to  a 
considerable  distance  in  the  slab,  but  owing  to  the  nature  of  the 
concrete,  is  dissipated  near  its  source,  transformed  into  heat,  and 
rapidly  absorbed. 

Fifth,  concrete  slabs  are  tough  and  not  brittle,  like  terra  cotta, 
for  example,  so  that,  in  cases  where  great  weights  have  fallen  on  them, 
little  effect  has  been  produced,  whereas  brittle  slabs  such  as  those 
of  concrete  and  tile  have  been  smashed  under  such  circumstances, 
and  have  failed. 

The  concrete  of  the  compression  zone  is  such  a  shock-absorber 
as  to  protect  the  tension  zone  from  jarring  and  vibration,  both  as 
regards  steel,  in  tension  and  the  bond  of  the  concrete  to  the  steel  as 
well. 

For  all  these  reasons  the  shock  which  a  rolling  load  imparts  to 
a  slab  is  inconsiderable,  and  is  absorbed  and  dissipated  so  readily 
that  it  is  a  negligible  factor,  rendering  reinforced  concrete  adaptable 
for  use  in  railroad  structures  and  in  buildings  where  the  service 
is  most  severe  from  shock  of  machinery  such  as  beater  floors  in  paper 
mills  and  hammers  in  stamping  and  working  metal. 

As  illustrating  these  statements,  an  interesting  accident  occurred 
in  Winnipeg  where  a  heavy  cornice  block  of  hard  Tyndale  lime- 
stone, weighing  between  a  quarter  and  a  half  ton,  was  dropped 
seventy  feet,  striking  a  5 J  inch  concrete  slab  19  feet  square  in  the 
center.  The  effect  of  this  blow  was  a  small  dent  half  inch  deep  where 
the  corner  of  the  stone  struck  the  slab  and  the  stone  itself  was 
badly  broken  and  shattered.  The  slab,  however,  was  uninjured 
and  showed  no  cracks  or  evidence  of  over-strain. 

In  Minneapolis,  a  steel  water-tower  failed  under  wind  pressure 
and  a  fifty  ton  tank  dropped  ten  feet  on  a  light  roof  slab  of  concrete 
reinforced  after  the  manner  of  the  Mushroom  system  in  four  direc- 
'  tions.  The  slab  was  approximately  22  feet  by  23  feet  clear  span, 
seven  inches  thick,  reinforced  with  7  /l6  inch  rounds  averaging 
eight  inches  centers  in  two  directions  with  diagonal  belts  of  fourteen 
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7  /l6  inch  rounds.  The  shock  of  the  fifty  tons  falling  ten  feet  dented 
the  slab  down  about  eight  inches  and  produced  some  shear  cracky 
but  it  carried  the  load  and  caused  the  contents  of  the  tank  to  fall 
outside  of  the  building,  demolishing  two  freight  cars  and  the  awn- 
ing over  the  loading  platform.  The  toughness  of  this  slab  saved 
a  wreck  of  the  side  of  the  building  and  the  elevator  machinery. 

Other  interesting  cases  might  be  cited,  but  it  is  thought  that  these 
unusual  examples  illustrate  the  remarkable  toughness  and  dependa- 
bility of  concrete  reinforced  in  multiple  directions  and  its  great 
adaptability  from  the  standpoint  of  capacity  to  withstand  severe 
usage  with  high  degree  of  safety  for  all  purposes  when  scientifically 
designed  and  properly  executed. 

12.    Rapidity  of  Erection  and  Ease  of  Securing  Material.    No 

type  of  building  can  be  so  rapidly  or  quickly  designed,  detailed  and 
erected,  as  the  natural  types  of  reinforced  concrete  construction. 
If  we  take  Type  IV,  for  instance,  a  single  computation  is  sufficient 
for  a  panel  and  where  panels  are  tabulated  for  various  loads  two 
hours'  work  is  sufficient  to  make  the  computation  for  a  given  size 
of  factory  building  or  manufacturing  plant,  including  an  estimate 
of  the  cost  of  reinforcement,  quantities  of  concrete  and  centering 
with  sufficient  precision  for  bidding  purposes. 

In  no  type  of  building  construction  can  the  materials  be  secured 
so  promptly  as  for  the  reinforced  concrete  structure.  An  ordinary 
four  or  five-story  building. can  sometimes  be  erected  complete  in 
the  time  ordinarily  required  to  get  out  the  shop  details  for  a  struc- 
tural steel  frame.  Especially  where  the  building  is  irregular  in  form 
there  is  this  advantage  with  reinforced  concrete,  that  the  joints  are 
made  with  the  cement  in  plastic  form,  that  the  rods  can  be  lapped 
more  or  less  over  the  supports,  avoiding  the  necessity  for  the  large 
amount  of  figuring  required  for  the  skew  connections  of  structural 
work,  hence  the  engineer's  end  in  this  line  of  building  construction 
is  greatly  simphfied. 

The  accompanying  figure  shows  the  rapidity  of  construction  of 
the  Bostwick  Braun  Building;  its  condition  August  1st  showing  the 
sea  wall  and  adjacent  footings  incomplete;  November  11th,  showing 
the  centering  nearly  completed  for  the  roof,  or  eight  stories  in  place. 

This  is  merely  a  usual  example  in  the  construction  of  a  large 
building.  A  floor  per  week  of  the  concrete  skeleton  and  rough 
slab   can   easily  be  erected  under  favorable  weather   conditions. 

There  is  little  difference  between  a  large  building  and  a  small  build- 
ing in  this  respect,  since  with  a  larger  building  it  is  possible  to  rig  up  in 
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a  manner  that  will  facilitate  the  handling  the  work  more  rapidly. 
In  fact  where  there  is  a  large  area  it  permits  the  employment  of  more , 
men  and  makes  it  possible  to  keep  them  at  work  on  the  various 
features  such  as  centering,  pouring  concrete,  placing  steel,  in  one 
continuous  operation,  centering  going  ahead  for  one  floor  as  the 
steel  is  being  placed,  the  concrete  men  in  turn  following  up  those 
placing  the  steel.  When  the  carpenters  are  thru  with  this  floor  they 
immediatel}'  proceed  to  erect  the  forms  for  the  next  on  that  portion 
of  the  floor  where  the  concrete  has  been  cast. 

Where  the  amount  of  work  to  be  handled  runs  eight  to  ten  thou- 
sand yards,  it  pays  well  to  rig  up  with  overhead  bins  and  mixing 
plant  and  to  arrange  for  the  use  of  half-yard  dump  cars  in  placing 
the  concrete.  Where  the  yardage  is  much  less  the  wheelbarrow 
or  two-wheeled  truck  and  scale  hoist  becomes  an  economic  method 
of  handling  material.  The  later  mixers  are  arranged  with  a  charging 
device  which  saves  wheeling  material  up  an  incline  as  was  customarily 
done  in  earlier  work. 

13.  Analysis  of  Items  of  Cost.  In  arriving  at  a  detail  estimate 
of  cost  we  have  the  following  items  to  consider: 

Basis  of  Labor 
Materials  and  cost  of  handling  : 

Cement 

Sand 

Stone 

Water 

Common  labor 

Cost  of  plant 

Cost  of  metal 

Cost  of  unloading 

Labor,  cost  of  bending  (union  or  common) 

Labor,  cost  of  placing  (union  or  common) 

Cost  of  lumber 

Cost  of  framing  beam  boxes,  columns,  etc. 

Cost  of  erecting  and  rehandling 

Slab  forms,  beam  forms  and  column  forms. 


Concrete, 
Unit  price 


> 


r  gravel 


>Quantities  and  base  prices. 


Steel 


Centering 


Season  of  the  year. 

Floor  finish  or  strip  fill. 

Dead  expense. 

General  data  on  costs  per  foot  of  floor  and  items  entering  into  it. 
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14.  Labor,  Unit  Prices,  Quantities  of  Material.  Under  the 
general  heading  of  labor  the  contractor  must  consider,  first,  the 
wages  per  hour;  second,  the  character  and  efficiency  of  the  labor, 
whether  the  labor  is  union  or  non-union,  probability  of  strikes  and 
delay  of  work  into  the  unfavorable  season  when  artificial  heat  must 
be  used. 

Where  trade  unions  are  strong  the  specialist  in  reinforced  con- 
crete can  never  tell  when  his  work  will  be  tied  up  by  some  disagreement 
between  master  plumbers  and  walking  delegates  or  other  trades 
with  which  he  has  no  relation  whatever  further  than  that  a  sj-m- 
pathetic  strike  may  be  called  without  notice  or  grievance  at  any 
time  and  his  operations  brought  to  a  standstill. 

This  condition  means  idle  equipment  and  sometimes  cost  of 
heating  materials  and  may  mean  readily  an  additional  cost,  of  five 
to  ten  per  cent  in  the  work. 

In  Chicago  the  bricklayers'  union  demands  that  the  contractor 
shall  keep  employed  an  extra  brick  foreman  who  is  supposed  merely 
to  watch  the  placing  of  concrete  wherever  there  may  be  brick  work 
on  the  job. 

While  a  labor  union  should  prove  of  benefit  to  employer  and 
employee  alike  in  case  its  motto  is  efficiency  and  skilled  service, 
it  loses  both  public  sympathy  and  support  when  it  cultivates  ineffi- 
ciency and  loads  the  work  up  with  men  who  are  useless  as  is  the  case 
with  an  extra  foreman.  In  many  cases  concrete  is  used  for  exterior 
walls  in  place  of  brick  where,  were  it  not  for  this  short-sighted 
policy,  brick  would  be  used  from  an  economic  standpoint. 

For  purpose  of  discussion  and  comparison  we  will  take  the 
following  costs:  Common  labor,  $2.25  per  day  of  ten  hours;  car- 
penters, $3.00  per  day  of  eight  hours;  steel  to  be  placed  by  common 
labor  at  $2.25  to  $3.00  per  day. 

Unit  Price  of  Concrete 
1  : 2  : 4  Mix 

Material  for  one  cubic  yard  of  concrete,  wet  mix: 

Cement 1 J  bbls. 

Crushed  stone 9    cubic  yards. 

Sand 45  cubic  yards. 

Where  a  crusher  run,  including  dust  of  good  hard  crystalline 
stone  is  used  the  sand  may  be  readily  reduced  to  one-third  j'ard. 
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1  :  li  :  3  Mix 

Material  for  one  cubic  yard  of  concrete,  wet  mix: 

Cement 2  bbls. 

Sand 43  cubic  yards. 

Stone 85  cubic  yards. 

1  :  3  :  5  Mix 

Material  for  one  cubic  yard  of  concrete,  wet  mix: 

Cement 4i  sacks=  1.125  F^bls. 

Sand 52  cubic  yards. 

Stone 85  cubic  yards. 

The  above  amounts  required  to  make  a  cubic  yard  of  wet  mixed 
concrete  in  place  may  vary  somewhat  with  the  chai'acter  of  the  crushed 
stone  or  gravel,  but  for  estimating  purposes  they  are  consei-vative. 

Labor  of  Handling 

Given  an  ordinary  equipment  such  as  a  half-yard  Smith,  Cube 
or  Ransome  machine  the  labor  cost  of  handling  concrete  may  be 
stated  as  follows: 

Wheelbarrow  gang,  from  $1.25  to  $1.50  per  cubic  yard,  including 
cost  of  coal  or  gasoline  for  the  engine.  In  walls,  footings  or  where 
there  is  quite  a  mass  this  may  be  reduced  to  $1.00  per  cubic  yard. 

On  a  large  job  where  one-half  yard  cars  are  used  and  overhead 
bins  for  handling  the  aggregate  by  gravity,  the  labor  cost  may  be 
reduced  to  35c  to  40c  per  cubic  yard.  To  this  must  be  added, 
however,  the  cost  of  fitting  up  the  plant  which  will  increase  this 
figure  to  sixty  or  even  seventy  cents  per  cubic  yard. 

The  labor  costs  will  increase  or  decrease  as  the  price  of  common 
labor  is  above  or  below  twenty-two  and  one-half  cents  per  hour, 
figured  upon. 

Cost  of  cement  varies  with  the  market  and  distance  of  the  work 
irom  the  nearest  mill  from  eighty  cents  or  a  dollar  per  barrel  to  two* 
or  three  dollars. 

Cost  of  crushed  stone  varies  with  the  locality  and  distance  of 
the  work  from  railroad  or  crushing  plant. 

In  Minneapolis  and  St.  Paul,  from  $1.25  to  $1.75  on  the  work. 
Milwaukee,  $1.25  to  $1.59.  Washed  gravel,  Ohio  river  points,. 
$1.00  to  $1.25. 

Cost  of  carting  and  hauling  must  be  investigated  in  each  indi-^ 
vidual  case.  In  many  of  the  smaller  towns  good  concrete  gravel 
can  be  secured  as  low  as  thirty  to  fifty  cents  per  cubic  yard  and  in. 
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order  to  give  a  clear  idea  as  to  the  general  questions  of  cost  these 
variables  must  be  carefully  considered  and  investigated  by  the 
bidder  if  figuring  reasonably  close. 

In  securing  this  essential  information  the  conservative  business 
man  will  secure  quotations  in  writing,  especially  when  not  personally 
acquainted  with  the  reliability  of  the  parties  quoting;  then  if  the 
work  is  secured  he  may  at  his  option  hold  the  bidder  to  his  price  or 
seek  redress  by  suit. 

In  giving  the  foregoing  average  values  it  should  be  noted  that 
the  cost  of  placing  varies  eight  to  ten  per  cent  with  the  character 
of  the  reinforcement.  Where  there  are  numerous  beam  boxes  and 
stirrups  and  increased  work  of  puddling  the  concrete,  the  cost 
may  readily  run  five  or  six  per  cent  above  the  average  while  where 
there  is  a  plain  flat  slab  such  as  the  Mushroom  system  the  cost  will 
readily  run  five  or  six  per  cent  lower  than  the  average  given. 

15.  Cost  of  Steel.  Medium  Steel,  Open  Heath  or  Bessemer, 
Manufacturers'  Standard  specification  is  at  present  writing  at  $2.35 
base,  Pittsburg. 

The  base  price  is  given  in  all  the  engineering  and  iron  trade 
papers.  All  bars  from  f "  rounds  to  three  inches  are  base.  Smaller 
bars  are  sold  at  base  plus  card  extras. 

The  following  is  the  standard  steel  classification: 

Extra" 

3/4"  to  3" Base 

5/8"  to  11/16" 05 

1/2"  to  9/16" 10 

7/16" 20 

3/8" 25 

5/16" 30 

1/4"  to  9/32" 35 

1  to  6"x3/8  to  1"  . .  .  .Base 1  Flats  and  heavy 

1  to  6"xl/4  to  5  /16" 20J     bands. 

The  above  are  full  extras  and  such  sizes  as  we  can  ordinarily 
use  to  advantage  in  concrete  steel  construction. 

In  figuring,  take  base  price  plus  extras  plus  freight  to  destination. 
Freight  rates  to  all  points  in  the  United  States  and  the  Dominion 
of  Canada  are  given  in  compact  form  in  a  book  published  by  the 
American  Steel  &  Wire  Company. 

Cost  of  deformed  bars  rolled  to  standard  specification  at  the 


>Rounds  or  square. 
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present  writing,  one  dollar  per  ton  above  plain  bars.  Special  rein- 
forcement sold  with  design  from  eight  to  twelve  dollars  per  ton 
additional. 

16.  Cost  of  Bendinjf.  Medium  steel  with  proper  equipment 
rods  for  the  Mushroom  system  can  be  bent  cold  for  fifty  to  sixty 
cents  per  ton;  where  high  carbon  steel  is  used  and  rods  are  heated,, 
one  and  a  half  to  two  dollars  per  ton  for  bending. 

Beam  rods,  such  as  are  used  in  Turner  beam  system,  can  be 
bent  for  from  two  to  two  and  a  half  dollars  per  ton;  where  more 
complicated  bends  are  employed,  from  two  and  a  half  to  three  and 
a  half  per  ton. 

Cost  of  placing  steel,  including  handling  and  bending,  in  Mush- 
room flat  slab  work  has  run  from  six  to  ten  dollars  per  ton.  With 
a  beam  system  in  beams  spaced  four  to  six  feet  centers  a  cost  of  ten 
to  twelve  dollars  would  be  a  fair  basis  upon  which  to  .figure. 

17.  Cost  of  Hooping  for  Columns.  Spirals  made  at  the  shop 
can,  at  the  present  time,  be  .furnished  at  a  less  cost  than  they  can 
be  fabricated  in  the  field,  except  in  parts  of  Canada  where  this 
statement  may  not  be  true.  Shop  work  is  better  done  than  field 
work  and  should  be  preferred  other  things  being  equal. 

18.  Cost  of  Centering.  No  item  in  concrete  construction  is 
so  generally  underestimated  as  the  cost  of  false  work  for  reinforced 
concrete.  In  fact,  so  generally  is  this  the  case  that  the  contractor 
inexperienced  in  this  kind  of  work  is  more  than  likely  to  underbid 
those  possessing  both  equipment  and  experience  by  reason  of  under- 
estimating this  item  of  cost. 

Cost  of  the  centering  per  foot  of  floor,  including  colunms  and 
beams,  will  vary  anywhere  from  six  to  more  than  twenty  cents  per 
square  foot,  depending  on  the  following  items: 

1.  The  number  of  beam  boxes,  whether  thev  frame  into  eiHch 
other  or  into  column  boxes  only. 

2.  The  number  of  columns  for  a  given  floor  area. 

3.  The  number  of  stories  or  floors  that  are  alike. 

4.  The  rapidity  with  which  it  is  desired  to  push  the  work  and 
whether  the  weather  conditions  are  favorable  for  the  prompt  removal 
of  the  forms. 

Where  the  building  has  a  full  concrete  skeleton,  centering  costs 
generally  are  a  third  more  than  where  bearing  walls  are  used. 
Evidently  the  greater  the  number  of  stories  the  more  times  the  lumber 
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may  be  moved  up  and  used  over.    Where  the  work  is  to  be  rushed 
rapidly  in  cold  weather  a  larger  amount  of  lumber  is  required. 

The  practical  constructor  is  inclined  to  check  his  estimate  of 
cost  on  the  basis  of  so  much  per  foot  of  floor  for  centering  for  rein- 
forcement and  concrete,  and  estimating  in  this  rough  way  will 
generally  detect  any  error  of  more  than  four  or  five  per  cent  in  an 
elaborate  detailed  estimate. 

Attention  may  be  called,  to  the  following  elements  necessary  in 
any  estimate: 

1.  Lumber  required,  nails  and  fastenings. 

2.  Carpenter  labor  of  framing  beam  boxes,  column  boxes,  etc., 
per  thousand  feet. 

3.  Labor  of  setting  plain  slab  forms. 

4.  Labor  of  taking  down  forms  and  moving  up  to  upper  story 
per  thousand  feet  B.  M. 

5.  Waste  of  lumber  and  value  of  old  centering. 

Under  1,  the  amount  of  lumber  required,  it  should  be  observed 
that  the  amount  will  vary  with  the  type  of  design.  In  such  a  type 
as  the  Mushroom  system.  Type  IV,  Fig.  14,  there  must  be  for  the 
sheathing  approximately  one  foot  B.  M.  for  each  flat  foot  of  floor 
area.  For  the  joist,  f  of  a  foot  B.  M.  per  flat  foot  of  floor  area. 
For  ledgers,  one-third  of  a  foot,  B.  M.  for  each  flat  foot  of  floor. 
For  uprights,  f  of  a  foot  B.  M.  for  each  flat  foot  of  floor.  For  col- 
umns, spacing  18'  centers,  from  one-third  to  one-half  foot  B.  M.  for 
each  flat  foot  of  floor.  Total,  about  three  and  one-quarter  or  three 
and  one-lialf  feet  B.  M.  per  foot  of  floor. 

If  the  work  is  to  be  pushed  rapidly  it  is  necessary  to  figure, 
under  favorable  conditions  for  centering,  not  less  than  two  complete 
floors  of  centering  plus  waste.  If  the  weather  conditions  are  un- 
favorable there  should  be  enough  lumber  for  centering  for  three  to 
fout  floors.  On  a  building  having  eight  stories  we  would  ordinarily 
figure  enough  centering  for  three  floors,  plus  waste.  With  the 
flat  slab  system  there  is  no  waste  with  the  joists  as  they  are  simply 
lapped  by  and  the  waste  in  the  boards  would  amount  to  about  two 
per  cent  each  time  they  are  used.  There  will  be  some  waste  in  the 
uprights  if  the  stories  are  of  different  heights,  which  must  be  figured 
in  each  individual  case. 

Where  a  beam  system  is  used  the  waste  will  be  much  greater  as 
the  loss  from  breakage  and  cutting  the  lumber  to  the  size  of  the  panels 
will  generally  run  the  waste  up  to  ten  to  twenty  per  cent  of  the 
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lumber  in  each  floor,  and  sometimes  much  more  than  this.  Also 
the  surface  contact  is  increased  by  the  area  of  the  sides  of  all  beams 
requiring  additional  lumber. 

Cost  of  Framing.  Labor  for  framing  beam  boxes,  column 
boxes,  etc.,  vnll  generally  run  about  twelve  dollars  per  thousand 
feet  B.  M.  Labor  of  placing  plain  slab  forms,  carpenter's  wages, 
being  figured  at  37jc  per  hour,  will  run  about  five  to  six  dollars 
per  thousand  feet.  The  cost  of  taking  down  the  forms  and  moving 
them  up  should  run  about  three  dollars  per  one  thousand  feet  B.  M., 
for  the  flat  slab  type  and  five  to  seven  dollars  per  thousand 
where  there  are  a  large  number  of  beam  boxes,  etc.  Nails  and 
fastenings  are  generally  a  small  item. 

Where  sheet  metal  is  used  for  the  sheathing  the  cost  per  foot 
of  la\nng  it  and  greasing  it  with  paraffine  is  about  one-third  the  cost 
of  placing  boards,  altho  the  first  cost  of  the  metal  is  considerably 
higher. 

Mr.  L.  C.  Wason,  president  of  the  Alberthaw  Construction 
Company,  of  Boston,  at  the  fifth  annual  convention  of  the  National 
Association  of  Cement  Users  at  Cleveland,  Ohio,  presented  a  paper 
on  costs  from  which  the  following  table  is  condensed,  giving  the 
cost  of  handling  and  some  very  interesting  costs  of  centering.  It 
would  be  well  for  the  reader  to  look  up  this  paper  which  is  reprinted 
in  part  in  the  Engineering  News,  January  14,  1909,  and  a  number 
of  the  other  engineering  papers. 

The  follo^ving  table,  condensed  by  the  Engineering  News,  from 
the  original  paper,  is  given  as  a  fair  indication  of  the  variation  in 
cost  of  different  designs  and  "different  conditions.  The  author 
states  that  only  typical  cases  are  given  where  the  items  of  cost 
were  accurately  known.  Enough  are  given  for  a  fair  average  except 
in  the.  case  of  long  span  flat  slab  which  appears  to  him  by  comparison 
a  recent  type  of  construction. 

By  reference  to  the  general  averages  on  form  work  in  the  accom- 
panying tables  the  cost  of  forms  per  square  foot  of  surface  contact, 
namely:  Columns,  $0.13;  floors  with  reinforced  concrete  beams, 
$0,116;  flat  floors  without  beams,  $0,111;  short  span  slabs  between 
steel  beams  including  the  fireproofing  on  the  side  of  the  beams, 
$0.05;  walls  exposed  to  view  above  ground,  $0,093;  the  writer  be- 
lieves are  all  higher  in  price  than  usually  believed  to  be  a  fair  cost 
by  most  builders.  It  is  upon  the  success  of  handling  forms  that 
good  results  financially  depend.     In  regard  to  concrete,  labor  is 
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TABLE  1.— SHOWING  COST  OF  FORMS  AND  CONCRETE  ON  VARIOUS  MEMBERS  IN 

REINFORCED-CONCRETE  STRUCTURES 

PLAIN  CONCRETE  COLUMNS 


Forms  per  sq.  ft. 


Location 

OflSoe  buildinc,  PoriUnd,  Mc. . 
Coal  pocket,  Lawrenoe,  Miss. . 

Mill,  Southbridse,  Mass 

Mill,  Attleboro,  Mass 

Mill,  Southbridge,  Mass 

Coal  pocket.  Hartford  Ct 

Garace,  Brookline,  Mass 

Warehouse,  Portland,  Me .... 
Textile  mill,  Lawrenoe,  Miss. . 

Highest 

liowest 

Average  of  9 


Carpen- 
ter 
Labor 
f.133; 
.0671 
.097 
.093 
.080 
.098 
.071 
.118 
.061 
.133 
.067 
.082 


Nails 
Lum-  and 
ber  Wire 
$.039$. Oil 
.024    .001 
.082    .002* 
.022    .001 
.056    .001 
.047    .002 
.051    .002 
.016    .001 
.013'   .001 
.082    .002 
.013,   .001 
.036    .001 


Concrete  per  cu.  ft 

Con-  Gen-  Team 

Total   Crete  eral       Ce-  Aggre-  and 
Labor  Labor  ment  gate  Misc. 


.075 
.181 
.0751 
.130 


$.  1731$ . 064$  0041$ . 087 $. 064 

.082  .16&  .003,  .073    .041    . 

.181  .073:  .0561  .107    .035i   . 

.116  .llOi  .0141  .062]   .0381   .01 

.137  .108'  .048,  .1001     "•"''     "' 

.147  .089  .043  .069 

.124  .070  .0281  .072 


135    .087    .027    .087 


.095  .019*  .109 

.166  .056.  .109 

.064  .003  .062 

.096  .0271  .086 


.037  .013 

.0551  .017^ 

.058,  .041 

.070;  .039 

.027!  .018 

.0841  .041 

.027  .0081 

.049*  .0211 


Plant  To- 
tal 
.0221$. 273 
.016  .307 
030    .328 
.034    .271 
.034    .340 
.013    .28fr 
.020   .289> 
.025    .335^ 
.015'   .283 
034.   .340 
013,   .271 
.023'   .301 


Highest 

Lowest 

Average  of  18. 


REINFORCED-CONCRETE  BEAM  FLOORS 

.1941   .101    .0521 


.165    .107!   .0041   .2751   .1861   .1 
.037:   .027    .001    .067:   .047 
.070,   .0451   .0021   .116'     111 


.470' 
0711  .037]  OOTt  .0101  .202 
1061   .0631     025|   .024)   .354 


FLAT  SLAB  FLOORS 

Highest I    07a   .0391  .0031  .1181  .146  .017  .109, 

Lowest , 0671   .0371   .001    .106    .043  .004  .067'  .05! 

Average  of  3 '   .071    .038i  .0021  .llll  .097  .009  .096    .07( 


.0261  .039!  .374 
.0121  .010  .252- 
.0191   .0241   .315 


REINFORCED-CONCRETE  SLABS  BETWEEN  STEEL  BEAMS 


Highest I   .110,  .071 

Lowest '   .0281   .012 

Average  of  13 1  .061    .032 


.003  .1841  .1441  .048|  .208  .080  .064 
.001  .049  .073  .0051  .076'  .026!  .004 
.002!  .0951  .1021  .019,   .128;   .068;   .024 


0461  .428. 
OlO  .272 
0171   .359- 


Highest 1361   .0731   .005 

Lowest 046    .016    .001 

Average  of  17 085l  .036|  .002 


BUILDING  WALLS  ABOVE  GRADE 

176'  .146,  .052:  .lOS 
079  .042  .0041  .034 
128!   .0901   .016    .073 


FOUNDATION  WALLS 

Highest 134    .048'  .004 

Lowest 032    .009,   .001 

Average  of  14 068>  .0331  .002 


.1931  .2131  .037  .203 
.056^  .040,  .002*  .038. 
.103!  .0761  .0151   .0801 


FOOTINGS  AND  MASS  FOUNDATIONS 


Highest 

Lowest 

Average  of  10. 


.119  .0771  .003 
.016  .006!  .001 
.057;   .0341   .002 


198!   .0811   .020,   .098, 


.0181   .025 
.093i   .045 


.001'   .047; 
.007    .071 


.187'  .077: 
.0431  OOTI 
.0761   .025) 


.116!  .0571 
.0271  .0a3' 
.062'   .0191 


.099  .013j 
.043  .009 
.077    .0071 


.0551 
.005 
.019 


.446- 
.174 
.301 


0401   .599> 

.010    .148- 

0171   .26* 


049!   .275 

OlOl   .181 

.021.   .22» 


the  variable  item  which  must  be  carefully  considered.  Any  person 
of  intelligence  can  make  a  careful  estimate  of  the  materials  to  be 
used,  but  note  the  average  prices  of  labor  per  cubic  foot  of  concrete, 
namely:  For  columns,  S0.123;  beam  floors,  $0,131;  flat  floors, 
$0,106;  floors  between  steel  beams,  $0,121;  walls,  $0,106;  foundations,. 
$0,091;  and  mass  work  in  connection  with  buildings,  $0,052.  Not 
until  the  last  item  is  a  price  reached  which  according  to  observa- 
tion and  experience  must  be  expected  to  obtain  in  ordinary  building 
work.  Many  who  have  had  wide  experience  in  handling  large 
quantities  of  concrete  in  mass  have  occasionally  attempted  a  lighter 
type  of  construction  and  have  been  greatly  surprised  at  the  large 
expense  connected  therewith.  Men  with  this  experience  have 
frequently  added  fifty  to  one  hundred  per  cent  to  the  cost  of  mass 
work  and  only  by  doing  so  have  they  felt  that  they  were  sufficiently 
covered  for  light  structural  work. 
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Table  II  is  an  exact  copy  of  a  master  card'^  which  gives  the 
complete  financial  history  of  the  job,  when  it  is  finally  completed. 
The  first  column,  which  is  blank,  is  occasionally  used  for  an  estimate 
of  the  first  cost,  the  proposal  including  the  profit  as  well  as  the  esti- 
mated actual  cost.  It  will  be  seen  that  on  some  items,  a  loss  was 
incurred,  as  well  as  a  profit  on  others,  showing  that  it  is  difficult  to 
reach  the  right  price  on  everything,  even  on  work  on  which  a  company 
is  fairly  experienced,  and  also  that  when  slight  changes  are  made 
by  the  o\Mier  or  architect  they  often  entail  heavy  loss  even  though 
the  changes  appear  to  be  extremely  trivial.  Take  the  case  of  the 
external  walls.  The  owners  furnished  the  window  frames  and 
sash,  which  were  all  of  metal.  The  original  design  was  for  a  frame 
with  two  sash,  which  could  easily  be  put  into  a  six-inch  wall. 


TABLE  II.— TYPICAL  "MASTER  CARD 
Job  No.  747.     Date, 


May  24th.  1906.     Mill.  Tappan  Bros..  Attleboro. 
Proposal         Actual  Coat     Per  cu.  ft        ~ 


Total 

Excavate 

FoottngB  and  Fn 


Exterior  walls 

Wall  and  Vn.  centers. 
Floors  61  ins.  thick .  . 
Roof  5i  ins.  thick .  .  . 


Columns,  20  ins.  x  20  ins , 
Stairs 


Tool  surfat-e 

Ornaments  and  romice. 
Ventilators  un  roof .  .  .  . 


Set  windows  and  door  frames . 

Interior  partitions 

Bolts  and  in)n  work 

Stair  railing  and  grill 


Screeds  and  settings 

2-in.  Spr.  plank  and  lajing .  . 

i-in.  maple 

Motor  shaft 

Motor  shaft  found 

Roofing  and  conductors 


Paving 

Retaining  wall  centers,  per  sq.  ft 
Retaining  wall,  concrete  per  c.  ft 

Painting 

8t«el  footings  and  walls 

Plant,  frt.,  etc 

Bond 

Extras 


$35,164.55 

790.00 

1.738.00 

1.955.00 
1,520.00 
8.883.00 
2.869.00 

832.00 
883.00 

469.00 

a48.00 

44.00 

852.00 

1,770.25 
253.00 
387.00 

l,08<i.00 
2.839.00 
1,738.00 
379.50 
98.00 
1,255.00 

1.009.00 

'    429.00 

400.00 

300.00 

1.860.00 

100.00 

n.80 


$31.330.48' 

823.181  $0,021 
l.a33.57         .137 

I  Per  sq.  ft. 
2.162.02'        .190 
3.630.08,        .  125 
6.544.161        .339 
1,713.51'        .237 

.Per  lin.  ft. 
676.65!     1.470 
910.351        .912 

Per  sq.  ft. 


636.53 

164.331 

35.641 

929.99 

1.656.35 
257.06 
654.00 

835.12 
1.431.69 
1.788.88 

533.19 

70.07 

1,026.06| 

747.54 1 

316.96 
375.00, 
218.911 
2,271.73, 
120.00 
67.97 


.056 


Each 
2.19 
Persq.  ft, 
.189 


Per  M. 

62.17 

33.30 

89.44 

98.89 


iPer  sq.  ft. 
.094 
.211 
.175 


.  Attlebor 
Profit 

0,  Maaa. 
Loss 

$3,834.07 

$33. is 

704.43 

2.33i8.84 
1,155.49 

207.02 
2,110.08 

155.35 

'"27;35 

183.67 
8.36 

167.53 

122.01 

113.90 



4.06 
267.00 

250.88 
1,40731 

27.93 
228.94 

50.88 
153.69 

361.46 

112.10 
25.00 
81.09 

9.83 

411.73 
20.00 

% 

11 


They  later  decided,  for  greater  fire  protection,  to  use  four  sash. 
This  required  an  eight-inch  wall  instead  of  a  six  inch,  and  the  form 
work  on  the  inside  had  to  be  built  inward  and  then  the  space  under 
the  windows  paneled  to  save  material.  To  save  making  a  very 
narrow  panel  at  the  side  of  the  window,  which  would  cost  more  than 
the  concrete  saved,  the  space  was  filled  up  solid  so  that  the  columns 
appear  to  be  wider  than  they  were  actually  figured.     This  slight 
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change,  which  did  not  appear  great  at  the  time,  when  the  job  was 
entirely  complete  showed  that  the  concrete  of  the  walls  showed  an 
actual  loss  instead  of  profit  because  the  form  work  cost  more  than 
twice  what  was  originally  estimated  that  it  should  cost. 

19.  Season  of  Year.  The  season  of  the  year  has  to  be  con- 
sidered in  its  relation  to  the  cost  of  reinforced  concrete  work.  In 
the  summer  season  when  the  concrete  dries  out  rapidly  the  forms 
may  be  removed  every  ten  to  twelve  days,  while  in  the  fall  and  early 
spring  during  frosty  weather  the  water  must  be  heated  or  the  forms 
left  in  place  longer,  requiring  more  lumber  for  centering.  In  the 
winter  when  the  materials  must  be  heated  by  artificial  heat  and 
artificial  heat  used  in  sweating  out  the  concrete,  the  cost  6f  work 
will  be  increased  from  ten  to  twelve  per  cent.  Additional  cost  of 
merely  heating  the  water  is  of  course  small.  In  the  chilly  weather 
of  fall  or  spring  good  results  may  be  frequently  obtained  merely 
by  turning  the  exhaust  steam  into  the  water  barrel  and  warming 
fhe  water  up  so  that  the  concrete  will  set  quickly  notwithstanding 
^he  chilly  temperature. 

20.  Dead  Charges.  No  contracting  firm  can  do  business  with- 
out a  considerable  general  expense,  which  must  be  distributed  over 
all  work  executed  by  them.  This  expense  includes  office  expense, 
advertising,  soliciting  work,  estimates  on  not  only  the  work  taken 
but  the  work  which  the  concern  fails  to  secure,  depreciation  of  the 
plant,  freight,  storage  and  equipment,  the  cost  of  keeping  the  organ- 
ization together  in  slack  periods.  This  expense  may  readily  vary 
with  various  concerns  from  five  to  seven  per  cent  of  the  cost  of  the 
work  executed.  In  addition  to  this  dead  expense  and  tiie  actual 
cost  of  labor  there  must  be  included  the  item  for  liability  insurance 
which  the  contractor  caimot  afford  to  neglect  to  carry.  Frequently 
the  owner  requires  a  surety  bond  for  the  faithful  execution  of  the 
work  and  the  payment  of  bills,  the  cost  of  which  must  be  added  to  the 
incidental  charges  in  the  estimate  of  cost. 

21.  Qeneral  Data  on  Cost.  The  architect  is  in  the  habit  of 
figuring. the  building  as  so  much  per  cubic  foot.  For  hea\*j'  ware- 
houses with  the  plainest  kind  of  finish  and  large  size  the  cost  per 
cubic  foot  may  run  as  low  as  six  and  one-half  to  seven  cents  up  to 
ten  and  twelve  cents  for  the  smaller  size  of  buildings  with  office 
fixtures,  plumbing  and  the  like.  No  approximate  co«t  per  cubic 
foot  of  any  value  can  be  given  for  office  buildings,  hotel?  and  the 
like,  since  this  item  would  vary  greatly  with  the  character  and  differ- 
ence in  the  quality  of  the  finish,  fittings  and  the  like. 
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For  the  concrete  end  of  the  building,  however,  a  rough  approxi- 
mate estimate  can  be  made  very  readily  by  figuring  a  unit  price 
per  square  foot  of,  floor  area.  In  a  large  building  of  six  or  seven 
stories  having  a  floor  area  of  twenty  to  thirty  thousand  feet,  panels 
approximately  eighteen  feet  square,  labor  as  outlined,  sand  at 
31.00  per  yard,  cement,  $1.20,  crushed  stone,  $1.40,  capacity  of  floors 
three  hundred  pounds  per  foot;  rough  slabs,  columns  and  footings 
may  be  erected  at  an  approximate  cost  to  the  contractor  of  about 
forty  cents  per  square  foot  of  floor  area.  Where  the  building  is 
narrow  and  there  are  more  columns  in  proportion  to  the  floor  area, 
on  the  same  basis  fifty  cents  per  square  foot  would  be  a  reasonable 
price. 

Reduction  in  the  floor  load  carried  makes  a  relatively  small 
reduction  ia  the  cost  of  the  construction,  since  the  centering  would 
be  the  same  for  the  light  and  the  heavy  building. 

Where  the  load  is  increased  fifty  per  cent  above  these  require- 
ments the  additional  cost  would  not  be  increased  over  eight  per  cent. 
While  doubling  the  load  would  not  increase  the  cost  over  about 
ten  or  eleven  per  cent. 

This  is  the  general  type  of  information  the  shrewd  contractor 
carefully  figures  out  for  himself  and  which  enables  him  quickly  and 
accurately  to  check  up  estimates  made  by  his  assistants  or  even  to 
take  work  on  an  approximate  estimate  of  this  kind  without  going 
into  details.  Turner,  when  pressed  for  time  once  took  a  $60,000 
contract  on  a  twenty-minute  estimate  based  on  a  computation 
only  of  the  floor  area  and  a  knowledge  of  the  conditions  covering 
labor  and  cost  of  materials. 

Where  there  are  plain  reinforced  floors  resting  on  walls  and  the 
panels  are  of  large  size  such  as  in  court  house  work  and  many  other 
public  buildings  and  where  gravel  can  be  cheaply  obtained  the  cost 
per  foot  of  floor  may  riin  as  low  as  30  cents  per  square  foot.  In 
other  localities  45  cents  per  foot  under  less  favorable  conditions 
would  be  a  reasonable  figure. 

In  conclusion,  it  may  be  said  that  the  prices  of  materials  of 
construction  vary  from  time  to  time.  They  differ  in  different 
localities  and  the  same  is  true  of  wages  and  the  efficiency  of  labor. 
General  data  on  cost  is  therefore  of  value  only  as  it  presents  an  an- 
alysis of  the  items  which  enter  into  the  unit  cost.  These  items  may 
then  be  changed  to  agree  with  the  current  prices,  wages  and  efficiency 
of  the  class  of  labor  for  the  locality  of  the  work.  More  cannot  be 
presented  in  a  discussion  intended  to  be  of  permanent  rather  than 
temporary  utility. 
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APPENDIX 

By  C.  A.  P.  Turner 

STATE  OF  THE  ART  OF  REINFORCED  CX)NCRETE  FROM  THE 
PATENT   STANDPOINT   AND   THE    MENACE    TO    PRO- 
GRESS BY  UNSCIENTIFIC  DECISIONS 

In  view  of  numerous  unwarranted  statements  as  to  the  state  of  the  art,  and 
right  to  royalty  for  use  of  various  arrangements  of  reinforcement,  a  review  of 
the  state  of  the  art  relative  to  details  oi  commonly  used  construction,  and  a 
brief  history  of  their  origin  may  be  found  of  interest  and  value. 

COLUMNS.  In  the  early  history  of  concrete  column  constniction,  columns 
were  generally  reinforced  by  longitudinal  bars  but  with  a  great  variety  of  ties. 
Hennebique  used  punched  flats  connecting  vertical  bars  at  the  comers  and 
occasionally  there-bet  ween,  making  up  a  remforcement  of  six  or  eight  rods  dis- 
tributed in  the  outer  portion  of  the  column.  Where  the  loads  were  heavy  he 
occasionally  used  very  large  rods  and  a  large  percentage  of  steel  which  would 
not  be  considered  good  practice  today. 

The  earliest  appearance  of  the  idea  of  spirally  wound  and  vertically  rein- 
forced concrete  columns  is  that  disclosed  in  the  1874  patent  to  Hyatt.  Hyatt's 
reinforcement  consisted  of  a  spiral  of  flat  steel  with  vertical  rods  therein  all  placed 
as  near  the  siirface  as  proper  fire  protection  permitted.  Hyatt  seems  to  have 
practiced  his  invention  only  to  a  very  Umited  extent,  since  at  that  time  little 
more  was  done  in  England  and  this  country  than  to  reinforce  short  span  slabs 
and  the  like. 

In  1885  Ijee  &  Hodgson  patented  a  reinforcement  for  a  hollow  concrete  shaft 
consisting  of  reverse^  spirals  riveted  together  at  their  intersection.  British 
patent  No.  14,559. 

The  hoop)ed  colunm  was  not  exploited  in  the  commercial  field  until  after  the 
experiments  of  M.  Consid^re,  had  shown  the  great  advantage  of  hooped  columns 
vertically  reinforced.  Letters  patent  were  granted  to  Consid^re  in  France  and 
Bel^^um  and  an  apphcation  for  U.  S.  Patent  was  filed  in  1902.  Because  of  the- 
linutations  imposed  by  the  prior  art  patent  of  Hyatt  in  England,  1874.  and  Lee 
A  Hodgson  1885,  the  original  claims  of  Consid^re  were  rejected,  and  a  aisclaimer 
was  then  filed  limiting  the  interpretation  of  the  claims  in  effect  to  the  strengthen- 
ing of  a  hardened  core  of  concrete  by  winding  coils  of  metal  thereon.  Considdre 
describes  his  invention,  as  follows: 

"This  invention  has  for  its  object  to  produce  concrete  or  cement 
columns  or  the  hke  structures  which  m  service  are  adapted  to 
withstand  great  compression  or  tension  ^trains  in  a  longitudinal 
direction.  This  object  is  secured  by  embedding  strengthening- 
wires  in  helicoidal  coils  around  a  solid  concrete  core  and  covering 
the  coils  to  protect  them  from  the  atmosphere." 

Claims  1  and  4  are  typical  and  are  here  quoted: 

**l.  A  column  or  the  hke  of  concrete,  comprising  a  SOLID* 
concrete  core  with  independent  helicoidal  coils  of  metal  surrounding 
said  core,  and  arranged  very  close  together  substantially  as  described. 

4.  A  coliunn  or  the  like  of  concrete,  oomprison^  a  SOLID* 
concrete  core,  longitudinal  rods  within  the  core  and  mdependent 
helicoidal  coils  of  metal  arranged  very  close  together  and  surround- 
ing the  core  and  rods  and  a  covering  for  the  coils,  substantially  as 
described." 

*The  siyiificanoe  of  the  word  SOLID  in  these  patent  claims  embodies  the 
disclaimer  differentiating  the  scope  of  the  claim  from  the  prior  art  of  Hyatt,  ia 
which  concrete  was  to  be  cast  within  and  around  the  coils. 
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The  pnor  art  thus  forestalled  any  claim  by  Considdre  upon  the  spirally  re- 
inforced column  as  customarily  used  in  the  art.  The  profession  nev^heless  is 
deeply  indebted  to  him  for  his  scientific  work  in  introducing  the  safest  and  best 
type  of  concrete  compression  member  in  use  today.  The  claims  as  modified  by 
the  disclaimer  should  entitle  him  to  protection  for  the  strengthening  of  old 
structures  in  which  hardened  cores  are  wound  or  bound  with  hooping  and  then 
covered  or  encased  for  protection.  While  this  patent  is  in  force  the  autiiors  will 
respect  it  and  advise  their  clients  to  do  so  and  pay  reasonably  therefor  in  repair 
work  where  such  mode  of  strengthening  may  be  adopted.  It  might  be  main- 
tained that  in  view  of  the  prior  patent  of  Hyatt,  novelty  could  not  be  main- 
tained in  winding  the  hardened  core.  There  might  be  just  ground  for  this  posi- 
tion, were  it  not  a  fact  that  the  pubhc  were  not  asing  columns  of  this  type  and 
the  benefit  of  the  doubt  should  clearly  be  given  that  eminent  pioneer  who  has 
done  so  much  to  reduce  concrete  column  construction  to  the  safest  and  most 
economical  basis. 

The  principle  of  the  hooped  column  is  thus  very  old.  The  embedment  of 
vertical  reinforcement  within  the  hooping  is  likewise  old.  All  later  patents 
therefore  embodying  the  principle  of  the  hooped  column  come  within  the  classi- 
fication of  improvement  patents  limited  in  scope  by  the  broad  invention  of  the 
prior  art. 

Thus,  improvement  patents  covering  details  of  spacing  devices  for  the 
coils  or  hoops,  because  the  broad  principle  of  hooping  is  old  and  the  fastening  of 
the  spirals  at  some  desired  spacing  is  likewise  old,  are  confined  as  treated  by  the 
Patent  Office,  to  the  specific  improvement  in  means  for  accomplishing  the  de- 
sired result.  The  various  patents  issued  to  Clement,  Cummings,  Smith,  Turner, 
Anderson,  and  others,  upon  spacing  devices,  are  thus  logically  limited  in  the 
scope,  of  their  protection  to  the  specific  details  originated  by  the  respective 
patentees. 

BEAM  PATENTS.  Since  the  pioneer  patents  of  Scott,  Monier,  and  the 
work  of  the  earlier  Monier  licensees,  improvement  patents  in  beam  reinforce- 
ment are  limited  as  in  the  case  of  columns  to  details  of  construction,  either  to 
assemble  them  in  a  specific  manner  for  convenient  shop  fabrication  or  handling, 
or  to  advantageous  arrangement  of  bent  up  bars  or  to  simplify  the  work  of 
bending  or  to  embody*  some  real  or  supposed  advantage  in  resistance  to  moment 
or  shear.  None  of  these  patents,  however,  are  broad  enough  to  control  con- 
struction or  to  prevent  broad  competition  since  the  claims  of  all  may  be  avoided 
by  the  use  of  older  details  which  approxiimate  if  they  do  not  equal  the  efficiency 
of  the  patented  constructions.  Fair  business  dealing  would  require  regard  of 
and  respect  for  such  improvement  patent-s  which  appears  somewhat  lacking. 

FLAT  SLAB  AND  COLUMN  CONSTRUCTION.  The  earliest  appearance 
of  the  concrete  floor  flat  in  form  is  that  found  in  the  English  patent  granted  to 
Scott,  a  Lieutenant  Colonel  of  Engineers  of  the  British  Army,  in  1867.  This 
patent  shows  a  flat  concrete  floor  spanning  from  wall  to  wall,  reinforced  in  the 
bottom  thrppghout  with  hoop  iron,  in  one  direction  in  some  sketches  and  in  two 
directions  jn  others  and  with  fabric  or  wire  netting  embedded  therein  in  the 
bottom  of  the  slab  in  others. 

The  next  patented  floor  flat  in  form  is  that 'of  the  1875  English  patent  to 
Payne  which  shows  various  forms  of  groined  arches  upon  separated  piers  with 
tie  rods  running  directly  and  diagonally  from  pier  to  pier.  In  his  specification 
Payne  states  that  for  light  loads  he  would  use  a  flat  body  of  concrete  with  the 
reinforcements  disclosed  embedded  therein.  In  other  words,  he  would  con- 
struct a  typical  flat  arch  reinforced  lengthwise,  crosswise  and  diagonally  with 
steel  tie  rods  therein. 
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In  1892,  U.  S.  patent  No.  467,141  was  graDtnl  lo  Seely.  This  structure  was 
arr&nged  with  small  I  shaped  bars  radiating  in  four  or  more  directions  trom  a 
cast  iron  column  and  embedded  in  the  bottom  of  a  thick  slab  with  strap  iron 
ties  attached  to  the  couimn  at  the  top  of  the  slab  and  to  the  radial  bars 
about  one  fifth  of  the  span  distant  from  the  column,  at  the  bottom  of  the  slab. 
One  building  only  was  erected  in  accordance  therewith. 

A.  Matrai,  applied  for  patent  in  1896,  for  a  floor  built  upon  the  suspension 
system,  designed  to  use  the  concrete  as  a  tilling  material.  Figure  1  shows  the 
arrangement  of  wires  on  a  rectangular  frame.    Quoting  the  specifications — 

"The  frame  is  formed  of  girders  b,  supported  at  poinU  1,2,  Sand 
4;  six  series  of  wires  being  arranged  parallel  to  the  four  sides  of  the 
rectangle  and  diagonally  across  the  same." 


"In  a  structure  such  as  descriljed  the  combination  of  a  frame 
adapted  t<»  lie  supported  at  suitable  points  1,  2,  3,  4,  groups  of  wires 
extending  from  points  in  proximity  to  one  of  said  points  of  support 
to  points  in  proximity  to  another  point  of  support  and  conforming 
to  the  shape  of  the  bearing  surface  to  be  formed,  and  a  filler  in  which 
said  groups  of  wires  are  embedded,  for  the  purposes  set  forth." 


According  to  Marsh.  Herr  Matrai's  idea  was  to  lute  the  steel  wires  to  sup- 
port the  load  as  in  a  swing,  pulling  against  a  steel  frame  work  thereby  avoiding 
any  possibility  of  collapse  due  to  uncured  concrete,  careless  workmanship  or 
poor  materials.  His  Idea  was  to  use  a  cheap  mixture  such  as  lime  concrete  to 
spread  the  weight  over  the  hammock  of  wires.  The  motive  and  principle  was 
as  far  removed  from  that  of  reinforced  concrete  in  which  the  compressive  strength 
of  concrete  plays  an  equal  part  with  the  tensile  resistance  of  the  steel  as  it  is 
possible  to  imagine,  yet  the  apparent  similarity  of  the  structure  to  a  reinforced 
concrete  floor,  caused  one  court,  as  will  l>e  noted  later,  to  hold  it  an  anticipation 
of  a  floor  operating  upon  the  basic  principle  of  interdependence  of  the  concrete 
and  metal  as  in  a  true  reinforced  conci 
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The  next  patent  of  interest  is  the  Austrian  patent  to  Albert  Speer  of  Mann- 
heim, applied  for  in  August  1899,  given  out  in  October  10,  1900.  Quoting  the 
specification: 

'The  present  invention  aims  to  get  rid  of  girders  and  succeeds 
by  connecting  the  four  corners  of  the  panel  diagonally  and  direct 
by  rods.  Also  these  rods  transmit  the  floor  load  direct  to  the  coliunns 
f^pecially  the  diagonal  connection  is  very  important,  because  it 
supports  the  floor  slab  nuiterially  in  the  center  and  takes  the  greater 
part  of  the  stress.  The  floor  slab  is  suspended  by  this  device  at 
the  four  comers.  In  this  way  the  girders — ^necessary  until  now — 
are  quite  left  out,  because  it  is  clear,  that  with  this  construction 
only  tension  rods  are  necessary  to  transmit  the  load.  On  top  of 
these  rods  is  used  a  light  two  way  metal  mesh  reinforcement,  and 
the  whole  is  filled  in  with  concrete.  Such  a  floor  can  have  a  flat 
ceiling,  an  advantage  above  all  other  constructions." 


ALBERT  KI'KKIi  ik  JJAXHKIM 


*The  arrangement  presented  by  the  Speer  patent  is  that  elf  strips  of  rods 
lengthwise,  crosswise  and  diagonally,  passing  over  and  under  eath  other  at  mid 
span  and  hooked  together,  at 'li^e  cohimn.  The  principle,  like  that  of  the  Matrai 
floor,  is  that  of  a  suspension  system,  but  unlike  the  Matrai  structure,  it  presents 
a  column  supported  flat  slab  without  projecting  ribs.  .It  differs  from  the  con- 
tinuous beam  in  that  the  steel  in  each  strip  is  disposed  in  a  catenary  curve  which 
resists  the  major  portion  of  the  shear  at  all  points  along  its  length  and  would 
therefore  cooperate  with  the  concrete  much  less  than  is  the  case  in  continuous 
beam  construction.  Because  of  the  inequality  in  distribution  of  reinforcement 
through  the  slab  the  contours  would  not  be  circular  but  would  be  alternately 
convex  and  concave  toward  Ihe  center  with  lines  of  inflection  at  points  of  change 
of  curvature  at  which  there  would  be  zero  stress  in  a  circular  direction.  Hence, 
in  the  Speer  structure  and  in  the  Norcross  floor  also,  there  could  be  no  cooperating 
resistances  circularly  and  radially,  a  thing  which  is  vital  to  the  commercial 
feasibility  of  column  supported  flat  slab  floors. 


*This  arrangement  of  strips  lengthwise,  crosswise  and  diagonally,  oyer  and 
under  each  other  and  over  the  top  of  the  posts  in  a  flat  slab  of  uniform  thickness 
covering  the  area  of  the  floor,  erroneously  called  a  unitary  panel  by  the  court,, 
was  credited  to  Norcross  by  the  Eighth  C!^  C.  A.  in  the  case  of  Drum  vs.  Turner, 
through  lack  of  familiarity  with  the  prior  art  of  record  in  the  Patent  Office. 


In  the  Engineering  News  of  September  14,  1899,  the  Far  Rockaway  Power 
House  floor  ia  UlustraUd.  This  wsa  e.  flat  slab  floor  reinforced  with  expanded 
metal  in  the  bottom  throughout  on  separated  closelv  spaced  piers.  Like  the 
Payne  structure,  it  was  a  &t  arch,  in  which  expanaed  metal  was  subetituted 
for  the  Bl«el  tie  rods  of  Payne. 


Octolier  15,  1900  plana,  here  reproduced  were  made  for  a  ReBervoir  root  at 
the  State  I'ami  Water  Works,  BridRewater,  Mass.  These  plana  were  signed  by 
Fredrick  C.  Coffin,  and  published  in  P'older  No.  14  "Doings  ot  Expanded  Metal. 
It  will  be  noted  that  the  strips  of  expanded  metal  are  marked  "lintels"  extending 
from  column  to  column.  Tne  stab  is  of  miiform  thickness  with  expanded  metal 
in  the  bottom  extending  in  a  single  layer  from  lintel  to  lintel.  In  other  words, 
this  structure  was  a  beam  structure  in  action  because  of  the  concentration  of 
metal  in  the  lines  of  the  lintel  and  because  the  reinforcement  over  the  supports 
was  arranged  in  the  form  of  a  cross  which  could  resist  stresses  radially  m  two 
directions  onl^v,  and  could  furnish  no  circumferential  resistance  about  the  sup- 
ports at  the  line  of  i[iflection  because  there  is  no  melal  between  the  arms  of  the 
crossed  sheets. 

A  more  ambitious  attempt  in  expanded  metal  construction  was  made  by 
George  Hill  and  described  in  the  Railroad  Gazette,  January  3,  1902.  The  build- 
ing was  approximately  5IK>  feet  long  by  51  feet  wide.    It  consisted  of  a  floor  about 
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4'0''  above  the  ground  on  piers  16'8"  centers,  and  a  flat  slab  roof  supported  on 
cast  iron  columns.  It  was  designed  to  carry  400  pounds  per  square  foot  and  to 
be  used  as  a  railroad  storehouse  carrying  the  usual  supply  of  bolts,  castings, 
brasses,  nuts,  washers,  etc.  It  was  represented  by  the  defense  in  the  suit  of 
Turner  vs.  Lauter  Piano  Company  as  an  early  successful  construction  of  flat 
slab  floors  carrying  heavy  loads.  Computations  based  upon  the  obvious  beun 
principle  of  action  fixed  by  entire  lack  of  reinforcement  capable  of  resisting 
circular  deformation  in  the  cantilever  portion,  indicated  that  the  structure  could 
not  possibly  have  carried  the  loads  claimed.  An  investigation  by  crawhng  imder 
the  floor  disclosed  that  the  floor  supports,  instead  of  being  piers  16'8"  on  centers 
as  represented,  comprised  brick  piers  in  addition  to  the  concrete  piers  originally 
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built,  rediicmg  tbe  Bpao  to  7'0"  in  each  duection.  The  apans  were  thus  so  abort 
tbftt  the  rO'  thick  slab  arched  fiom  pier  to  pier  and  needed  do  reinforcement 
whatever. 

Investigation  brought  out  the  statemeDt  by  the  storekeeper  im  charge  that 
shortly  after  the  structure  was  completed,  failure  of  certain  parta  occurred  un- 
der Iwds  of  leas  than  twenty  five  tons  per  panel  or  leas  than  200  lbs.  per  square 
foot,  and  this  in  a  floor  intended  to  safelr  carry  400  Iba.  After  the  collapse  the 
brick  piers  were  built  aa  shown  on  the  (olIowinK  sketch  under  all  panels,  lumieh- 
ing  nine  points  of  support  for  each  panel  where  four  only  had  been  contemplated 
in  the  original  design. 

An  attempt  was  made  at  the  same  time  the  storehouae  was  built  to  coo- 
atruct  a  flat  slab  i«eervoir  roof  supported  by  columns  ^laeed  about  22'0" 
centers.    Theslab  was  8"  thick.      Upon  examining  this  Reenvoir,  the  original 
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concrete  piers  placed  22'0"  on  the  original  plans  were  found,  and  as  in  the 
storebouee,  additional  brick  piera  had  been  built  under  the  slab  at  interv^. 
Seven  concrete  piers  were  designed  to  support  the  structure.  The  number  of 
brick  piers  added  was  thirty  one.  The  alab  when  first  completed  could  not 
support    ita   own    weight;     hence    the  liberal    number   of   new   pieia   added. 

The  failure  of  this  experiment  in  the  construction  of  flat  slaoe  led  to  the 
abandonment  of  early  att^pts  to  build  flat  slab  floors.  It  was  no  won- 
der ia  tbe  light  of  such  experience  that  the  concensus  of  opinion  of  the  engineer- 
ing profeMion  was  (as  stated  by  Capt.  John  S.  Sewell,  Trans.  Am.  Soc.  C.  £. 
1906)  that  DO  economical  system  of  concrete  floors  could  be  constructed  without 
rolled  steel  beams  or  concrete  T-beama. 

NORCROSS  PATENT.    late  in  1901,  O.  W.  Norcroas  appLed  for  two 

Stents  on  flat  arch  floors  reinforced  with  hog  wire  netting,  illustrated  in  the 
lowing  figures.  The  specifications  fixed  the  hog  netting  m  the  bottom  and 
the  claims  of  patent  No.  698,542,  were  sllowed  by  the  Patent  Office  only  after  a 
disclaimer  of  improvement  other  than  the  advantage  of  strips  of  wire  netting 
over  rolled  iron  of  all  forms  when  uaed  for  flat  arch  reinforcement.  The  date  of 
this  appUcation  was  subsequent  by  more  than  two  years,  to  tbe  printed  descrip- 
tion of  the  Rat  slabs  in  the  Queensboro  Ellectric  LiKht  &  Power  Station,  £ng. 
News,  Sept.  14,  1899;  subsequent  to  the  published  DolngB  of  Expanded  Metal 
describing  the  Bridgewater  Farm  Reservoir,  of  1900;  and  subsequent  to  the 
Austrian  patent  to  Speer  of  1900,  disclosing  six  roUed  round  rods  as  direct  and 
diagonal  reinforcement  in  a  cohiinn  supported  flat  slab,  all  art  that  was  prior 
to  toe  Norcrose  appUcation,  taut  was  avoiacd  by  the  specific  terms  of  a  disclaimer. 
Norcroes  thus  describes  his  flooring,  lines  10  to  15,  page  2,  apeeificatHm 
U.  8.  Patent  No.  6 


whid^  is  e,  fencing  of  the  Bame  class  as  onfinarv  poultry  wire  fendnj, 
except  th&t  the  some  is  made  of  considerably  heavier  wire.  In 
laying  a  flcraring  constructed  according  to  my  present  invention. 
"Uie  poets  are  fini  erected  and  a  temporary  staging  is  built  up  level 
with  the  top  of  the  posts."  "Strips  of  wire  netUng  are  then  laid 
loosely  in  place  in  the  top  of  the  staging. 


a  practice  I  liave  laid  this  (hog)  w 


.  ^  .  . .  ._„.      .e  Etetting  in  straight  linee 

from  post  to  post  and  crossing  diagonally  from  post  to  post.     A 
number  of  layers  of  this  netting  are  preferably  embedded  such 
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_rsbeiiiglaid  together  at  crossing  points  in  cob  house  fashion , . 
le  concrete  is  then  spread  upon  or  moulded  in  place  on  the  steel  to 
enclose  the  metallic  net  work."     (Lines  20  to  35  p.  2  Spec.) 
He  analyiee  his  floor,  as  follows,  lines  100  to  130  p.  2.  Spec. 

"If  the  forces  acting  upon  a  section  of  the  flooring  supported 
between  two  posts  be  siialyied  it  will  be  found  that  the  tendency 
of  the  floor  section  to  sag  between  its  supports  will  cause  the  lower 
layers  of  the  floor  to  be  under  tension  while  the  upper  lajrers  are 
under  compression,  these  strains  being  of  course  greatest  at  the  top 
and  bottom  layers ...  In  addition  to  this  the  weight  of  a  section 
causes  a  sheanng  strain  at  its.  line  of  contact  with  the  supports. 
The  principle  upon  which  I  have  worked  in  constructing  my 
flooring  is  to  permit  the  concrete  alone  to  resist  compression  and 
to  supply  a  maxiinutn  amount  of  niffbl  where  the  flooring  is  to  be 
'  subjected  to  the  greatest  tension  and  shearing  strains . . .  The 
distribution  of  jnetal  in  any  one  «paxi  following  substantially  the 
same  rules  that  would  be  followed  In  d).strlbutln|[  metal  in  the 
■. ,     coiutrucllon  of  flat  arches." 

The  significance  of  the  disclosure  of  the  mode  of  operation  becomes  un- 
mistakable  when  considered  in  the  light  of  the  Norcross  second  patent  No. 
698,543,  the  two  patents  being  illustrated  in  parallel  in  the  following  cuts. 

THE    TWO    NORCROSS    FLAT   ARCH    FLOORINQS    ILLUSTRATED 

•U.  8.  Patent  No.  608,542,  Flooring  for      U.  S.  Patent  No.  698,543,  Flooring  for 

Buildings,  O.  W.  NorcroBB.     Fifed  Buildings,  O.  W.  Norcross.     Filed 

Nov.  22,  1901.  Dec.  23. 1001. 


Claim  S:  A  flooring  resting  on  sep- 
arated supports,  consisting  of  concrete 
having  a  metnllic  network  enclosed  in 
the  bottom  layer  thereof,  with  the  body 
portion  of  said  concTrte  of  lighter  ma- 
terial than  thf  bottom  layer  thereof. 


Claim  2:  The  combination  of  walla 
or  other  longitudinal  supports,  and  a 
flooring  consisting  of  a  panel  of  concrete 
having  a  metallic  network  inclosed  in 
the  bottom  layer,  said  metallic  network 
comprising  strips  of  wire  netting  arrang- 
--"  with  respect  to  each  other. 


•This  patent  expires  April  29th.  1919,  but  claims  tor  royalty  and  threats  to 
are  still  being  made. 


Quoting  lines  70  to  76  patent  No.  698,543,  to  NorcroBs: 

"The  eflpecial  object  of  my  present  inventioa  is  to  provide  a 
modified  form  o[  flooring  constructed  on  the  same  principle  as  in 
my  previous  application  for  patent  698,542,  but  which  inatead  of 

bong  supported  on  separated  coh -  .    ■■     . 

rest  directly  upon  walu  or  other  h 


December  11,  1916,  Norcross  appbed  for  his  third  flat  slab  patent  issued 
November  27,  1917,  patent  No.  1,247,865.  Figures  2,  7,  8,  9  of  that  patent  ai« 
r«produaed  bdow. 


D  width  and  that  they  are  no  longer  at  the  bottom  of  the  plate,  but  are  placed 
at  the  top  of  the  plate  and  supported  by  the  frame  work,  Figs.  3  and  4,  and  having 
members  14.    Of  these  the  specification  says,  lines  29- 

"It  wiU  be  observed. . .  that  the  other  members  14  are  sup- 
ported at  a  considerable  distance  above  the  bottom  of  the  floor. 
On  these  members  several  thicknesses  of  flat  metal  reinforcements 
15  are  located.  .  .  These  are  in  the  form  of  rods  or  preferably 
woven  wire  cloth . .  .  They  do  not  pass  directly  over  the  columns 
as  in  my  above  specified  patent  698,542,  but  pass  them  on  each  aide. 
Additional  continuous  tie  members  17  are  shown,  several  radiating 
from  the  columns.  This  gives  an  opportunity  to  allow  liiem  to 
hang  down  between  the  columns  as  mdicated  in  Figs.  1  and  2. . . 
In  this  way  they  exert  their  streneth  not  exactly  in  horizontal 
direction  but  upwardly  so  that  the  floor  is  supported  at  a  distance 
from  the  columns  by  slanting  reinforcements  which  exert  an  up- 
ward pull.  This  is  of  Ereat  Importance  over  constructions  in 
which  the  pull  Is  nearly  or  substantially  horlEontal." 

This  specification  is  of  particular  interest  in  view  of  the  strenuous  effort  by 
nieculatora  to  make  the  public  at  large  believe  that  Norcross  invented  this  very 
thing  in  the  year  1902,  a  matter  which  will  be  referred  to  later. 


X 

Norcross'  original  claims  as  filed  for  his  first  patent  6^,542,  were  rejected 
upon  the  patent  to  Seely,  which  showed  small  I-snaped  bars  in  four  directions 
radiating  from  the  columns  which  combined  with  like  bottom  position  of  the 
metal  therein  caused  the  rejection  of  the  original  Norcross  clamos  as  appears 
from  the  Patent  Office  letter  of  December  23,  and  claims  as  quoted: 

Patent  Office  I^etter 

Dec.  23,  1901. 
This  case  has  been  examined. 

The  1st,  2nd  and  3rd  claims  are  met  in  the  patent  to  Seely,  467,141,  Jan. 
12,  1892  (Concrete  and  Metal). 

The  8th  claim  is  for  a  mere  temporary  combination  of  flooring  and  tool, 
but  presents  nothing  of  invention  over  Seely  above  who  shows  the  metal  struc- 
ture on  posts  and  the  ordinary  cement  filling  put  in  with  centering  in  the  usual 
way. 

The  9th  claim  is  for  a  separate  and  independent  improvement  in  centering, 
which  is  a  distinct  art,  and  said  claim  cannot  be  covered  in  the  old  generic  com- 
bination:   See  ex  parte  Uerr  O.  G.  41  page  464. 

The  1st,  2nd,  3rd  and  8th  claims  are  rejected  and  the  9th  is  objected  to. 

Original  Claims  As  Filed 

1.  A  flooring  consisting  of  concrete  having  metallic  net-work  enclosed 
therein  so  as  to  radiate  from  the  posts  on  which  the  flooring  rests. 

2.  In  a  building,  the  combination  of  posts  or  other  separated  supports, 
and  a  flooring  resting  on  said  supports,  and  consisting  of  a  single  panel  of  con- 
crete having  disconnected  metallic  net-work  enclosed  therein. 

3.  A  flooring  resting  on  separated  posts,  and  consisting  of  concrete  with  a 
plurality  of  layers  of  metallic  net-work  enclosed  herein. 

4.  A  flooring  resting  on  separated  supports,  and  consisting  of  concrete  with 
metallic  net-work  so  arranged  tnerein  that  the  amount  of  metal  will  be  greatest 
at  the  points  where  the  greatest  tensile  and  shearing  strains  are  to  be  supported. 

5.  A  flooring  resting  on  separated  posts,  and  consisting  of  metallic  net-work 
formed  by  strips  of  wire  netting  laid  from  post  to  post  to  cross  each  other  in  cob- 
house  fashion,  and  concrete  inclosing  the  metallic  net-work. 

6.  A  flooring  resting  on  separated  posts,  and  consisting  of  metallic  net-work 
formed  by  strips  of  wire  netting  laid  from  post  to  post,  and  on  the  diagonals  of 
the  figures  outlined  by  the  posts,  and  concrete  enclosing  the  metallic  net-work. 

7.  A  flooring  resting  on  separated  supports,  consisting  of  concrete  having 
a  metallic  net^work  enclosed  in  the  bottom  layer  thereof,  with  the  body  portion 
of  said  concrete  of  lighter  material  than  the  bottom  layer  thereof. 

8.  The  combination  of  a  concrete  flooring  r^ing  on  separated  posts,  and 
temporary  props  for  supporting  the  flooring  at  intermediate  points  after  the 
removiJ  of  the  stagings. 

9.  The  combination  of  a  concrete  flooring  resting  on  separated  posts,  and 
temporar>  spring-props  for  supporting  the  flooring  at  intermediate  points  after 
the  removal  of  the  staging,  said  props  comprising  top  and  bottom  pieces  loosely 
connected  by  a  rod  or  pipe  so  that  the  top  and  bottom  pieces  can  be  driven  into 
or  out  of  place  in  setting  or  removing  said  props. 

Amendment: 

Feb.  24,  1902. 

In  reply  to  the  office  letter  of  Dec.  23,  1901,  we  desire  to  amend  this  case 
as  follows: 

Please  concel  claims  1,  2  and  3,  without  prejudice,  and  substitute  therefor: 

1.  ''The  combination  of  separated  posts  or  supports,  and  a  flooring  con- 
sisting of  metallic  net-work  formed  by  strips  of  wire  netting  enclosed  therein, 
so  as  to  radiate  from  the  posts  or  supports  on  which  the  floor  rests." 

Cancel  claims  8  and  9,  without  prejudice. 

Renumber  the  claims. 

A  reconsideration  is  requested. 


XI 

The  patent  of  record  to  Seely  shows  a  construction  in  which  roUed-iron 
plates  ana  beams  are  enclosed  in  concrete. 

One  especial  ohject  of  the  apflicanl^i  invention  is  to  dispense  with  die  use  of 
roUed-iron  of  all  forms,  employing  wire  netting  in  place  thereof. 

The  claims  rejected^  however,  have  been  erased,  and  the  single  claim  sub- 
stituted therefor  has  been  drawn  especially  with  a  view  of  bringing  out  this  fact, 
so  that  as  now  presented,  the  case  is  thought  to  be  in  condition  for  allowance. 

By  the  disclaimer  of  rolled  iron  of  all  forms,  round  as  well  as  plates  or  shi4)es, 
Norcross  was  allowed  claims  \)y  the  Patent  Office,  differentiating  from  the  flat 
slab  floor  of  Speer  with  round  rods,  by  specifically  claiming  strips  of  wire  netting 
lengthwise,  crosswise  and  diagonally,  radiating  from  the  posts,  on  the  applicant's 
contention  that  wire  netting  m  these  directions  was  more  efficient  than  all  forms 
of  rolled  iron  as  a  tie.  Thus  the  Norcross  patent  as  granted  by  the  Patent 
Office  was  limited  to  an  almost  microscopic  scope.  It  was  later  expanded  by 
the  courts  to  a  breadth  to  cover  the  prior  art  in  a  manner  undrc»mea  of  by  the 
patentee,  and  considered  possible  only  by  an  enterprising  speculator. 

This  was  done  by  the  following  language  of  the  Eighth  G.  C.  A.  decision, 

Drum  vs.  Turner; 

• 
"But  this  statement  (of  the  disclaimer)  must  be  read  and 
given  effect  in  the  light  surrounding  the  circumstances  at  the  time 
he  made  it,  in  the  li^t  of  the  question  which  was  before  him  when 
he  made  it  and  in  the  light  of  the  knowledge  then  possessed  of  the 
use  of  rolled  iron  for  the  purpose  for  which  he  used  his  strips  of 
netting." 

But  round  rods  had  been  disclosed  in  strips  of  six  rods  in  the  four  directions 
in  a  column  supported  flat  slab  in  the  Speer  patent,  and  the  light  in  which  this 
disclaimer  was  mterpreted  by  the  Patent  Office  was  in  the  light  of  Speer,  in  the 
light  of  Payne,  in  the  light  of  the  use  of  round  rods  generall}r  in  reinforced  con- 
crete and  the  disclaimer  of  round  iron  of  all  forms  was  not  in  the  light  of  sole 
prior  use  of  rolled  I-beams  only  but  in  the  light  of  the  use  of  rods  in  place  thereof, 
and  of  wires  in  four  directions  as  in  Matrai. 

Norcross  made  two  attempts  to  use  his  construction  and  then  only  when 
buildmg  upon  a  percentage  basis,  the  one  a  floor  in  the  Wightman  House  at 
Brooldyn,  Mass.,  approximately  25'  by  35'  on  walls  with  two  brick  piers  dividing 
this  area  into  six  panels  of  a  little  less  than  11'  clear  span  with  a  slab  a  foot  thick; 
the  other  in  the  (Joolidge  Residence  at  Manchester,  Mass.  This  floor  was  about 
44'  b>'  26'  in  total  area  supported  on  the  outer  edge  by  heavy  walls  and  by  three 
brick  piers  dividing  the  floor  into  eight  panels  of  approximately  11'  by  12'0" 
in  size  and  a  total  floor  thickness  of  15"  mcluding  3^  marble  tile.  The  netting 
found  therein  was  placed  in  the  bottom  throughout^  crosswise  from  wall  to  waU, 
covering  the  area,  and  with  additional  bridging  stnps  across  the  piers  according 
to  Norcross'  patent  698,543,  making  it  a  tnree  way  reinforcement.  The  m^h 
was  4"  by  6"  hexagon  mesh  like  poultry  netting  with  wires  of  the  size  of  stovepipe 
wire,  samples  of  which  taken  from  the  floor  had  less  strength  than  a  shoe  string, 
because  tney  were  of  black  wire  rusted  before  embedment.  The  great  thickness 
of  the  slab  and  its  manner  of  support  made  it  stable  as  an  arch  of  plain  concrete. 
Netting  of  such  small  cross  section  added  nothing  to  the  strengtn  of  the  floor. 

All  efforts  subsequent  to  1902  to  construct  flat  arches  such  as  Norcross 
patent,  or  concrete  plates  reinforced  with  expanded  metal  and  supported  in  the 
manner  of  the  Hill  structures  were  abandoned  because  such  -structures  were  less 
economical  than  ordinary  beam  and  slab  t3rpes. 

Mushroom  Floors.    Early   in    1898,    Turner   was   experimenting   on    the* 
thermo  electric  measurement  of  stress  and  planned  a  series  of  experiments  on 
concrete  plates.    Business  engagements  delayed  the  proposed  experiments.    In 
1903  plans  for  a  structure  similar  to  the  early  type  of  Mushroom  floor  were  made 
for  a  flat  building  for  a  Minneapolis  architect,  but  these  plans  were  never  executed . 

An  effort  was  made  to  incorporate  the  new  idea  of  construction  in  the  roof 
of  the  Minneapolis  Paper  Company  building  in  1905,  but  it  was  vigorously  op- 
posed by  the  Building  Department  on  the  ground  that  it  was  experimental  and 
hence  necessarily  untrustworthy. 
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A  sketch  of  the  proposed  mat  arrangement  appeared  in  the  Engineering  News 
of  October  1905,  and  later  was  illustrated  in  the  Proceedings  of  the  American 
Society  of  Civel  Engineers  in  February  1906,  in  .the  discussion  of  a  paper  by 
Capt.  John  S.  Sewell,  on  the  economical  design  of  reinforced  concrete  floors. 

The  first  modem  flat  slab  was  the  Bov^-Johnson  building  in  Minneapolis, 
panels  approximately  14'  by  17',  tested  to  800  pounds  per  square  foot  over  two 
adjacent  panels.  FoUowing  this  structure  the  system  was  rapidly  intrckluced 
in  many  larpe  buildings  as  will  appear  from  the  following  references  to  engineer- 
ing publications: 


Reinforced  Concrete  Conctruction,  (259pp) 

By  Tumeaure  and  Maxirer,  University  of  Wisconsin 
Wiley,  N.  Y.,  1907. 

Concrete,  Plain  and  Remforced,  (483pp) 

By  Taylor  and  Thompson 
WUey,  N.  Y.,  1911. 

Trans.  Am.  Soc.  C.  E.  ,  . 

Vol.  LVI.  June  1906. 

Engineering  News:— 
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The  first  building  of  this  new  type  in  Chicago  was  the  Curtis  Building  on 
Jackson  Boulevard,  francis  M.  Barton,  architect,  described  by  him  in  the  Ce- 
ment Era,  in  the  fall  of  1906.  This  building  was  hardly  complete  before  it  was 
advertised  as  the  Barton  system. 

In  Milwaukee  the  John  Hoffman  Sons  Company  building,  on  Water  Street, 
was  completed  in  1907,  and  attracted  considerable  attention  when  tested  with 
1000  pounds  per  foot  of  floor.  Mr.  Daniel  B.  Danielson  of  Milwaukee  was  one 
of  the  early  visitors  to  this  building  in  January  and  February  and  in  the  follow- 
ing May  applied  for  a  patent  for  a  column  and  flat  slab  construction  which  was 
similar  to  that  in  the  Hoffman  building  except  in  the  formation  of  the  carrying 
rods  on  top  of  the  bent  out  column  rods  and  in  place  of  the  usual  hooping  for  the 
columns,  angular  ties  were  claimed.  Mr.  Danielson  later,  erected  some  flat 
slab  floors  calling  them  '^Musculous  System'*.  And  so  the  ''Systems''  multipU^ 
rapidly. 

In  St.  Paul,  Mr.  D.  C.  Shepard,  one  of  the  pioneer  en^neers  of  the  North- 
west, was  much  interested  in  the  description  of  tne  system  m  the  Proceedings  of 
the  Am.  Soc.  C.  E.  in  1906,  and  visited  the  test  of  the  Bovey  Building  in  Minnea- 
polis in  the  fall  of  that  year.  Satisfied  with  the  construction  he  secured  its  adop- 
tion for  a  National  Bank  Building  in  St.  Paul  and  proposed  using  it  in  a  building 
which  he  contemplated  erecting  for  hiinself . 

After  some  study,  Mr.  Shepard's  view  was  that  the  concrete  plate  would 
present  greater  toughness  if  also  reinforced  normal  to  the  saddle  back  area  and 
this  view  was  met  by  incorporating  in  the  design  of  two  large  buildings  subsequent- 
ly erected  for  him  in  St.  Paul,  reinforcements  in  two  directions  covering  the  area 
of  the  floor  normal  to  column  lines  in  addition  to  the  diagonid  belts  customarily 
used.  The  first  building,  the  Strong-Warner  Building,  was  erected  in  1909, 
plans  being  made  the  later  part  of  1908  or  the  first  part  of  1909.  Preliminary 
negotiations  for  this  building  had  been  entered  into  in  1907,  during  the  con- 
struction of  the  lindeke- Warner  building. 
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As  Mr.  Shepard  preferred  deformed  bar  reinforoement,  corrugated  bars 
wfere  used  hi  this  builcung  and  cuts  and  photographs  of  the  reinforcement  were 
advertised  shortly  thereafter  in  the  Engmeering  News  by  ihe  Corrugated  Bar- 
Ck>mpany,  who  afterwards  advertised  the  flat  slabs  adopting  Mr.  Shepard's  idea 
of  remf orcement  normal  to  the  saddle  back  each  way  but  thinning  tne  mat  by 
omission  of  the  diagonal  belts. 

While  Mr.  Shepard,  undoubtedly  anticipated  others  in  incorporation  of 
reinforcement  normal  to  the  saddle  back  as  a  modification  of  the  details  of  the 
mat  as  practiced  by  Turner,  several  patents  faftve  been  issued  thereon  to-wit, 
Number  1,005,756  filed  December  1909  long  after  the  incorporation  of  this 
ftetiure  in  the  building  named,  and  a  later  application  filed  Apru  24,  1911,  even- 
tuating in  U.  S.  Patent  No.  1,050,477  of  January  14,  1913. 

Turner  Patents.    Application  for  the  original  Turner  patents  was  made  in 
January  1905.    The  case  was  divided  by  the  Patent  Office  two  years  later  and' 
the  continued  applications  were  vigorously  prosecuted. 

In  prosecuting  these  cases  interference  proceedings  were  declared  first  with 
an  apphcation  filed  by  Messrs.  *Durkee  &  Prince,  covering  a  modified  form 
of  flat  slab,  which  usea  punched  plates  with  radial  rods  hooked  therein  over  the 
columns  but  lacked  the  characteristics  of  the  mat.  The  claims,  however,  were- 
drawn  like  the  Turner  claims  and  an  interference  was  declarea  by  the  Patent 
Office  on  fifteen  coimts.  Messrs.  Durkee  and  Prince  of  course  were  aware  that 
no  priority  could  be  established  by  them  and  disposed  of  their  interest.  Durkee 
selhng  his  half  interest  for  one  hundred  fifty  dollars.  This  was  purcnased  by 
thirties  unfriendly  to  Turner  and  the  contest  drawn  out  in  the  Patent  Office  ais 
far  as  len&l  red  tape  woiild  permit.  Decision,  as  was  to  be  expected  was  in 
favor  of  xumer. 

Through  an  overnsight  in  the  Patent  Office  a  joint  interference  was  not 
declared  as  it  should  have  been  at  the  time  with  an  application  by  Francis  M. 
Barton,  when  the  Durkee  Prince  iAterferenoe  was  brought  on.  Barton,  as 
before  noted  was  a  Chicago  Architect,  who  adopted  the  Mushroom  sjrstem  as 
he  put  the  matter  in  an  article  written  by  him  for  the  Cement  Era,  in  1906. 
This  interference  proceeding,  like  the  other,  was  delayed  as  much  as  possible  by 
Barton  and  his  attorneys  but  it  was  finally  brought  to  hearing  on  a  motion  to 
dissolve  and  decided  in  favor  of  Turner.  Testimony  was  taken  as  reguxls  priority 
but  was  of  such  a  nature  that  Mr.  Barton  did  not  submit  it  and  the  decision  as  tb^ 
priority  was  allowed  to  go  by  default  after  putting  Turner  to  the  expense  of  taking 
testimony  and  proving  his  rights. 

The  early  introduction  of  the  new  construction  was  a  somewhat  strenuous 
business.  Nothing  was  known  of  plate  action  in  flat  slabs  prior  to  the  data  which' 
Turner  had  secured  regarding  the  action  of  concrete  flat 'slabs  so  reinforced  as  to 
i^iitate,  plate  action.  The  problem  of  this  design  was  attacked  in  the  manner - 
outlined  in  Chapter  II  by  the  principle  of  proportion  but  every  different  ratio 
of  depth  to  span  and  of  column  rigidity,  which  differed  from  the  exact  proportion 
from  which  the  data  was  secured,  brought  in  new  questions  and  new  problems 
and  these  had  to  be  solved  one  at  a  time  by  careful  observation  and  repeated  tests. 

The  engineering  profession  then  knew  so  little  about  this  type  of  construc- 
tion that  Prof.  A.  N.  Talbot  having  been  called  upon  to  pass  upon  the  desien  of 
The  John  Deere  Plow  Company  building,  OmabiL  Neb.,  (see  Engineering  News, 
February  18,  1909,  for  description)  reported  to  the  owners  after  investigating  a 
number  of  buildings  erected  on  this  plan,  that  he  was  unable  to  figure  it.  That  he 
^as  satisfied  it  could  be  made  stable,  and  he  advised  the  owners  to  require  Turner 
tp  put  up  a  $50,000  bond  guaranteeing  the  load  capacity  and  deflection  under 
load.  Turner  furnished  the  bond,  guaranteeing  the  structure  at  the  request  of 
Mr.  C.  M.  Leonard,  President  of  the  Leonard  Construction  Company,  con- 
tractors for  the  building.  The  floor  was  tested  satisfactorily  after  the  concrete 
had  become  thoroughly  cured. 

Almost  every  construction  in  the  early  days  required  some  kind  of  a  guarantee, 
either  from  the  contractor  doing  business  with  Turner  or  from  Turner  himself. 
Some  of  these  bonds  reached  the  magnitude  of  $100,000  as  in  the  case  of  the 
y.  M.  C.  A.  Building  at  Vancouver,  B.  C. 

It  would  seem,  if  the  patent  system  were  at  all  efficient,  that  after  such  stren- 
uous wof  k  in  introaucing  so  new  a  system  of  construction,  shouldering  the  financial 

•Builders  of  the  Bovey  building  from  Turner  plans. 
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burdea  of  heavy  guarantee  as  just  noted,  and  8pen<ting  months  in  the  most  care- 
ful investigations,  that  the  difficulties  of  the  pioneer  should  have  been  ended. 
They  had  in  fact,  however,  only  oommencecl.  Data  borrowed  and  tables  of 
capacity  appropriated  likewise  enabled  early  imitation.  The  open  disclosure 
made  b>  the  publication  in  1909  of  methods  of  computation,  tJirough  misplaced 
confidence  in  the  protection  of  a  United  States  patent,  also  tended  toward  the 
same  result. 

About  the  year  1910,  C.  M.  Leonard^f  the  Leonard  Ck>nstruction  ComDany, 
who  built  from  Turner  plans  the  John  Deere  building  described  in  £ng.  Newo 
Feb.  18,  1909,  ^bought  of  O.  W.  Norcross,  patent  No.  *698,542  placed  the  title 
to  the  same  in  the  name  of  an  employee,!  one  John  L.  Drum,  and  proceeded  to 
erect  flat  slab  constructions  indentical  with  the  Turner  floors  except  in.  the 
minor  details  of  the  spider,  but  the  same  in  principle  and  operation.  Turner 
brought  suit  against  clients  of  the  Leonard  Construction  Company  for  infringe- 
ment and  the  {Leonard  Construction  Company  brought  suit  against  Turner, 
in  the  name  of  Drum  alleging  infringement  of  the  Norcross  flat  arch  patent  by 
the  construction  of  the  continuous  plate  patented  by  him. 

Moore  Scriver  Suit.  About  the  same  time  suit  was  brought  by  Turner 
against  a  Minneapolis  infringement,  in  the  building  of  Moore  &  Scriver,  designed 
bv  an  engineer,  who  had  become  familiar  with  the  Turner  construction  bv  hannling 

Sums  during  his  former  connection  with  the  Building  Department  of  tne  City  ^ 
finneapolis.  While  the  structure  was  as  nearly  like  the  Turner  structure  as 
two  peas  from  the  same  pod,  tht  trial  court  held  no  infringement.  The  Court 
of  f^peals  of  the  Eighth  Circuit  held  that  flat  slabs  were  old  in  the  art  and  ao 
declared  by  the  Patent  Office,  and  so  of  their  reinforcement  in  various  directions 
over  the  supports;  citing  Ciment  Armd  illustration  of  the  Matrai  construction, 
as  reference,  and  held  the  claims  sued  upon  invalid  as  an  aggregation.  (211 
Fed.  466). 

Drum  vs.  Turner.  The  Drum  vs.  Turner  decision  followed  the  Turner  vs. 
Moore  in  the  I^th  C.  C.  A.  219  Fed.  199,  in  which  the  court  said,  (page  190) : 

''The  principle  or  mode  of  operation  of  the  construction  of 
the  floors  which  are  alleged  to  infringe  the  patent  of  Norcross,  is 
disclosed  in  the  drawings  and  specSlcations  of  Turner's  patent 
^Nos.  985,119  and  1,003,384.'' 

And  held  this  allegation  a  legal  fact  in  a  decision  wluch  was  antipodal  to  ita  pre- 
vious decision,  Turner  vs.  Moore  A  Scriver  and  that  oi  the  Patent  Office  in  Barton 
vs.  Turner  as  well. 

The  examiner,  skilled  in  hi8  art,  based  his  finding  on  his  knowledge  of  what 
had  been  accomplished  in  the  past.  The  court,  being  without  such  knowledge, 
held  that  the  disclosure  of  the  arch,  ancient  as  it  is  in  principle,  is  broadly  pat- 
entable and  that  a  patent  thereon  is  infringed  by  a  structure  which  is  not  an 
arch  in  any  sense  of  the  word. 

The  antipodal  nature  of  the  decision  of  the  Engineer  Examiner  and  the 
Court,  appear  in  their  diverse  holdings  upon  the  question  of  invention,  improve- 
ment, scope  of  <*laims,  utility  (success  vs.  failure)  and  finally  upon  mode  of  op- 
eration upon  which  infringement  depends.  These  contradictions  appear  clearly 
from  the  quotations  in  parallel  columns  as  follows: 

Drum  vs.  Turner  Decision  Eighth  Patent  Office  Decision  Barton  vs. 

C.  C.  A.  holding  Turner  patent  No.  Turner  giving  an  engineering  analysis 

1,003,384  an   infringement  of  patent  of  the  prior  art  and  mode  of  operation 

698,542.  of  Turner  and  Norcross  structure. 

"Nor  have  the  contentions  that  the  Discussing  the  patentability  of  the 

flooring  of  Turner  is  not  the  mechanical  issue,  it  is  said  of  the  entire  prior  art,  to 

equivalent  of  that  of  Norcross,  because  which  attention  has  been  called,  that  it 

*Norcross  statement  to  F.  H.  Drury. 

fHaving  learned  from  Turner  how  to  successfully  build  column  supported 
flat  sdabs,  the  inconsistency  of  suing  Turner  as  an  infringer  of  a  paper  patent  was 
avoided  imder  cover  of  the  name  of  an  emplovee.  In  the  accounting  Drum  was 
replaced  by  the  Flat  Slab  Patents  Co.  in  wnich  by  the  statement  filed  by  its 
counsel  about  as  much  of  the  stock  is  owned  bv  Leonard  as  biw  permits  an  in- 
dividual to  own  and  still  operate  under  the  1^^  alias  of  a  corporate  name. 

{Testimony  of  Prof.  W .  K.  Hatt  as  to  the  identity  <^  hia  paymaster  in  the  case. 


XV 


COURT   DECISION 

the  cross  wires  in  the  strips  of  netting 
have  an  effect  in  keeping  the  long 
wires  from  slipping  which  is  not  pro- 
duced by  the  belts  of  small  rods,  but 
the  belt«  of  small  rods  are  spaced  apart 
and  tied  to  ke^p  them  in  place  in  the 
actual  construction  of  Turner's  device, 
because  Turner  places  his  rods  in  the 
upper  while  Norcross  places  his  wires  in 
the  lower  part  of  the  flooring  where  they 
Jie  over  the  tops  of  the  columns,  be- 
cause Turner's  belts  of  rods  are  wider 
than  Norcross'  strips  of  wire-netting, 
because  Turner  has  enlarged  the  capi- 
tals of  his  columns  and  constructed 
cantilever  heads  for  them  and  for  other 
reasons  of  like  character,  failed  to  re- 
ceive consideration.  Conceding  that 
these  changes  which  Turner  claims  to 
have  made  were  improvements  on  the 
device  patented  to  Norcross,  they  did 
not  deprive  the  plaintiff  of  his  right  to 
remedy  for  the  defendant's  appropria- 
tion and  use  by  equivalent  means  of  the 
principle  of  his  invention.  The  answer 
to  all  of  these  contentions  is  that  the 
basic  principle  or  mode  of  operation  of 
the  defendant's  construction  of  beam- 
less  flooring,  is  strips  or  l>elts  of  large 
wires  or  small  rods  embedded  in  con- 
crete and  laid  over  the  tops  of  columns 
in  the  way  described  in  and  secured  to 
Norcross  by  his  patent,  whereby  a  mon- 
olithic floor  enclosing  the  wires  or  rods 
in  a  single  panel,  however  large  the 
building,  is  made  to  sustain  itself  and 
its  load  on  separate  columns,  without 
girders  or  beams.  Extract  this  princi- 
ple or  mode  of  operation  from  tne  de- 
vices of  Turner,  and  they  become  in- 
efficient and  useless.  The  floors  will 
not  sustain  themselves  on  the  posts. 
And  as  long  as  he  continues  to  use  the 
principle  of  Norcross  and  the  mechan- 
ical means  which  he  described  and  se- 
cured, or  their  mechanical  equivalente, 
he  cannot  escape  infringement. 

The  review  of  the  prior  art,  the 
long  and  fruitless  endeavor  before  the 
disclosure  of  this  patent  to  find  a  way  to 
construct  rx>ncret«  floors  for  large 
buildinp  without  beams  or  girders,  the 
^adual  approach  to  the  desideratum, 
ite  first  conception  and  reduction  to 
practice  by  Norcross,  and  its  large  and 
successful  subsequent  use,  have  satis- 
fied that  his  floonng  and  his  method  of 
construction  were  not  within  the  reach 
of  the  mechanic  skilled  in  the  art,  but 
were  novel  and  useful  and  the  product 
of  the  genius  of  the  inventor." 
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fails  utterly  to  disclose  or  to  even  sug- 
gest the  subject-matter  of  the  invention 
included  in  this  interference,  and  that 
the  only  references  that  are  worth  while 
to  reconsider  at  this  time  are  the  pat- 
ents to  Matrai,  Speer,  Seeley,  Norcross 
and  Folder  No.  14,  and  this  only  for  the 
reason  that  these  references  have  been 
given  especial  weight  in  this  motion  to 
dissolve. 

In  applying  any  reference  to  this 
invention,  it  is  to  be  oome  in  mind  that 
Turner  has  achieved  that  which  en- 
gineers and  practical  men  have  regard- 
ed  as  impo88ible,  that  which  has  met 
with  instant  approval  and  success 
wherever  the  structure  has  Ijecome 
known  and  that  which  the  moving 
papers  of  Barton  concede  is  not  to  be 
anticipated  except  by  piecing  references 
together  and  raising  the  objection  of 
"no  invention." 

The  patents  to  Matrai,  Speer  and 
Seeley  are  all  simply  modifications  of 
the  suspended  type  of  floor  construc- 
tion. Any  resemblance  found  in  these 
structures  to  the  invention  involved  in 
this  interference  is  believed  to  be  acci- 
dental only,  more  apparent  than  real. 
The  vital  and  essential  features  of  the 
Turner  construction  are  entirely  lacking. 
The  mode  of  operation  and  the  result* 
attained  by  Turner  would  be  impossible 
with  any  of  these  structures  alone  or 
taken  in  combination  with  the  struc- 
ture disclosed  in  the  patent  to  Norcross 
or  the  Folder  No.  14. 

Referring  particularly  to  the  Nor- 
cross patent,  it  is  a  vital  tning  in  secur- 
ing the  resulte  attained  by  Turner  to 
have  the  cantilever  head  arrangement 
at  the  top  of  the  columns  and  the  slab 
reinforcement  extending  therefrom  in 
multiple  directions  through  the  slab,  or, 
as  denned  in  varying  terms  in  the  issue 
count,  whereby  a  cantilever  suspended 
arrangement  results  and  the  combined 
cantilever  and  flat  plate  action  is  se- 
cured. 

In  Norcross  the  strips  of  wire  net- 
ting are  plainly  intended  as  they  are 
plainly  shown  and  described,  lines  21 
and  32,  page  2  of  the  specification,  as 
mere  supports  at  the  bottom  of  the  slab 
of  concrete  placed  thereon.  Clearly 
the  reinforcement  of  Norcross  is  of  the 
ordinary  kind  and  is  relied  upon  only  as 
a  tension  element  in  the  lower  chord. 
As  a  cantilever  reinforcement  in  the 
position  shown  at  the  bottom  of  the 
slab,  it  would  be  an  entire  failure. 


But  in  Drum  vs.  Turner  the  holding  that  patent  985,119  is  the  same  in  prin- 
ciple as  Norcross  the  court  reversed  its  previous  holding,  211  Fed.  466,  that 
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Turner's  ''flat  slab  was  old,  and  so  of  its  reinforcement  by  groups  of  rods  passing 
in  various  directions  over  the  support''  in  the  light  of  the  illustration  in  Ciment 
Arm^,  of  the  Matrai  structure  diisclosed  in  U.  S.  Patent  No.  634|986  of  1899, 
applied  for  in  1896,  five  years  prior  to  the  Norcross  application. 

The  first  bench  apparently  had  difficulty  in  reading  the  mechanical  drawings 
•of  this  publication.    The  plan  view  of  Matrai's  flooring  is  strikingly  similar  to 
that  of  patent  985,119.    The  cross  section  and  elevation,  however,  show  clearly 
the  ribs  or  beams  therein. 

In  Drum  vs.  Turner  the  Court  of  Appeals  vr^a  influenced  by  the  sati^ 
similarity  of  plan  view  found  in  the  later  patent  to  Norcross.  It  apparently 
applied  the  legal  metaphjrsics  of  change  of  degree  to  the  Norcross  patent  to 
arrive  at  a  conclusion  of  identity  of  princijile  between  the  structure  of  Turner 
and  that  of  Norcross  as  argued  by  counsel. 

As  few  engineers  are  conversant  with  the  adaptability  of  this  legal  line  of 
I'easoning,  its  remarkable  possibilities  so  useful  to  the  patent  pirate  may  be  ad- 
vantageously illustrated.  In  the  design  of  beams  every  one  knows  that  they  are 
made  deeper  or  shallower  dependent  on  questions  of  economy  on  the  one  hand  or 
the  desired  head  room  on  the  other.  The  difference  between  the  deeper  and 
shallow^er  beams  is  thus  a  change  in  degree  and  not  a  change  in  principle,  but  if 
we  make  the  change  in  depth  such  that  the  beams  of  the  Matrai  floor  become  of  the 
flame  depth  as  the  slab  we  have  a  floor  structure  flat  on  top  and  bottom  in  which 
according  to  the  court's  finding  in  Drum  vs.  Turner,  there  could  be  no  beams' 
concealed  or  otherwise,  since  it  would  be  obviously  flat  on  top  and  bottom.  Thus 
by  a  change  in  degree  the  Matrai  floor  became  in  legal  fiction  a  flat  slab  such  as 
the  Turner  flat  slab  and  such  as  the  Norcross  flat  slab  and  by  thus  applying 
this  adaptible  line  of  reasoning,  things  which  are  different  become  in  legal  fiction 
the  same.  Matrai  becomes  the  same  in  principle  as  Norcross  and  the  same  as 
Turner.  This  same  adaptbale  principle  was  applied  in  argument  to  the  Nor- 
cross netting.  If  it  was  in  the  bottom  it  would  be  but  a  change  of  degree  to 
put  it  in  the  top.  If  it  did  not  cover  the  area  so  that  there  was  uniform 
flexibility  it  would  be  again  but  a  change  of  degree  to  widen  it  out  so  that  the 
flexibility  would  be  uniform.  The  application  of  this  doctrine  involves  no  con- 
sideration whatever  of  the  radical  change  in  mode  of  operation  which  may  be 
brought  about  by  an  apparently  insignificant  change  in  detail.  The  entire  legal 
argument  rests  upon  the  assumed  non-existance  of  such  change  in  mode  of 
operation. 

Thus  the  Turner  flooring,  imitating  the  continuous  homogeneous  plate,  was 
held  first  to  be  old  in  the  light  of  an  illustration  resembling  it  merely  in  plan 
which  was  not  a  flat  plate  at  all,  and  again  only  a  year  later,  a  like  resemblance 
to  a  flat  arch  (so  described  by  the  patent  specification)  was  considered  ground  to 
hold  Turner's  novel  floor  an  infringement  of  the  very  same  elements  which  the 
same  court  had  just  held  were  old,  and  w^hen  assembled  constituted  in  the  fiction 
of  the  law  an  aggregation  in  accordance  with  the  Hailes  vs.  Van  Wormer 
decision. 

Thus  under  the  same  state  of  facts,  the  same  question  is  answered  by  the 
same  court  of  appeals  affirmatively  and  negatively  against  the  same  litigant  in 
different  ca^s  dependent  solely  on  the  wide  or  narrow  scrape  of  the  imagination 
of  the  particular  i)ench  applying  in  an  unscientific  manner  the  doctrine  of  change 
in  degree. 

The  need  of  competent  scientific  ability  in  the  correct  determination  of 
questions  relating  to  mechanical  patents  is  thus  emphasized. 

Lack  of  understanding  of  specifications  leads  not  only  to  inequitable  but  to 
inharmonious  decisions  in  different  circuits  as  appears  from  a  comparison  of  the 
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decisions  of  Drum  vs.  Turner  and  of  Turner  vs.  Lauter  Piano  Company,  which 
for  comparison,  are  quoted* in  parallel  colunins,  as  follows: 


X' 


Drum  vs.  Turner,   1914,  Eighth 
C.  C.  A.  Patent  in  suit  No.  698,642. 

Norcross  patent  held  valid  and  in- 
fringed although  the  specification  as- 
serts: (Lines  115-121  page  2  of  the 
specification)  "The  principle  on  which  I 
have  worked  in  constructing  my  flooring 
is . . .  to  supply  the  maximum  amount 
of  metal  at  points  where  the  floors  are 
subjected  to.  the  greatest  tensions  and 
shearing  strains."  (Line  106)  "The  tisn- 
dency  of  a  floor  section  to  sag  between 
supports  will  cause  the  lower  layer  of 
the  flooring  to  be  imder  tension  while 
the  upper  layers  of  the  flooring  are  im- 

fder  compression,  these  strains  be- 
X  ing  greatest  at  the  top  and  bottom 

layers  respectively.**  While  the 
court  held  that  the  review  of  the  prior  art, 
the  long  and  fruitless  endeavor  before 
the  disclosure  of  this  patent  to  find  a 
way  to  construct  floors  for  large  build- 

I  ings  without  beams  and  girders,  the 

gradual  approach  to  the  desideratum 

its  first  conception  and  r^uction  to 

practice  by  ^(orcross,  its  large  and 

successful  subsequent  use,  have  sa- 
Y^  tisfied  that  his  floor  and  his  method 

I  of  construction  were  not  within  the 

reach  of  a  mechanic  skilled  in  the 

art  but  were  novel  and  useful  and 

the  y)rodu{'t  of  the  genius  of  the  in- 
ventor." 

Antipodal  rules  of  law  are  here  illustrated  by  holding  that  invention  consists 
X  in  putting  the  steel  where  the  strains  are  alleged  to  come  in  the  Eighth  C.  C.  A., 
and  that  X'  it  is  not  invention  to  put  the  steel  where  the  court  thinks  (?)  strains 
come  in  the  Third  C.  C.  A.  Large  and  successful  *use  (Y)  satisfied  the  Eight 
C.  C.  A.,  as  to  invention  but  in  the  Third  Circuit  on  the  contrary,  wide  intro- 
duction of  a  structure  admittedly  superior  to  others  involves  merely  clever 
combination  of  different  elements  producing  economy  and  superiority  but  not 
invention.     (Y') 

Pretended  extensive  commercial  use  of  the  original  thought  of  a  paper  patent 
on  an  abandoned  experiment,  decked  out  m  present  day  details  vital  to  com- 
mercial success  admittedly  discovered  not  by  the  patentee  but  by  the  defendant 
is  accepted  as  sufficient  commercial  use  of  the  patented  thing  itself  to  sustain 
invention  and  infringement  of  a  paper  patent  in  the  Eight  Circuit  while  on  the 
contrary  actual  and  extraordinarily  wide  commercial  use  and  conceded  superiority 
is   insufficient  in  the  Third  Circuit  to  sustain  patentable  invention. 

The  obviously  antipodal  holdings  upon  the  same  state  of  facts  apparently 
arise  from  the  acceptance  of  supposed  discovery  in  the  one  circuit  and  its  rejection 
in  the  other  as  a  valid  basis  of  invention.  But  the  antipodal  character  of  these 
decisions  is  exhibited  in  other  respects. 

The  Xorcross  patent  sued  upon  in  Drum  vs.  Turner,  sets  forth  thu  prin- 
ciple, lines  125  to  130  p.  2  of  the  specification,  as  "distributing  the  metal  follow- 


Tumer  vs.  Lauter  Piano  Co.,  1918, 
Third  C.  C.  A.  Patent  in  Suit  No. 
1,003,384. 

"Reinforced  concrete  of  a  modem 
kind  came  in  to  use . . .  about  fifty  years 
ago ...  It  is  a  matter  of  general  Imow- 
ledge  that  concrete  is  strong  in  resisting 
compression  strains  and  weak  in  with- 
standing tension  strains.  Places  at 
which  both  strains  may  be  expected  are 
so  well  known  that  they  are  determined 
empirically  by  many  engaged  in  the 
art .  There  is  toda}'  neither  inven-' 
tion  or  novelty  in  merely  placing 
metal  reinforcement  in  concrete  at 
places  where  these  strains  come.'* 
"The  vital  thing  which  the  patentee 
claims  to  have  achieved ...  is  tne  mak- 
ing of  a  thin  slab  flooring  which  will 
carr^  as  heavy  load  as  the  thick  slab 
flooring  of  the  prior  art  at  a  lesser  cost. 
"There  doubtless  is  merit  in  Tur- 
ner's system  of  concrete  construc- 
tion. It  may  be  superior  to  others 
but  merit  may  spring  from  a 
conception  that  does  not  involve  in-}>Y' 
vention.  These  quahties  come  from 
a  careful  assemblage  of  different  ele- 
ments from  various  sources  and 
clever  combinations  of  them." 


*In  the  accounting  it  was  conceded  under  crosjs-examination  that  plaintiff 
had  never  built,  used  or  tested  the  structure  disclosed  by  the  Norcross  patent. 
698,542. 
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ing  the  rule  of  distributing  metal  in  flat  arches" — ^an  old  rule  dating  back  to  the 
time  of  the  Roman  Empire.  Now  assembling  elements  all  old  according  to  this 
ancient  principle  constitutes  invention  in  the  Eight  C.  C.  A.  decision  as  quoted 
while  in  the  Third  Circuit  we  have  the  holding — 

"Invention  is  to  be  found  only  in  discovering  a  new  principle 
or  employing  a  new  means  involving  an  old  principle.'' 

The  position  of  these  two  circuit  courts  of  appeal  is  again  antipodal.  And 
finally  as  if  to  render  the  inconsistency  complete  the  Third  C.  C.  A.  quotes  with 
approval  the  finding  of  the  Eighth  C.  C.  A.  as  a  substantial  premise  from  which 
by  legfd  logic  to  deduce  its  antipodal  conclusion  and  holding  of  legal  fact. 

Legal  Facts  vs.  Mechanical  Facts.  Whenever  the  holding  or  decree  of  any 
court  is  inharmonious  with,  antipodal  to  or  contradictory  of  scientific  fact  or 
mathematical  truth,  under  the  fiction  of  the  law  this  holding  is  a  legal  fact  bind- 
ing upon  the  litigants  but  not  upon  the  public. 

This  phase  of  the  law  renders  it  essential  if  industry  is  to  be  encouraged  at 
all  by  the  Patent  system,  that  those  who  pass  upon  the  validity  of  patents  should 
have  a  clear  understanding  of  scientific  questions  relating  thereto.  The  statutes 
that  have  been  enacted  properly  require  that  the  examiners  in  chief  of  the  Patent 
Oflfice  possess  competent  legal  knowledge  combined  with  scientific  ability  but 
competent  scientific  ability  is  not  required  of  the  judge  who  passes  upon  the 
validity  of  the  patent.  Thus  the  final  step  which  renders  the  system  beneficial 
on  the  one  hand  or  a  menace  to  progress  on  the  other,  is  taken  haphazard  without 
the  guidance  of  competent  scientific  ability. 

Because  scientific  ability  is  lacking  in  their  determination  many  decisions 
are  mosaics  of  legal  fictions.  The  Drum  vs.  Turner  decision  is  a  classic  of  such 
fiction.  In  it,  every  mechanical  principle,  mathematically  demonstrated  in  the 
preceding  chapters,  is  inharmonious  with  or  contradi(;tory  to  the  legal  facts 
therein  contained.  Even  Norcross,  himself,  did  not  know  that  he  had  invented 
a  continuous  plate  until  the  court  so  held,  as  appears  conclusively  from  the  sworn 
specification  of  his  third  patent.  Of  course  the  speculative  purchaser  of  the 
Norcross  patent,  had  ample  testimony  that  the  >forcross  structure  had  been 
practiced  oy  changing  it  to  the  modern  continuous  plate  structure,  and  as  a 
fitting  reward  for  the  ingenuity  of  the  patent  expert  under  our  system  of  deter- 
mining tegal  facts  the  pioneer  inventor  is  duly  punished  for  his  discovery  and 
the  profits  awarded  to  the  enterprising  speculator  who  knew  where  to  purchase 
the  right  kind  of  testimony  to  convince  a  court  that  a  flat  arch  was  the  same  as 
a  continuous  plate;  that  putting  the  steel  in  the  top  of  a  floor  was  the  plain 
mechanical  equivalent  of  putting  it  in  the  bottom. 

As  long  as  courts,  lacking  scientific  ability,  reverse  the  scientific  opinion 
of  trained  patent  office  examiers,  they  will  continue  to  err  and  their  decisions  will 
continue  to  be  a  menace  instead  of  an  encouragement  to  progress.  The  patent 
speculator  will  continue  as  now  to  wax  fat  by  the  purchase  of  a  paper  patent  on 
any  conunercial  failure  that  bears  a  remote  resemblance  to  any  present  day 
success.  By  bringing  suit  upon  such  paper  patents,  and  pursuaaing  the  court 
that  the  rehc  which  he  has  dug  from  the  graveyard  of  conunercial  failure  in  fact 
contains  the  original  thought  of  some  revolutionar^r  success  he  secures  a  decree 
in  his  favor  and  proceeds  to  blackmail  the  public  in  a  wholesale  manner.  By 
this  process  the  inventor  who  discovered  the  secret  of  success  which  was  in  no 
wise  suggested  by  the  abandoned  experiements  of  the  prior  art  is  robl>ed  of  the 
rewanl  for  his  discovery  and  penalyzed  upon  the  legal  fiction  that  his  present 
day  success  infringes  some  prior  art  failure. 

Lack  of  famiharitv  with  the  principles  of  equity  is  not  the  usual  source  of 
erroneous  decisions.  The  difficulty  lies  m  the  inability  of  the  courtf  to  formulate 
the  actual  state  of  facts  in  relation  to  the  art  to  whicn  the  law  is  to  be  applied. 

The  first  difficulty  the  Third  C.  C.  A.  encountered  in  the  Lauter  case  was  in 
understanding  that  a  floor  was  really  elastic — that  it  would  bend,  or  deflect  under 
a  given  load.  When  satisfied  regarding  this,  an  elementary  explanation  of  the 
mode  of  operation  was  attempted  oy  the  theory  of  work  to  show  that  the  elements 
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acted  in'  fact  as  a  mechanism.  While  thev  signified  an  affirmative  view  on  the 
question  of  the  applicability  of  mechanical  law  of  conservation  of  enerey,  they, 
nevertheless,  erred  in  holding  as  a  le^al  fact  that  all  that  Turner  had  done  was 
to  distribute  the  steel  in  all  radial  directions,  as  had  in  effect  been  done  in  the 
prior  art.  The  idea  that  circular  and  radial  combined  could  mean  something 
different  from  and  more  than  radial  only  was  wholly  }:)eyond  their  conception  of 
geometrical  principles. 

On  the  other  hand,  their  finding  that  invention  is  to  be  found  only  in  dis- 
covery of  a  new  principle  or  in  employing  a  new  means  involving  an  old  principle 
was  logical.  Had  it  been  followed  in  the  Eight  Circuit,  the  Drum  vs.  Truner 
decision  would  not  have  held  that  the  disclosure  of  the  flat  arch  principle  was  the 
essence  of  a  continuous  plate  because  the  flat  arch  principle  dat^  back  to  the 
time  of  the  Caesars,  as  all  students  of  engineering  know. 

Notwithstanding  the  diveraity  of  the  Eighth  C.  C.  A.  and  the  Third  C.  C.  A. 
decisions,  the  same  fundamental  error  is  at  the  root  of  both,  i.  e.,  the  idea  that  the 
concrete  somehow  fixes  the  position  where  the  ''strains''  (in  the  sense  of  maximum 
stresses)  come.  No  idea  of  the  fundamental  principle  of  rigidities  is  disclosed  by 
either  decision  though  explained  in  the  testimony  of  lH>th  cases.  Hence  it 
could  not  have  been  expected  that  either  court  would  recognize  a  new  principle 
in  the  concrete  floor  even  when  exhibited  before  it., 

Legal  Facts  vs.  Historical  FdcU  The  state  of  the  art  is  determined  by  the 
history  of  that  which  has  been  accomplished  in  that  art  in  the  past.  The  court, 
lacking  in  scientific  training  is  likewise  lacking  in  this  historical  backgroimd  from 
which  alone  improvement  can  be  properly  affirmed,  or  denied.  The  unprincipled 
attorney,  aware  of  this  weakness,  fabricates  an  artificial  historical  back-ground 
to  fit  the  avowed  object  of  "putting  his  case  across"  or  "putting  it  over  the  court". 
The  result  of  this  is  that  legal  facts  are  rarelv  harmonious  with  historical  facts. 
In  the  plaintiff's  brief  in  the  case  of  Dnim  vs.  JTumer,  there  occurs  repeatedly  the 
statement  that  at  the  time  Norcross  conceived  his  flat  floor  steel  oeams  were 
universally  used  and  therefore  his  disclaimer  was  the  disclaimer  of  rolled  steel 
beams  because  by  implication,  rods  in  place  of  l>eams  had  not  come  into  use. 
The  historical  fact  of  the  matter  is  that  round  rods  were  embedded  in  flat  arches 
two  thousand  years  prior  to  the  invention  of  a  rolling  mill  for  the  production  of 
roUed  beams  or  plates.  An  honest  court,  under  the  false  impression  that  member- 
ship in  the  Bar  is  S3monymous  with  integrity,  gives  credence  to  the  misstatement 
of  hostoncal  fact,  imsubstantiated  by  any  evidence  in  the  record  and  inhahnonious 
with  the  prior  art  exhibits  as  to  the  date  and  period,  without  careful  examination 
to  determine  whether  such  argument  rests  upon  fiction  or  fact. 

As  an  American  the  author  takes  a  justifiable  pride  in  American  institutions 
in  general,  but  the  repeated  substitution  of  legal  fictions  in  place  of  mechanical 
and  historical  facts  in  court  decisions  relating  to  patents  is  a  discredit  to  an  ad- 
vanced industrial  nation  such  as  the  U.  S.  A.    It  has  been  held  that 

"No  patentable  invention  can  be  practically  or  fairly  imder- 
stood  if  the  language  of  the  claims  is  entirely  dissociated  from  the 
specification,  and  the  claims  and  specifications  should  be  read 
together."    Washer  Co.,  et  al  v.  Cramer,  et  al  169  F.  629. 

Further,  that 

"The  specification  of  a  patent  which  forms  a  part  of  the  same 
application  as  its  claims  must  be  read  and  considered  with  the 
latter,  not  for  the  purpose  of  limiting  or  contracting  the  claims 
but  for  the  purpose  ot  ascertaining  tneir  true  meaning  and  the 
intention  of  the  parties  when  they  were  allowed."  O.  H.  Jewell 
Filter  Co.  v.  Jackson,  140  F.  340. 

And,  again, 

"In  the  construction  of  patents  and  in  the  application  of  the 
law  to  the  facts  it  presents  words  must  be  given  the  same  meaning 
that  the  patentees  gave  them  and  must  be  used  to  designate  the 
same  things  that  they  used  them  to  designate  or  nothing  but  con- 
fusion and  mystification  can  result."    Drum  vs.  Turner  219.  Fed. 
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Yet  this  latter  court,  after  stating  the  correct  piinciple,  gave  the  terms 
flat  arch,  and  mathematical  flat  plate,  not  the  meaning  the  respective  patentees 
Norcrosfi  and  Turner  gave  to  thera  in  their  patent  spedfication,  but  employed 
them  with  no  regard  for  the  thickness  of  the  plate  necessary  for  arch  action  on 
the  one  hand  or  the  permissible  thinness  on  the  other  hand  made  possible  by  the 
arrangement  of  metal  in  two  tension  zones  in  mat  formation  to  imitate  the  action 
of  the  homogeneous  plate. 

The  fundamental  relations  which  determine  the  mode  oi  operation,  economic 
feasibility  and  carrving  capacity  for  a  given  amount  of  material  in  a  slab,  were 
lost  sight  of  entirely  in  a  superficial  consideration  of  mere  flat  top  and  bottom 
surfaces  foimd  in  the  stone  slabs  of  the  ancient  Egyptian  and  Greek  temples  as 
well  as  in  present  day  artificial  stone  flooring  of  concrete  and  metal. 

When  Norcross  used  the  term  flat  arch  in  his  specification  he  meant  (as  a 
mason  would  understand  it)  something  thick  enough  relative  to  its  span  .to  act 
as  an  arch,  i.  e..  to  contain  within  itself  a  curve  of  sufficient  rise  or  height  necessary 
to  sustain  itself  and  its  *proof  load  by  arch  action  although  the  external  form 
was  "flat". 

When  Turner  used  the  term  ''mathematical  flat  plate"  he  meant  (as  anv 
mathematician  would  readily  see)  a  plate  too  thin  in  proportion  to  its  span  length 
to  support  itself  and  its  guaranteed  *  proof  load  b;^  arch  action  with  the 
Rteel  ties  disclosed  by  Norcross  in  the  position  required  by  the  old  and  weJl 
known  rules  for  distributing  metal  in  flat  arches,  lines  125  to  130  p.  2  specification 
patent  6d8,542.  By  this  confusion  of  terms  the  matter  was  surrounded  with  that 
fog  of  uncertainty  or  mystification  that  the  court  held  should  be  avoided,  and 
thus  was  evolved  the  legal  fiction  that  the  ancient  principle  of  the  flat  arch  was 
identical  with  the  new  principle  of  imitation  in  a  non-homogeneous  plate  of  the 
mode  of  operation  of  the  homogeneous  plate.  Thus  was  evolved  that  con- 
fusion of  ideas  in  the  legal  fiction  that  putting  the  steel  in  the  top  of  the  floor 
was  the  plain  mechanical  equivalent  of  putting  it  in  the  bottom;  that  the  ties 
of  a  flat  arch  would  operate  as  ^ciently  in  the  top  of  the  arch  as  when  in  the 
bottom,  that  mere  plan  direction  of  the  metal  was  a  controlling  factor  in  mechan- 
ical action;  that  the  width  of  the  reinforcement,  its  uniformity  of  distribution 
or  lack  of  uniformity  had  nothing  to  do  with  the  case,  and  yet  all  of  these  elemese 
tary  questions  were  set  in  an  exact,  clear  light  in  the  judicial  opinion  of  the 
Engineer  Examiner  rendered  in  an  inter  partes  interference  contest  m  the  Patent 
Office  and  placed  before  the  court  without  avail  for  its  enlightement  and 
guidance. 

There  is  a  great  difference  in  the  use  of  terms,  however,  as  employed  bv 
various  callings.  For  example,  nefarious  occupations,  such  as  that  of  the  sneak 
thief  and  the  yegg  have  a  vocabulary  all  their  own.  The  explosive  which  the 
engineer  calls  nitrogylcerine  the  yegg  calls  ''soup".  Where  the  inventor  speaks 
of  winning  a  patent  suit,  the  legal  sneak  thief  or  shyster  patent  lawyer  speaks  of 
"putting  It  across"  or  "putting  it  over",  an  expression  fitting  the  state  of  facts 
better  tiban  the  word  winning  as  applied  to  the  favorable  outcome  of  a  patent 
suit  brought  about  by  his  efforts.  The  expression  "putting  it  over"  is  not  a 
particularly  respectful  maimer  of  referriiig  to  the  mental  acumen  of  the  honest 
judge,  learned  only  in  the  law,  but  it  is  quite  expressive  of  the  game  that  is  play<ed 
upon  him  by  the  ah\ster  lawyer  aided  by  the  camouflage  furnished  in  wholesale 
quantities  by  that  Dusiness  branch  of  the  legal  fraternity,  known  as  patent 
experts. 

The  ease  with  which  a  court,  lacking  competent  scientific  ability,  may  be 
misled  regarding  fundamental  mechanical  principles,  is  not  surprising  when  we 
consider  tnat  these  principles  are  not  apparent  on  the  face  of  things  but  in  fact 


'^Proof  Load,  is  defined,  Rankine,  Civil  Engineering,  p.  223 
"If  the  piece  is  to  be  afterwards  used,  the  testing  load  must  be  so  limited 
that  there  shall  be  no  possibility  of  ito  impairing  the  strength  of  the  piece;  that 
is,  it  must  not  exceed  tne  proof  strength,  bdn^  one-third  to  one>baJf  the  ultimate 
strength.     About  double  the  working  load  is  m  general  sufficient." 
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fere  hidden  and  do  not  appear  plausible  to  those  untrained  in  that  branch  of 
Iteming.  But  little  over  tnree  centuries  ago  it  was  generally  thought  that  the 
sun  revolved  about  the  Earth,  and  a  court  then  so  held  against  Gallileo,  and 
enjoined  this  eminent  philosopher  from  the  publication  of  his  scientific  work 
setting  forth  the  truth  of  the  matter  and  from  further  teaching  it  and  by  this 
injunction  the  court  robbed  him  of  the  royalties  or  copyright  fees  thereon,  his 
sole  means  of  support  in  his  old  age.  In  the  course  of  the  centuries  which  have 
elaaped  since  the  days  of  Gallileo,  it  would  seem  that  little  or  no  improvement 
has  been  made  in  methods  of  determining  legal  facts  so  that  they  harmonise 
with  mechinical  fact. 

While  the  State  Legislatiu^s  have  made  appropriate  laws  to  safeguard 
ordinary  property  rights,  no  Federal  L^slation  nas  as  yet  made  adequate  pro- 
visions to  render  the  property  rights  in  inventions  or  in  industries  based  on 
invented  things  secure. 

The  true  meaning  and  legal  sufficiency  of  the  specification  as  defined  by  the 
highest  authority  and  the  statutes  giving  the  true  meaning  force  and  effect  in  in- 
terpreting the  claims  arc  irreconcilable  and  incomjpatible  with  each  other.  Thus 
the  true  meaning  and  legal  sufficiency  of  the  specification  has  been  defined  by  the 
early  English  decision  in  Arkwright  vs.  Nightingale  (C.  P.  1776)  as  follows*: 

"The  specification  is  addressed  to  persons  in  the  profession 
having  skill  in  the  subject  and  not  to  men  of  ignorance  and  if  it  is 
understood  by  persons  whose  business  leads  them  to  be  conversant 
with  such  subjects  it  is  a  sufiScient  specification  imder  the  law." 

This  test  of  the  sufficiency  of  the  specification  has  been  affirmed  under  our 
system  in  the  holding  of  the  Supreme  Court  in  Carnegie  v.  Cambria,  185  U.  S. 
403,  46  L.Ed;  968: 

« 

"The  patent  is  not  addressed  to  lawyer&i  oj^even  to  the  public 
generally,  but  the  manufacturers  of  stee^jjA  any  description 
which  is  sufficient  to  apprise  them  in  the  lajHHk  of  the  art  of  the 
definite  feature  of  the  mvention...  is  sufficiHv^definite  to  sustain 
the  patent." 

Nevertheless  it  is  a  fact  that  questions  of  validit^r  and  infringement  de- 

g ending  on  the  true  meaning  of  the  claims  as  interpreted  in  the  light  of  the  speci- 
cation  is  left  by  our  statute  to  be  decided  by  judges  who  are  not  persons  having 
skill  in  the  subject  matter  and  conversant  with  it. 

Now  if  the  sufficiency  of  a  specification  to  make  it  valid  under  the  law 
be  such  that  though  it  is  not  understood  by  those  whose  business  has  not  led 
them  to  be  conversant  with  the  subject  matter  as  it  the  case  of  the  judges,  theii 
failure  to  understand  it  would  obviously  result  in  inharmonious  views  and  the 
application  of  diverse  rules  of  law  to  the  same  state  of  facts  because  of  the  differ- 
ence in  view  point  taken.  Where  the  decision  arrived  at  is  based  on  the  uncer- 
tain character  of  the  best  understanding  the  judge  could  arrive  at,  while  *in- 
efficient  to  pass  on  the  Questions  at  issue,  the  mathematical  probability  that  two 
independent  courts  could  possibly  render  harmonious  and  logically  consistent 
decisions  is  so  remote  that  the  mathematical  probability  in  favor  of  their  con- 
flict amounts  to  almost  a  certainty. 

Again,  in  cases  where  the  courts  through  ignorance  of  the  subject  matter 
inadvertently  and  unintentionally  determine  legal  facts  contradictory  of  and 
inharmonious  with  natural  laws,  the  probability  is  equally  great  that  two  dif- 
ferent courts  will  write  opinions  inharmonious  and  conflicting  with  each  other. 

The  conditions  above  discussed  are  thus  summarized  by  the  committee 
of  the  Patent  Law  A^ociation  of  Chicago,  in  its  report  on  the  Oldfield.  Bill 

"That  Patent  Litigation  is  Expensive,  the  Results  Uncer- 
tain, and  Decisions  Conflicting  Must  be  Admitted." 


*See  Equity  Cases  152-153  Circuit  Court  Beaumont  Eastern  Div.  Texas. 
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The  remedy  is  obvious  f:  the  enactment  of  a  statute  requiiins  that  the 
question  of  the  validity  of  a  United  States  patent  shall  be  passed  upon  oy  a  court  • 
possessing  compjetent  legal  knowledge  and  scientific  ability  to  understand  the 
subject  matter,  just  the  siame  as  as  is  required  by  the  existing  statute  as  a  quali* 
fication  of  Examiners  in  Chief  in  the  Patent  Office,  to  enable  them  to  pass  upon 
the  allowance  of  patent  grants.  The  system  would  then  become  harmonious  and 
not  be  such  a  house  divided  against  itielf ,  that  an  unscientific  court  reverses  the 
patent  office  expert  on  ten  or  fifteen  scientific  questions  in  one  and  the  same 
decision. 

Since  the  foregoing  was  written,  a  decision  has  been  handed  down  by  the 
Eighth  C.  C.  A.  in  Luten  vs.  Washburn,  et  al,  quoting  with  approval,  Judge 
Hook's  opinion  in  Turner  vs.  Deere  &  Webber  Building  Company,  249  Fed.  753, 
regarding  the  use  of  concrete  in  building  construction,  as  follows: 

''Its  resistance  to  compression  and  susceptibilitv  to  other 
stresses  in  certain  positions  were  familiar  to  all  wno  haa  to  do  with 
it,  as  were  the  general  principles  of  reinforcing  it  with  wire,  rods, 
or  strips  of  metal  which  possessed  the  quality  the  concrete  lacked. 
When  the  plaintiff  entered,  the  art  had  so  progressed  that  the  nature 
of  the  stresses  and  in  a  general  way  the  places  where  the  reinforce- 
ment should  be  disposed  or  arranged  were  a  part  of  the  common 
knowledge  of  builclers,  as  in  greater  degree  was  the  subject  of 
struts,  braces,  and  the  like  in  carpentry.  In  pretentious  or  com- 
plicated construction,  where  ordinarv  experience  did  not  suffice, 
mathematical  computation  was  available.    The  evidence  of  prior 

Eractice  in  building  and  prior  publications  and  patents  show  that 
ttle  w*as  left  for  patentable  invention  in  placing  the  customary 
pieces  of  metal  here  or  there,  or  turning  them  this  way  or  that,  in 
the  mass  of  concrete.'' 

Quoting  the  Court: 

"In  Drum  v.  Turner,  219  Fed.  188,  135  C.  C.  A.  74,  we  sus- 
tained the  Norcroes  patent  for  a  metallic  concrete  flooring  without 
supporting  beams.  The  invention  in  that  case,  however,  was  for 
a  noor  wiUiout  supporting  beams,  not  merely  the  location  of  the 
reinforcing  rods." 

The  strange  decision  in  Drum  vs.  Turner  that  a  flat  arch,  old  in  principle, 
is  the  equivalent  of  a  mechanically  continuous  plate,  was  thus  reached  from  the 
false  premise  that  the  invention  of  the  patent  in  suit  was  for  a  floor  without 
suppnorting  beams.  The  opinion  treated  all  slabs  FLAT  IN  FORM,  supported 
on  piers  or  columns  when  reinforced  by  netting  instead  of  shapes,  as  mechan- 
ical equivalent's  alike  in  static  resistance  without  regard  to  the  area  of  distribu- 
tion 01  metal  or  even  lack  of  it,  in  one  or  both  of  the  two  tension  zones.  A  study 
of  the  construction  of  the  } Model  Power  House,  (described  in  the  Engineering 
News  Publication  September  14,  1899)  built  and  used  more  than  two  years  prior 
to  the  Norcross  application,  shows  that  any  structure  thus  broadly  defined  by 
the  court's  opinion  was  old  in  the  art  and  under  the  literal  provisions  of  the 
patent  statute,  unpatentable. 

The  fact  that  the  Court,  the  same  Judge  presiding  in  both  cases,  in  the  Luten 
case  thus  explains  the  Drum  case,  appeared  to  the  writer  to  raise  a  Constitutional 
question  and  the  matter  was  referred  to  an  eminent  patent  lawyer  for  an  opinion 
regarding  it,  and  his  reply  is  quoted  as  follows: 

"I  have  your  esteemed  favor,  suggesting  that  there  is  a  Con- 
stitutional infirmity  in  the  decision  ol  Drum  vs.  Turner,  219  Fed. 
Rep.  188,  and  inviting  comment  on  the  suggestion. 


fNotwithstanding  the  obvious  nature  of  the  remedy  its  application  is  stren- 
uouslv  opposed  by  the  majority  of  the  fraternity  of  patent  lawyers  because  they 
mistakenly  believe  they  can  by  the  continuance  of  the  present  system  profit , 
more  in  cash,  than  the  value  of  the  esteem  and  respect  of  their  fellow  citizens, 
t Reproduced  p.  V  of  this  discusion. 
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In  reaching  the  decision  referred  to,  the  Circuit  Court  of 
Appeals,  if  credit  may  be  dven  to  the  explanation  thereof  lately 
given  by  the  same  court  in  Luten  v.  Washburn,  253  Fed.  Rep.  950, 
erroneously  held  or  assumed  that  the  Norcross  invention,  at  the 
filing  date  of  the  Norcross  patent  application,  was  new  and  patent^ 
able  notwithstanding  the  fact  that  a  printed  description  of  the 
same  invention  had  been  published  more  than  two  years  before 
that  filing  date  in  the  Engineering  News  of  September  14,  1899. 
This  is  underi^tood  to  be  the  point  which  you  suggest.  If  you  are 
rightly  understood,  therefore,  the  infirmity  of  the  aecision  amounts 
to  no  more  than  this,  namelv,  that  the  court  erred  in  holding  the 
Norcross  patent  valid  regardless  of  the  statutory  antiquity  of  the 
invention.  This  was  outrageous,  but  not  apparently  unconstitu* 
tional,  for  this  court  has  a  constitutional  right  to  make  blunders  of 
all  kinds,  subject  onlv  to  *  correction,  in  patent  cases,  by  certiorari 
from  the  Supreme  Cfourt." 

This  constitutional  right  of  the  Courts  of  Appeal  to  err  in  scientific  matters 
has  been  freely  exercised  relative  to  reinfor<^  concrete  as  shown  by  more  than 
one  expression  of  judicial  opinion  that  little  is  left  for  patentable  invention  in 
placing  customary  pieces  of  metal  here  and  there  and  turning  them  this  way 
or  that,  since  doing  this  very  thing  under  the  principle  demonstrated  in  Chapter 
IX  radically  changes  the  mode  of  operation,  the  i^ifTness  and  load  carrying 
capacity  of  the  structure  in  a  most  astonishing  manner.  The  discovery  of  now 
to  produce  a  novel  success  by  placing  the  metal  this  way  or  that,  therefore  may 
involve  an  entirely  new  principle  and  bring  the  subject  matter  imder  the  correct 
holding  of  principle  by  tne  Third  C.  C.  A.,  that  indention  in  reinforced  concrete 
is  to  be  found  in  discovering  a  new  principle  or  employing  new  means  embod3dng 
an  old  principle.  The  labors  of  the  latter  court  altho  based  upon  a  correct  rule, 
brought  forth  twin  errors  since  it  was  unable  to  recognize  the  new  principle  of 
imitation  of  plate  action  in  concrete  slabs  or  the  new  means,  that  of  a  mat  covering 
the  area  of  synclastic  curvature  embodying  the  old  principle  of  strengthening 
the  concrete  by  st«el,  because  unfamiliar  with  and  unversed  in  elementary  me- 
chanics. 

The  unsatisfactory  character  of  the  provisions  for  the  determination  of 
scientific  fact  in  patent  causes,  raises  the  question  of  responsibility  therefor. 
This  responsibilit}^  rests  solely  upon  the  United  States  Congress.  Were  the 
erudition  in  scientific  matters  of  tne  average  Congressman  no  nigher  than  that 
of  the  Phillipine  Igorrote,  such  a  system  would  be  explicable.  But  notwithstand- 
ing the  fact  that  nearly  all  members  of  Congress  are  lawyers^  this  is  supposedly 
not  the  case.  The  existence  of  such  a  system  is  therefore  quite  inexpHcable  anrl 
for  an  industrial  nation  predoniinantly  Caucasian,  like  the  U.  S.  A.,  it  is  not  only 
inexplicable,  but  highly  discreditable  as  well. 

The  culpable  indifference  of  Congressmen  to  the  encouragement  of  industrial 
progress  of  the  country  is  evidenced  by  the  fact  that  in  the  space  of  fifty  years 

*That  the  precise  diicloeure  of  plan,  elevation  and  section  is  commonly  misconstrued  and 
misunderstood  by  the  courts  in  patent  cases  is  not  a  matter  of  surprise  to  those  mechanically  trained. 
Kuch  natural  error  mi^ht  be  corrected  by  the  present  procedure  of  the  petition  for  rehoarinir,  did 
it  not  appear  probable,  as  the  lawyers  commonly  advise  clients,  that  such  petitions  arc  seldom 
read  and  never  greanted  for  mechanical  errors.  Con^creMi  has  not  provided  that  the  court  deciding 
the  equities  of  a  patent  case  shall  have  competent  scientific  ability,  and  a  court  lacking  such  ability, 
having  determined  the  issue  as  best  it  can,  that  is  the  end  of  it  as  far  as  that  court  is  concerned. 

The  probability  of  correction  by  certiorari  is  equally  remote.  A  misconstruction  of  the  exact 
disclosure  of  the  drawing  appears,  under  our  faulty  legal  system,  to  be  regarded  not  as  a  matter 
of  fact  but  as  a  mere  matter  of  opinion  regarding  the  evidence  and  involving  no  question  of  law 
or  equity  recognised  under  the  present  system.  It  is  only  theoretical  technicalities  of  the  law 
that  are  rigorously  reviewed  ana  the  errors  therein  carefully  corrected  by  superior  courts,  and 
thus  gross  errors  and  miscarriages  of  justice  are  rarely  corrected  as  thousands  of  pages  of  the 
Federal  Reports  bear  witness. 

Notwithstanding  that  judicial  opinion  in  etiuity  renders  that  so  in  law,  which  is  not  so  in' 
fact,  such  errors  commonly  involve  inharmonious  application  of  the  rules  of  law.  Thus  in  the- 
Drum  case,  as  explained  in  the  Luten  ease,  the  holding  of  patentability  of  the  form  of  a  flat  floor 
which  determines  in  part  the  form  of  a  room,  flatly  contradicts  the  holding  in  the  case  of  the  Fold- 
ing Bed  Co.  vs.  Anaelsteen,  Ninth  Circuit,  in  which  the  form  of  the  room  was  specifically  held 
unpatentable.  Thus  the  rule  of  law  which  applies  to  .Fohn  Doe  in  the  Ninth  C!!ircuit  does  not 
apply  to  Richard  Roe  in  the  Eight  Circuit,  and  the  oontrartoties  of  our  unscientific  system  of 
patent  equity  is  disclosed. 
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it  has  enacted  no  oommensurate  statutory  increase  in  the  pay  of  I^itent  Office 
employees,  notwithstanding  the  fact  that  the  increased  cost  of  living  during 
that  period  in  the  estimate  of  these  same  Ckingressroen  fully  warranted  more 
than  doubling  their  own  compensation. 

Such  extreme  indifference  to  the  business  welfare  of  the  coiuitrv  has  not  been 
exhibited  by  the  Federal  Judiciary  which  has  made  some  limitea  improvement 
in  old  methods  by  new  rules  under  which  scientific  testimony  is  taken  before  the 
court  instead  of  before  a  notary,  and  the  straightforward  manner  in  which  the 
technical  witness  meets  techincal  questions  may  thus  be  more  accurately  adjudged 
than  from  mere  printed  records.  But  this  change  in  procedure  m  no  wise 
compensates  for  the  handicap  of  lack  of  technical  understanding  of  the  subject 
matter  by  the  court. 

With  the  rapid  advance  in  the  scientific  arts,  the  lack  of  competent  scientific 
ability  on  the  part  of  the  court  is  becoming  such  a  serious  matter  that  the 
frequency  of  irrational  determinations  of  the  equities  of  patent  suits  is  increas- 
ing by  leaps  and  bounds. 

In  the  consideration  of  invention  vs.  design  there  is  the  greatest  variety  of 
opinion.  Some  of  the  editors  of  technical  papers  have  taken  the  position  that 
a  thing  that  is  designed  could  not  be  invention.  What  more  in  fact  was  the 
successful  conquest  of  the  air  by  the  Wright  Brothers  than  the  scientific  design 
of  wings,  steering  apparatus  and  the  application  thereto  of  the  gasoline  motor 
not  invented  by  themf    In  a  recent  editorial  the  statement  occurs — 

•"Arrangement  of  reinforcement  to  meet  stresses  is  now 
fairly  definitely  established  as  mere  engineering  design  and  not 
invention.'* 

But  if  that  is  established  today  in  accordance  with  beam  theory  it  was  also 
established  in  1006  when  the  concensus  of  opinion  of  the  leading  members  of  the 
engineering  profession  was  that  no  extensive  system  of  concrete  floors  could  be 
economically  designed  without  rolled  steel  beams  or  concrete  T-beams.  There 
was  therefore  no  sufficient  suggestion  in  the  earlier  efforts  to  enable  an  engineer 
skilled  in  structural  design  to  adapt  the  i)rinciple  to  meet  acceptible  theor\'. 
And  on  the  question  of  acceptible  theory  the  failure  of  building  codes  and  com- 
mittees on  reinforced  concrete  in  the  past  twenty  years  to  develop  any  rational 
theory  of  design  to  cover  the  principle  of  the  mat  discovered  by  Turner  is  a 
sufficient  commentary  upon  the  error  of  such  unscientific  view  of  the  situation. 

Such  ex  post  facto  wisdom  is  defined  by  the  Supreme  Court  rule  that: — 

"Know^ledge  after  thd  event  is  always  easy,  and  problems 
once  solved  present  no  difficulties,  indeed,  may  be  represented  as 
never  having  any,  and  expert  witnesses  may  be  brought  fon^'ard  to 
show  that  the  new  thing  which  seemed  to  have  eluded  the  search  of  the 
world  was  always  ready  at  hand  and  easy  to  be  seen  by  a  merely  skillful 
attention.  But  the  law  has  other  tests  of  invention  than  subtle 
conjectures  of  what  might  have  been  seen  and  yet  was  not.  It 
regards  a  change  as  evidence  of  novelty,  the  acceptance  and  utility 
of  change  afi  a  further  evidence,  even  as  demonstration".  Diamonci 
Rubber  V.  Concolidated,  200  U.  S.  428,  55  L.  Ed.527;31S.Ct  444. 

Invention  is  admittedly  difficult  to  define  but  the  rule  as  to  practical  success 
expressed  by  the  Supreme  Court  in  the  Telephone  case  tends  to  clarify  the 
matter: 

"It  was  left  for  Bell  to  discover  that  the  intermittent  current 
could  not  be  made  under  any  circumstance  to  reproduce  the 
vibrations  of  the  hiunan  voice  but  the  true  way  was  to  operate  on 
an  unbroken  current  by  increasing  and  diminishing  its  intensity. 


♦Eng.  News  ICditorial  April  24,  1919. 

fMaxim  designed  the  first  heavier  than  air  machine  to  rise  from  the  ground. 
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This  Reis  never  thought  of  and  he  failed  to  transmit  speech.  Bell 
did  and  he  succeeded.  Under  such  circumstances  it  is  impossible 
to  hold  what  Reis  did  was  an  anticipation  of  the  discovery  of  Bell. 
To  follow  Reip  is  to  fail.  To  follow  Bell  is  to  succeed."  Telephone 
Cases  126  U.  S.;  1  31  L.  Ed.  863;  8  S.  Ct.  778. 

The  test  of  efficiency  came  into  notice  in  the  case  of  Loom  v.  Higgins,  26 
L.  Ed  1177.  In  that  case,  altho  the  patent  disclosed  no  single  marked 
improvement  but  a  series  of  minor  improvements  which  taken  togeUier  showed 
increased  efficiency  of  the  carpet  loom  of  from  40  yards  per  day  in  the  hands  of  a 
skilled  workman  to  50  yards  per  day  in  the  hands  of  an  unskilled*  workman. 
Loom  Co.  Higgins,  105  U.  S.  580;  26  L.  Ed.  1177. 

The  rule  regarding  marked  utility  as  appUed  to  invention  is  found  in  the 
case  of  O'Rourke  v.  McMillan,  160  Fed.  933;  88  C.  C.  A.  116,  as  follows: 

"Has  the  patentee  added  anything  of  value  to  the  sura  of 
human  knowledge!  Has  he  made  the  world's  work  cheaper,  easier, 
safer,  would  the  return  to  the  prior  art  be  a  retrogressionf  When 
the  court  has  answered  this  question,  or  these  questions  in  the 
affirmative,  the  effort  should  ]ye  made  to  give  the  inventor  the  just 
reward  for  the  contribution  he  has  made.  The  dfort  should  increase 
in  proportion  as  the  contribution  is  valuable.  Where  the  court  has 
to  deal  v/ith  a  device  which  has  achieved  undisputed  success  and 
accomplished  a  result  never  attained  before,  which  is  new,  useful  and 
in  large  demand,  it  is  generally  safe  to  conclude  that  the  man  who 
made  it  is  an  inventor. 

The  law  laid  down  broadly  for  the  constniction  of  patents  by  the  Supreme 
Court  in  Wyman  vs.  Denmead,  15  Howe,  V.  41,  is  that — 

''Patents  should  be  construed  liberallv  in  accordance  with  the 
design  of  the  Constitution  and  the  patent  laws  of  the  United  States 
to  promote  the  progress  of  the  useful  axis  and  allow  inventors  to 
retain  to  their  own  use  not  anything  which  is  a  matter  of  common 
right  but  what  they  themselves  have  created." 

These  general  principles  expressing  the  fixed  law  of  patents  as  stated  by  the 
highest  authority,  may  serve  as  a  guide  to  the  reader  in  forming  an  independent 
opmion  upon  the  question  whether  the  field  of  reinforced  concrete  should  be 
considered  as  some  would  like  to  see  it  almost  the  only  branch  of  human  en- 
deavor in  which  regardless  of  the  intent  of  the  Constitution  there  is  no  power 
to  promote  the  progress  of  its  science  as  a  liberal  art  by  securing  for  a  limited 
time  to  inventors  the  exclusive  right  to  their  inventions  and  discoveries. 
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